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ABSTRACT. This work establishes local existence and uniqueness as well as
blow-up criteria for solutions (u, b)(z,t) of the Magneto—Hydrodynamic equa-
tions in Sobolev—Gevrey spaces Hg’U(RS). More precisely, we prove that there

is a time 7' > 0 such that (u,b) € C([0,T]; H} ,(R?)) for a > 0,0 > 1 and
1 3

5 < s < 5. If the maximal time interval of existence is finite, 0 < t < T,
then the blow—up inequality
1
C1exp{Co(T* —t)" 37 } 2(so 4+ 00) +1

(T* —t)e < |(w, b)(t)”}'[(slwa(Rz) with ¢ = o

holds for 0 <t < T, % <s< %, a> 0,0 >1 (200 is the integer part of 20).
1. Introduction. Consider the unforced Magneto—Hydrodynamic (MHD) equa-
tions for incompressible flows on all space R?:

up + u-Vu + V(p+3|b]?) = pAu+b-Vb, xR >0,

by +u-Vb = vAb +b-Vu, z€R3 t>0,

diveu = divh = 0, zeR3 ¢t>0, (1)
u(xvo) = UO("E)» b(x,O) = bO(m)a I'GR?)’

Here u(x,t) = (u1(x,t), uz(x,t),uz(z,t)) € R3 denotes the incompressible velocity
field, b(z,t) = (b1 (x,t), ba(x,t),b3(x,t)) € R® the magnetic field and p(z,t) € R the
hydrostatic pressure. The positive constants p and v are associated with specific
properties of the fluid: The constant y is the kinematic viscosity and v~! is the
magnetic Reynolds number. The initial data for the velocity and magnetic fields,
given by ug and by in (1), are assumed to be divergence free, i.e., divug = divby = 0.
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Note that the MHD system reduces to the classical incompressible Navier—Stokes
system if b = 0.

We shall study the above system using the Sobolev—Gevrey spaces H;U(R3).
(See the next section for notations.) More precisely, we shall obtain solutions with
(u,b) € C’([O,T*);H;J(R?’)) where 2 < s < 3, a4 > 0and o > 1. Here [0,7%)
denotes the maximal interval of existence of a classical solution. Even in the Navier—
Stokes case it is not known if 7% = oo always holds. In this paper we shall derive
blow—up rates for the solution if 7™ is finite.

In a recent paper, J. Benameur and L. Jlali [4] proved blow—up criteria for the
Navier—Stokes equations in Sobolev—Gevrey spaces. Our current paper extends the
results of [4] from the Navier—Stokes to the MHD system. Also, we prove the blow—
up inequality for % < s < % whereas only the value s = 1 was considerded in [4].
For further blow—up results for the Navier—Stokes and MHD systems we refer to
[1,2,4,6,7,8, 11, 12, 13, 14, 15] and references therein.

Our main results are stated in following two theorems. The first one guarantees
the existence of a finite time 7" > 0 and a unique solution (u, b) € C([0,T}; Hj,g(R:;))
with s € (1,2), a > 0 and o > 1, for the MHD equations (1).

Theorem 1.1. Assume thata >0, 0 > 1 and s € (3,3). Let (ug,by) € Hjﬁa(]Rg)
such that divug = divbg = 0. Then, there exist an instant T = T , 1 uy,p, > 0 and
a unique solution (u,b) € C([0,T]; Hj,a(Rg)) for the MHD equations (1).

Remark 1. It is important to point out that the existence result obtained for the
space H;7G(R3) by J. Benameur and L. Jlali [4] is a particular case of Theorem 1.1.
In fact, it is enough to take s = 1 and b = 0 in this last statement. Furthermore,
Theorem 1.1 generalizes [4] from the Navier-Stokes equations to MHD system (1).

By assuming that [0,7*) is the maximal interval of existence for the solution

(u,b)(z,t) obtained in Theorem 1.1 with T™* finite, let us present our blow-up criteria
for the solution (u,b) € C([0,T™); H;J(]R?’)) with s € (3, 3) of the MHD equations
(1)
Theorem 1.2. Assume thata >0, 0 > 1 and s € (3,3). Let (ug,bo) € H;VG(R:*)
such that divug = divbg = 0. Assume that (u,b) € C’([O,T*);HQG(R‘IS)) is the
solution for the MHD equations (1) in the mazimal time interval 0 < t < T*. If
T* < oo, then the following holds:

i): limsup||(u,b)(t)]| z- o
t T

(R3) = %

T* w '% R
i) / lem @™ (@ B) (1) 21 sy dr = 007
t

1 3

7 2130

iii): ||ec(vo "~V u,b)(t >
): |l (@0l @e) 2 ——

273v/0
iv): | (u,b)(8) | (A
T o) = OT =t
a®%2Cy exp{aCs(T* —t)" 37 } '
V): (T t) 2(sotog)+1 S H(u; b)(t)||H§U(R3)’ Zf (u07b0) c L2(R3)’
* ) e ,

for allt € 10,T%),n € N, where # = min{u, v},
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Cuvs,0,u0,b00 O3 = Clv.o,s,u0,b0 0Nd 200 is the integer part of 20.

Remark 2. Under the assumptions of Theorem 1.2, let us list implications of the
results.

1.

First of all, let us emphasize that the blow—up criteria obtained by J. Be-
nameur and L. Jlali [4] for the space H, oo (R?) are particular cases of Theo-
rem 1.2. In fact, it is enough to assume s = 1 and b = 0 in this last result.
Moreover, we have extended all the information stated in [4] from the classical
Navier-Stokes equations to MHD system (1).

. Notice that the item iii) of Theorem 1.2 shows a non trivial inequality; since,

1
||ea<\/?)<"‘1>Ha(@, )(t)|| L1 (msy is finite for all £ € [0,7%),n € N,a > 0,0 >
1. It can be concluded due to the estimate (7) below and the continuous

embedding H; ,(R®) — H* - L(R3) (s >0).
(vo)(n=1)~
By applying Dominated Convergence Theorem in Theorem 1.2 iii), one ob-

tains:
2m3v/6 . a7~ o~
——— < lim [lesv" Y (U b) (1) 1 ey = I1(@, 0)(8) L1 me), (2)
T* — ¢ n—oo
for all t € [0,T*). Moreover, if (ug,bg) € L?(R3), then H(a,/\)(t)HLl(Ra) is
finite for all ¢ € [0,7*). This follows from Lemmas 2.3 and 2.4, and (46)
below.

. Observe also that Theorem 1.2 v), by assuming s = 1 and b = 0, presents the

same lower bound as the one determined in [4].

. Tt is easy to check that Theorem 1.2 v) implies

(IUO+%CQ
”(uvb)(t)” T s > soto , Vte [O,T*),
H; , (R3) (T — t)%
where s € (1,3).

Section 2 describes notations and definitions and presents some important lem-

mas.

1.2.

Section 3 contains the proof of Theorem 1.1; Section 4 the proof of Theorem

2. Preludes. This section presents notations and definitions as well as lemmas
that will be needed for the proofs of the main theorem.

2.1. Notations and definitions.

1.

The vector fields are denoted by

f = f(t) = f(fE,t) - (fl(xat)va(xvt)7~'-7fn(xvt))7
where z € R3, ¢t € [0,7*) and n € N.

. The gradient field is defined by Vf = (Vf1,Vfa, ..., Vo) (f = (f1, f25 - [n)),

ij = (D]f]‘,Dij, Dgfj) (] = 1,2, ...,n), Wlth Dz = 8/8@ (’L = 1,2,3)
The Laplacian f = (f1, fa, .., fn) is established by Af = (Af1,Afa, ..., Afn),
where Af; = S22 D2f;.

4. The standard divergence is given by div f = Z?:l D, f; for f = (f1, f2, f3)-

. In the MHD equations (1), the notation f - Vg means Z?:l fiD;g where

f=(f1, f2, f3) and g = (g1, 92, g3)-
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6. Define the Fourier transform of f by

~

FO©) = 7€) = [ e f(@yda. vEER®

where £ - x = 23:1 &y, with € = (&1,62,8&3),2 = (21,22, 23) € R3, and its
inverse by

F(g)() = (2m) 8 / eETg(e)de, Vo€ RP.

R3
7. LP(X) denotes the Lebesgue space (1 < p < o0). Here the LP-norm of f is
given by

1l = ( [ 1s@r dx) "W1 < p < o0, [ flli(x) = esssup,ex {1/ (@)}

8. Assuming that (X, ||-||) is a Banach space and T' > 0, the space L>([0,T]; X)
contains all measurable functions f : [0,7] — X for which the following norm
is finite:

1f 1|z o, 11:x) := esssupyego {1 £ (£)I]}-

9. H*(R?) denotes the homogeneous Sobolev space
{res®): [ Pifepd <o,
R

where S’(R3) is the space of tempered distributions. The H®(R?)-norm is
given by

ey = [, P e,

where |z|? := |z1|> + |22]? + ... + |2, |?, with z = (21, 22, ...,,) € C" (n € N).
10. The non-homogeneous Sobolev space H*®(R3) is

{res®): [ a+ieprIfer <o},
The corresponding H*®(R?)-norm is
ey = [+ I 1T .
11. Let a > 0,0 > 1 and s € R. The Sobolev-Gevrey space
12, = {1 € '@ : [ 1ePoeid® | o) dt < oo},
is endowed with the H. 5 - (R3)-norm
1y = [ I O .
Moreover, the H s o (R?)-inner product is given by
e B (GRL S

where = -y = x1y; + 22Uy + ... + TY,, wWith z = (z1,29,...,2,), ¥y =
<y17y27 7yn) eCr (n S N)
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12. The tensor product and the usual convolution, respectively, are given by

f®g = (glf792fa93f)v
where f,g: R?> — R3,

p*(z) = /Rg o —y)Y(y) dy,

where ¢, : R3 — R.

13. In Section 4.4, T} < oo denotes the first blow-up time for the solution (u,b) €
C([O,Tj);H:)U(R?’)), where w > 0.

14. As usual, constants that appear in this paper may change in value from line to
line without change of notation. With Cj , s we denote constants that depend
on ¢, r and s, for example.

2.2. Auxiliary lemmas. We establish results that will play key roles in the proofs
of our main theorems. We start with two lemmas used for the proof of Theorem
1.1.

Lemma 2.1 (see [9]). Let (X,|| -||) be a Banach space and let B : X x X — X
denote a continuous bilinear operator, i.e, there exists a positive constant Cy such
that

Bz, y)ll < Cill=llllyll, Va,yeX.

Then, for each xo € X that satisfies 4C1||zol| < 1, the equation a = x¢ + B(a,a)
with unknown a € X admits a solution a = x € X. Moreover, the solution a = x
obeys the inequality ||x|| < 2||zo|| and is the only solution with ||x| < ﬁ

Proof. For details see [9]. O
The next result is due to J.-Y. Chemin [10].

Lemma 2.2 (see [10]). Let (s1,s2) € R? and assume s1 < 3 and s1+s2 > 0. Then

there exists a positive constant Cs, o, such that, for all f,g € H*'(R3) N H**(R?),
we have

1790 a3 gy < Covss (1o 91y + 1 1ea 19 e )
If 51 < %, So < % and s1 + s > 0, then there is a positive constant Cs, s, such that
1500 v oy < CosallFlies ey 9l e -
Proof. For details see [10]. O

The next lemma is a result of interpolation theory that will be used in the proof
of Theorem 1.2 v). It has been proved by J. Benameur [3].

Lemma 2.3 (see [3]). Let § > 3/2 and f € HO(R?) N L*(R®). Then, the following
inequality is valid:
~ 1—3 3
1Floscesy < Call e 112

where Cs is a positive constant that depends on ¢ only. Moreover, for each 69 > 3/2
there exists a positive constant Cs,, that depends on dy only, such that Cs < Cs,
for all § > 6.

Proof. For details see [3]. O

The next lemma is important to prove the estimate (2).



6 JENS LORENZ, WILBERCLAY G. MELO AND NATA FIRMINO ROCHA

Lemma 2.4. Leta > 0,0 >1, s €[0,3) and § > 3. For every f € H;U(R:j),

we have that f € H‘S(RB). More precisely, one concludes that there is a positive
constant Cy s 5,, such that

11l 75 gy < Coare,

Proof. Tt is well known that Ry C U,enugoy[n,n + 1). Notice that 20(0 —s) € Ry
As a result, there is ng € N U {0} that depends on o, and s such that ng <
20(6 — s) < ng + 1. Consequently, one obtains ¢ € [0,1] such that, by Young’s
inequality, we infer

n0+1

|£‘2672s |§|t 20 4 (1—1)-

=[] 1 < eI+

Therefore, one has

ey = [ P10 < / e
< [ [t g

= ?23(2?1(;01(;;)+ e Rl SRVGIRE
e g

Hence, we deduce

Sl F (€)1 de

€17 F(€)[? d.

(no + D!(2a + 1) s 2
1115 gy < Ba)rotl \€|2 20617 | f(¢)|? d
(no + 1)! 2a+1) 9
= e o
This completes the proof of Lemma 2.4. O

The following result has been proved in [3].
Lemma 2.5 (see [3]). The following inequality holds:
(a+b)" <ra"4+b", V0<a<bre(01]
Proof. For details see [3]. O
Let us present two consequences of Lemma 2.5.
Lemma 2.6. The following inequality holds:
ealel? < gamax{lé=nllnl}? 2 minllé=nll}  ve pe R 0> 0,0 > 1.
Proof. Apply Lemma 2.5 to obtain
alél” = al¢ —n+nl7 < all€ —nl+ )7
< a(max{[¢ = nl,[nl} + min{|¢ — nl, n[})7
< amax{|¢ = nl, 7} + = min{|¢ - nl, 7]} *

This proves Lemma 2.6. O
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Lemma 2.7. Let £, € R3,a >0, and o0 > 1. Then, it holds
cal€l7 < alé=nl? alnl7 | (3)
Proof. Apply Lemma 2.6. O

J. Benameur and L. Jlali [4] proved a version of Chemin’s Lemma (see [10]) by
considering the spaces ijU(R?’). Let us introduce this result exactly as it was
enunciated in [4].

Lemma 2.8 (see [4]). Let a > 0, ¢ > 1 and (s1,s2) € R? such that s; < 3
and s1 + sa > 0. Then, there exists a positive constant Cs, s, such that, for all
frg € H3 . (R*) N HE2, (R?), we have

1700 e ra-3 gy < Cov (1 iz oy ol iz ooy + 17, o gl iz, oy )

If s1 < %, S9 < % and s1 + s > 0, then there is a positive constant Cs, s, such that

£ er o5 ooy < Csvsall fllz, ey 911722, (o)-

(R?)
Proof. For details see Lemma 2.2 in [4]. O

The next result presents our extension for Lemma 2.5.

Lemma 2.9. Leta> 0,0 > 1, and s € [0,3). For every f,g € H;)U(R:;), we have
fg € Hj’U(RB'). More precisely, one obtains

7~

l -~ a
): (150l oy < Culle® 1 Fllzaesy 9l sy + o217 Gl ey s o)

ii): ||fg||H§0(R3)) S Ca,o,s

If”Hg‘U(R?’)HQHH;U(]RS)a
2s

where Cs = 2% 773 and Coos =223 % < 00. Here T is the

standard gamma function.

Proof. First note that

ol oy = [ 65219 (Tt e
= (m)® [ el gl de
1 2
<@ [ ([ leres e - nigontan) ae
R3 R3
< (97)-6 s alélT 1 Fre N1 d
< [ ([ e e nligonldn

1 2
[ fepet® g ~ gt dn) s
[n]>|€—n]
It is easy to check that

E1° < {I§ =l + nl]* < [2max{|§ —nl, [n[}]* = 2°[max{[¢ —nl, [n[}]*. (4

Apply Lemma 2.6 to obtain
22576

183, < o [ ([l a1~ let 7 o)
“ R3 m|<[€—n]

76

ale— % iy s a é ~ 2
el )
n|>|é—n
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1 R 2
<o [ ([l alet s fe et fgia]dn) d
R3 R3

[ (] e IR~ mlinpern i) dn) ],

In other notation,
1 <

1
< 227570 [ |7 | 7 # [e2 117 [g1) 122 gy

L 1
+ (2m) 22 [ A ] - 12 G117 2 sy
Consequently, it follows from Young’s inequality that
1fallF, (gay <227 °7 [l - Isea"‘“flhz(Rs le" lUAHLl(]R3)

1
-a

+ et 7 FIZn syl - |Sea"\5§||§2(R3)]. (5)

Notice that
|H |9 al- ‘ofHLQ(]RS / |§|25 20“5‘ | ( )|2 df— Hf”HS,G(R:‘)' (6)

Using this result in (5), the proof of i) is given.
Let us prove ii). Applying the Cauchy-Schwarz’s inequality one obtains

1 a % R
||e?|‘|d./g\||L1(R3) :/1%3 e?‘f‘ |g(§)|d€

</ |§‘—2se2(%—a)|.§\% d£)2 (/ |£|2se2afi|§(§)|2d€>2
R3 R3

=: C'a,g,ng”nga(R"’)’ "

IN

where

o2 _ _ 4mol(o(3 - 2s))
@05 [2(a — 2)]oB-25)
since 0 > 1 and s < 3/2. Hence, by combining (5), (6) and (7), we have
1700 ey < 27 e 191 e
This completes the proof of Lemma 2.9. O

We state an elementary result:

Lemma 2.10 (sce [5]). Let a,b > 0. Then X\~ < a%(eb)™® for all A > 0.

3. Proof of Theorem 1.1. In this section, we prove the existence of a time T =
Ts jiv.u0,b0 > 0 and a unique solution (u,b) € C([0,T7; Hj’J(R?’)) with s € (3, 3) for
the MHD system (1). As noted above, Theorem 1.1 is an improvement of previous
results even for the Navier-Stokes equations. It extends Theorem 3.1 in [4]. Our
main point is, however, the extension from the Navier-Stokes to the MHD equations
(1).

We first proceed formally and apply the heat semigroup e*~(=7) with 7 € [0,1],
to the velocity equation in (1). Integration in time yields

t t
1
/ ePAE=T)y dr 4 / ehAt=7) (u Vu—b-Vb+V(p+ §|b|2)) dr =
0 0
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t
,u/ M=) Ay dr.
0
Using integration by parts one deduces
! 1
u(t) = etAtug — / ehAlt=T) (u Vu—0b-Vb+V(p+ §|b|2)) dr
0

Let us recall that the Helmholtz’s projector Py (see Section 7.2 in [13] and references
therein) is well defined, yielding

1
Py(u-Vu—>b-Vb)=u-Vu—>b-Vb+V(p+ §|b|2),

and also

As a result, it follows that

t
u(t) = e"Augy — / M) Py (u - Vu — b - Vb) dr.
0

Therefore,

u(t) = ey /e“A(t ") Py (u-Vu—b-Vb)dr
0
3

= eﬂAt / €#A(t T)PH (uiju — b]D]b)] dr
0 j=1

= elBty, / A=) py | Z Dj(uju — bjb)] dr,
0
provided that divu = divb = 0. Hence,
3

t
u(t) = eMAtuO _ / euA(t—T)PH [Z Dj('LLjU _ b]b)] dr. (9)

0 =

Next, our goal is to present an equality for the field b analogous to (9). By
applying the heat semigroup e*2(~7) with 7 € [0,], to the second equation in (1)
and integrating in time, we obtain

t t t
/ euA(tfr)bT dr + / eV Alt=T) [u-Vb—0b-Vuldr = y/ VAT Ab dr
0 0 0

Using integrating by parts again, we have

t
b(t) = e"Alby — / Ay Vb — b V] dr
0

As u and b are divergence free (see (1)), it follows that
3

t
b(t) = e"Athy — / "2 (w;D;b — bDju)] dr

0 =

t 3
= "2ty — / 207N " Dj(ugb — bju)) dr,
0 4
j=1
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that is
t 3
b(t) = Dy — / eA=D[3 D (u;b — byu)] dr. (10)
By (9) and (10), one obtains i
(u,b)(t) = ("o, €"'bo) + B((u,b), (u,b))(t), (11)
where
t 3
Bl(w.0), (. 0)(0) = [ (=S Pal3 Dy = 0y0)]
3
— "2 Dj(wi 6 —v;7))) dr (12)
j=1

Here w, v, 7, and ¢ belong to a suitable function space that we now discuss.
Let us estimate B((w,v), (v,¢))(t) in Hj ,(R?) with 1/2 < 5 < 3/2, a > 0 and
o > 1. It follows from the definition of the space H;a (R3) that

3
e Pu ) Dj(vw = vio)ll, g =
j=1
1 3
/R el | FLet APy [y Dj (v — v;0) }H(E) [ de.
j=1

As a consequence, we have

3
le# =D Py [y Dj(rw — 0O ms) =

j=1
2 1 3
[ eI sl P 3 D = 0y MO
By applying (8), we can write
3
ler 2D Py Y Diyjw —vd) Yy, s
j=1 ’

, 3
< / e HUDIET g 2o e | 57 FID; (50 = v 8)(€) [ dg
R3

j=1
< / e~ 2m=TIER |¢|20200E17 | (o @y — ¢ @ 0)(€) - £ dE
R3
< / =2 TIER 252200807 | F oy @y — 6 @ 0) (€] dE
RS

Rewriting the last integral, we have

3
He“A(th)pH [z:l Dj(vyjw — Uj¢)]||2' 5 o (R?) =
j=

/ €[5 252t DIER | ¢|45=32alE17 | F(1y @ o — ¢ @ 0) (€)|? de.
]R3
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As a result, by using Lemma 2.10, it follows that

3
|‘6MA(t7T)PH[Z Djj(yjw — vjd))]“?ﬁ o (R?)
Jj=1 |

(5;2 )5 2s 1
< [ et Fw e g0 (o e
Cs,
= ,Li2€ UJ®’Y ¢®’U|| 257*
(t—7)—= fR)

since s < 3/2.
On the other hand, by using Lemma 2.8, one infers

fwealfa g, / et B e) P de
-y [ ettt me pag
7,/€ 1

=S Wil g oy S Ol ey I oy (19
J,k=1
provided that 0 < s < 3/2. Therefore, one deduces
3
le# 2D Py~ Dj(vjw — 0;0)lll ey <
j=1
Cs
(t—71)"7"

By integrating the above estimate over time from 0 to ¢, we conclude

(w.0) L ooy 178

[ 1esepyy o P

k)

T

¢ ||(w7v)|| (v, &)l s
< Cgu/ He o ®) 5_2s H - (B d

(t—7)=

251
< Cs T H(wa’U)HLW([O,T];H;”(R?’))H(’y’¢)||L°°([O,T];H§7U(R3))’ (14)

for all t € [0, 7] (recall that s > 1/2).
Analogously, we can write

: 3
/0 eS¢y Dj(wid — vl s ey dr <
j=1

2 1
* (UhU)||Loo([o,T];Hg)a(R3))||(%¢)||Loo([o,T];Hgﬁ(R3))a (15)

s,V

for all t € [0,T7.
By (12), we can assure that (14) and (15) imply the bound

IB((w.0), (1) Oll s ey <
Cs,p,,l/
for all t € [0,T7.

T (w, V)| Lo o, m1:s15, @ 10> O oo (0,121 (3 (16)
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To summarize, it has been shown that

le"2boll%, ey = / €[22 I€17 | F{erAtbo}(€) 2 de
:/ e g[2e2el€17 5y (€)2 de
]R3

1 o
< [ @ P de = Il ey (7
Therefore, we have established the following estimate:
(e w0, €”2bo) gy, gy < Il (o, bo)ll 7 _ rsy-

Notice that B : C([0,T}; H; ,(R®)) x C([0,T]; H; ,(R)) — C([0,T]; H ,(R?))
(with s € (3,2), @ > 0 and o > 1) is a bilinear operator, which is continuous (see
(12) and (16)). Choosing a time T > 0 with

1
T < )

4
[4C i, || (w0, bo) ”Hé,g(ﬂ@)] 2ot

where Cs ,,,, is given in (16), we can apply Lemma 2.1 to obtain a unique solution
(u,b) € C([0,T); H; ,(R?)) for the equation (11).
This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2. We prove the blow-up criteria for the solution of the
MHD equations (1), asuming that the solution exists only in a finite time interval
0 <t < T*. Asmentioned above, Theorems 3.3 and 4.1 obtained in [4] are particular
cases of our Theorem 1.2. The structure of our proof follows [1, 2, 3, 4, 6, 7, 14].

4.1. Proof of Theorem 1.2 i) (case n = 1). We first generalize the arguments
given in the Appendix of [4].

We prove Theorem 1.2 i) with n = 1 by contradiction. Suppose the solution
(u,b)(t) exists only in the finite time interval 0 < ¢ < T™ and

limsup || (u, 0) ()| g7z (rsy < 0©. (18)
t /T @9
We shall prove that the solution can be extended beyond ¢t = T™*.
By (18) and Theorem 1.1 (since s € (3, 3)), there exists an absolute constant C
with
1w OOl gy <C. W€ 0,7, (19)

Integrating the inequality (35) below int time and applying (19) and (7), one con-
cludes

t
IOy +0 [ 1T DO, ey 7 < [0 b0y, + o CT"

for all ¢t € [0,7*). Consequently,

—_

t
| 19D, gy dr < Gl b0, gy + ConraC'T*

= Cs,a,o',&uo,bo,T*v (20)
for all t € [0, 7).
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Let (kn)nen denote a sequence if times with 0 < k,, < T* and k,, / T*. We
shall prove that

lim [ (u, 0)(kn) = (u, 0) (k)| g7 sy = 0- (21)

n,m—oo

The following equality holds:

(U, b)(l’in) - (’LL, b)(’i’m) = Il (n7 m) + IQ(n7 m) + 13(7?" m)a (22)
where
Ii(n,m) = ([e”A”” — e“A”m]uo, [e”A““ — e”A”m]bo), (23)
Iy(n,m) = (/ " [erAm=T) _ onAEn =T Py [y Vu — b - V] dr,
0
/ " [e”A(“’"—T) — e”A(““’_T)](u -Vb—b-Vu) dT), (24)
0
and also
Is(n,m) =
- (/ " A=) Pl Y — b V] dT,/ AT (4 — b V) dr).

(25)
(See (11) and (12)). On the other hand, it is easy to check that

2 2 %/\
Jlerer — ersmlbnly, oy = [ [l — e PR gl ) g
@)= |

< / [emvrnlel — e IR eS¢ d.

Since by € Hj,g(ﬂ@) and e~ vmnl€® — e=vT"IE" < 1 for all n € N the Dominated
Convergence Theorem yields that

; A
n}ggw H[evAm,, S H’"]bOHZg,U(RS) =0.

Similarly,

lim ||[e“A”" — e“A“m]
n,m—00

ol ey = 0-

Consequently, limyp m— o0 [[11(n, M)l = (gay =0 (see (23)).
We also have: ’

/ ||[6MA(Hmf‘r) — el»tA(nnfT)]PH(u YVu—b- Vb)HH; _(RY) dr =
0 :

/“’" (/ [l =DIER _ it =r)lel)2
0 R3

X \§|2562a|5|% | F[Ps(u-Vu—b- Vb)](§)|2d§) dr.

Nl=

By applying (8), we obtain that

| et e by T b VB ey d <

T 1 1
/ (/Rs[l — MR 2 222000 Flu . b - ] (€)2dE)  dr.
0
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The Cauchy-Schwarz’s inequality yields that

/O I [euA(nm—r) _ euA(mn—r)}pH(u Vu—b- Vb)”H;,G(W) dr <
T 2 1 3
\/T*(/ / [1 = eI =) P 2 g2 200617 | Py T — b - V0] (€) Pdedr )
0 R3

Observe that 1—e~#(T"=#m)Ié* < 1 for all m € N and fOT* |lu-Vu—b-Vb||2 . (Rg)dr <

0o since that

3
o Vulliry oy < Caos 2 Illrg sy 1 Dl e
=1

< Ca,a,sCHVUHH;yU(]R‘%)' (26)

(See Lemma 2.9 ii) (0 < s < 3/2 and o > 1), (19) and (20)). Application of the
Dominated Convergence Theorem yields that

Km

lim [feratsm =) — et =D Py (u- V= b+ Vb)|| s (gsydr = 0.

n,m—oo Jq

Analogously, we obtain

Km

3 VA(km—T) _ JVA(Kn—T) . — b B =
n,rlrlzgloc ; lI[e e J(w-Vb—b v“)”Hg’a(RS)dT 0.

Therefore, limy, o0 [[12(12, M) || s sy = 0 (see (24)).
Finally, note that 1

Kn
[ 23(n, m)”H;YU(RS) < / [le# A=) Py (- V= b - Vb)”H;’a(RS) dr

Rm

+ / [e#A0n =T (w - Vb —b- V)| o sy dT.

m

Following a similar process to the one proved in (17) and applying (8), one gets
K

o)y sy < [ e T bl gy

Km

—|—/ ||u~Vb—b~Vu||Hg‘U(R3)dT.

Use (26) to obtain
-
()l < CCas [ 19 (D)5

Rm

Therefore, by the Cauchy-Schwarz’s inequality and (20), one has

1
T* 2
1Es(nm) 7 g5y < Cars VT — Fom ( |19, dT)

m

§ Cs,a,a’ﬂ,uo,bo,T* V T* — Rm-

This implies that limy, y,— o0 [ I3(12, m)]| 7 ®?) = 0. To summarize, we have derived

the limit statement of (21) from equality (22). In other words, we have proved that
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((u,b)(kn))nen is a Cauchy sequence in the Banach space HSJ(R‘S) (recall that
s < 3/2). Therefore, there is (u,b1) € H;,U(R:g) with

i) 0) () = (bl qaony = 0.

The following simple argument shows that the limit (u1,b;) does not dependent
on the sequence of times (ky,)nen approaching T%*. In fact, let (pp)nen € (0,77)
with p, /T* and let

Tim [,5) (k) — (uz,bo)l g,y = O,
for some (uz, bo) € H ,(R?).

We claim that (ug, by) = (u1,b1). To see this, define (¢, )neny C (0,7*) by son = ki,
a_nd Son—1 = pn, for all n € N. It follows that ¢,  T* and there exists (us,b3) €
H: ,(R%) with

i |, B)(50) — (o3, b3) 1 gusy = 0.

Therefore, (u1,b1) = (usz, b3) = (ug, b2). Our arguments yield that lim; ~p- ||(u, b)(¢)—
(’LLl7 bl) ||H270(R3) = 0

Finally, consider the MHD equations (1) with the initial data (u1,b1) in instead
of (ug, bp) and apply Theorem 1.1. As usual, we can piece the two solutions together
to obtain a solution in an extended time interval, 0 <t < T™* 4+ T with T' > 0. This

contradiction proves that

limsup || (u, 0) ()| g7z (rs) = 0.
t /T @9
The proof of Theorem 1.2 i) n =1 is complete.

4.2. Proof of Theorem 1.2 ii) (case n = 1). In this subsection we prove The-
orem 1.2 ii) for n = 1. Our result generalizes (4.1) of [4]. In fact, taking s = 1 in
Theorem 1.2 ii) (with n = 1) yields (4.1) in [4].

Taking the H, 5 o (R?)-inner product of the velocity equation of (1) with u(t) yields

1
{u, ut>H;,U(RS) ={(u,—u-Vu+b-Vb—V(p+ §|b|2) + uAu)H;a(Rg). (27)

On the Fourier side, the second term on the right hand side of the above equation
is

Flu) - FIVp-+ 5026 = =i Y Flu) @& Flp+ 3 hi2)©)

3

= = S FD) O F 0+ S b2)(E)
= —FAva©FI(p+ S b2)E =0, (29

because u is divergence free. As a consequence, we have

T+ g any = [ 6P F ) VGt 5PN d = 0. (29
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Furthermore, it holds that

3 3

~ 2 _ . o~
E u- ] = —1 E u
=1 j=1

3
== Dju-D;u(§) = —|Vu(&)*. (30)
j=1
Therefore,
(00 80 gy ey = [ 1€Poc19 a0 (e dg = = [ fePoeeil? (Guce) g
= 7||vu| HS L (R3)" (31)
Using (29) and (31) in (27), we conclude that
1d
), ey + IV, gy < e Vet gy G T |
(32)

Next we consider the magnetic field equation of (1) and derive an estimate for
b(t) similar to the velocity estimate (32). Taking the H ,(R*)-inner product of the
magnetic field equation with b(¢) yields that

(0,00) e moy = (u, = - Vo +b-Vu+vAb) . (gs).

By applying (31), with b instead of u, it follows that

S0 aoy IO gy < 1t by |+ 100 Vet |

(33)
Combining (32) and (33), we conclude that
1d
3 I, 0)( Wi ey + OV @O, g
<Ku,w-Vu) e @yl + w0 V0) g gayl + 10w V) pre (g
+ |<b7 b- VU>H2,U(R3)|7
where 6 = min{y, v}. Furthermore, since divb = 0, we have
3 3
F(Vh) - Fo@u)(€) =D F(Vby) - Flu)(§) = Y F(Dib;)(§)F (ubi)(€)
j=1 Jok=1
3 e —
=iy &F(b;)(6)F (uib)(©)
k=1
3

== D Fo)E)FDr(u;br))(©),

J k=1
that is

F(Vb) - Fb@u)(€) =— > F(bj)(&)F (be Dru;)(§)
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-3 )7 T
—F) O v
It follows that
05l sy = [ 165 F 1) - Tu)(€)de
= [ lepeenelt Fvh) - Foou)(€)de
=—(Vb,b® “>Hg,c,(R3>'

Using that u is divergence free and applying the Cauchy-Schwarz’s inequality yields
that

1d
571 @ OO, gy + OV @O, gy < IVulli; @ llu @ ullg; @)

19l 1D @ Bl gy + Il oyl @ bl
+ ”vz}HHg,g(]R?’)”b@u”Hg’a(]R@)' (34)

We have to estimate the term ||u ® b| s (R9) appearing above. Applying Lemma
2.9 1) (0 < s < 3/2) yields that

u U, ey = [ € P b de

_y / €222 | F (b ) (€ de

7,k=1
3
= Z Hbjuk”?ygﬂ(]g?,)
G k=1 ’
° Ry al|7 ~ 2
<G Y et bl grey lunll gy ggoy + e @llr o 1051 g7 o]
gk=1 ’
3
< s [lle=" b 171 mo) ||Uk||2< e Fller llaukHLl ®)|1; ||Hs (&)

jk=1

al|7

1.
Csllle® 17 BlI T ray lull %, ey T e AT ey 1B, (o)
or, equivalently,

al|z

1
e @ bll7, (gay < Csllle® " bllams) lull gy zsy + e @l es) Bl gay)-
Usinging this inequality in (34), we infer that

1d
S @ DO, @) + IV DO, g <

1 NN
Cullle* 17 @l aasy + lle M7 Bll el oy + 80t qaoy IV (0 BY(O) s oy



18 JENS LORENZ, WILBERCLAY G. MELO AND NATA FIRMINO ROCHA

By Young’s inequality:
1d

0
S @O, oy + 5 IV@OO, g
1

1 aj i
< Cs,u,u[He;HU ull g1 g3y + les! bHLl(R3)]2[”uHHgYU(RL") + ||bHH;)U(R3)]2

< G lles 17 (@,0)|17 oy 1 (w, b) | (35)

2
H ,(R3)
Consider 0 <t < T < T* and apply the Gronwall’s inequality to obtain:
T 1
1, B) (T, oy < N DY), oy e3D{Capv / eV (@, 1) (7)1 1 sy '}

Passing to the limit superior, as T' * T*, Theorem 1.2 i) (with n = 1) yields that
T 1
/ le# 117 @, B)(7) 21 oy dr = 00, ¥t € [0,T7).
t

This completes the proof of Theorem 1.2 ii) for n = 1.

4.3. Proof of Theorem 1.2 iii) (case n = 1). In this subsection we prove Theo-
rem 1.2 iii) for n = 1. We point out that (4.2) in [4] is a particular case of Theorem
1.2 iii) obtained for s =n =1 and b=0in (1).
Using Fourier transformation and taking the scalar product in C* with (t), we
obtain from the velocity equation of the MHD system:
GG =—pVul2 —T-u-Vu+a-b- Vb

We have used (28) and (30). Consequently,

A2+ plVul? < |a-u-Va|+|a-b- V. (36)

1
-0
50t
SimilaArly, by applying Fourier transformation and taking the scalar product in
C? with b(t), we obtain from the magnetic field equation of the MHD system:
Dby =—v[Vb2—b-u-Vb+b-b-Vu.
Therefore,
1~ e o
5at|b(t)|2 +v|Vb2 < |b-u-Vb|+[b-b-Vul. (37)
Combining (36) and (37), it follows that
1.~ — — e —
0@, () +0|(Vu, Vb)[* < [allu - V| + [al|b - Vo] + [b|u - V0| + [b]|b - Vul,
where 6 = min{u, v}. For 6 > 0 arbitrary, it is easy to check that
= Vu, VO [2 — ——
0/ 1@, D) (12 + 6 + 9@ < |u-Vau|+[b- V| + u- Vb| + b Val.
V(@ b)* + 0
Integrating from ¢ to T' (where 0 < ¢t < T < T* < 00), one obtains that

= T a,b)(1)[? =
\Mawww+5+%ﬁl @YD 4 < \y@nop +o

(@, b)(7)[? + 6

+AH@FMva@?MM+WTWWM+M?%wmm
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since |(Vu, Vb)| = |€]|(@,b)|. Passing to the limit, as § — 0, multiplying by e= ¢l
and integrating over £ € R3, we obtain
e 117 (@, b)(T)| 11 sy

T sl
+ 9/ le= 17 (Au, Ab) ()| 1 ey dr < (€511 (@, B)(1)]| 1z
t
/ / 31817 (o W) (1) + (5~ VB)(r)] + | (- VB)(r)| + |(B- V) (r)]] dedr
t

because |(&L,£\b)| = |§|2|(ﬁ,3)| Moreover, we have

(- Vb)( |7’Zujpb ’7% ‘23:1? ’
Jj=1 Jj=1

= <27r>*3y Z / ) Dbl — m)

(2m)" }/W Tb(E — ) di| < (2m) /|u )IIb(E — )] dn.

Using the estimate (3), we obtain that

[ e @@ de < 2m [ [ e @l T - )l dnde
R3 R3 JR3
<m0 ales 1 bl — )| dnde
= (2 [ [ @) ¢ e V(e
R3

1 oL =
= (2m) " |le= 17 [al] # [e5 17 VOl 21 s
Applying Young’s inequality it follows that

K

— a,%/\ 1
/}R eI (W TB)(©)]d€ < (2m) e 17l g1 e e 17 T s

. (38)
Furthermore, the Cauchy-Schwarz’s inequality implies that

2117 Fbl| 1 gy = / 41617 [Th(£)| de = / 21617 ¢ [b(e) | de
R3 R3

€17 ¢ 2B : L1¢17 5, :
<([e s||b<s>|d5> ([ 5 eyl

a U a 0. l
= |les 1" Kbz, w7 B2 o (39)
since |€]2[b] = |Ab| and |Vb| = |¢|[b]. Using the estimate (39) in (38) yields that

1
[ e @) de <
RB

1
(2m) "2 le= 7 @ L1 gy [le =

1
o

~ 1 al. %A 1
bHil(m)H@"H Ab||zl(R3)
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Consequently,
QHL ~ T
l[e= 7 (@, b)(T)] L1 ()

T 1 agl o~
0 [ 1631 (&0 B s dr < 16311 @D o1
t

T 1
420 [ 1T @R oy e (B BD) s gy dr

t
By using the Cauchy—Schwarz’s inequality again we conclude that

4(%) et 1”@, >||L1(Ra)||e

||e%"‘; (@ D)[3 5 gy + 5”65"'; (Au, Ab)|| 1 (ro).-

)|z

(AU Ab)HLl(]RS) <

87r69
Hence,

~

RE N 0 T allz
les!7 @ D)D)l 1 eey + 5 / le# 17 (Au, Ab)(7)| 1 rs) dr <

o1 @ DO + g [ 1647 @O e

By the Gronwall’s inequality, it follows that
1 -~
e 11" (@, ) (T) |71 sy <
7 2 L TPANT N R
||€" (@, b)( )HLl(RS)eXp m/t le= (uvb)(T)”Ll(Ri")dT )

forall 0 <t <T < T%*, or equivalently,

]. T a|. % o~
exp{m /|l (u,b><v>|il(Rs)dTH <

Tk (@, b)()I71 za)-
Integrate from t to tg, with 0 <t <ty < T™, to obtain that

(—47°0) exp{ 69/ ||ev‘ b)(r )Ll(Rs)dT}+4ﬂ' 6 <

le#!* (@, B) ()13 1z (o — 1)-
By passing to the limit, as tg ~ T*, and using Theorem 1.2 ii) with n = 1, we have

(~4n%6) =

1 ~
4m%0 < [lex V17 (@) ()| s (T — 1), V€ [0,T%).
This completes the proof of Theorem 1.2 iii) for n = 1.

4.4. Proof of Theorem 1.2 iv) (case n = 1). One of the assumptions of Theorem
1.2 is that o > 1; consequently, % € (0,a). As a result, the embedding H;U(R‘"’) —
H%’U (R3) holds. Therefore, Theorem 1.1 yields that (u,b) € C([0,T}), H%}U(RB))
since (u,b) € C’([O,T;),Hj’a(Rg)).

On the other hand, the inequality

1w, 0) (e, sy < N 0) D)l gz ey
e
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implies that
T >T). (40)

Ve

Moreover, by applying Theorem 1.2 iii) with n = 1 and the Cauchy-Schwarz’s
inequality (analogously to (7)), it follows that

3
213/6 <
VTF —t
for all ¢t € [0,T), where
—o(3—2s)
1 —2a(&-L)el7 1 1
03”::/ e Ve e df =4no |2a | — — — I'(e(3 —2s)) < oo.
01 e TP Vi g)] teem)

(Recall that s < 3/2, a > 0 and ¢ > 1). This proves Theorem 1.2 iv) for n = 1.

~

le=!” (@,0) ()| 2 23) < Caosll(w,0) ()l e, 2oy (41)
o

4.5. Proof of Theorem 1.2 i), ii), iii) and iv) (case n > 1). First note that
(41) implies
timsup [0, )(O)ll e, ) = 0. (42)
t Tk Vel

a

This yields Theorem 1.2 i) for n = 2. As above, we infer that

. L
|1 @RI oy dr =0, e 0T,

t

This proves Theorem 1.2 ii) for n = 2 and Theorem 1.2 iii) for n = 2 follows (see
Section 4.3). As an immediate consequence of (42), one obtains that

T; 21T (43)
Clearly, the inequalities (40) and (43) imply that
Ty =T (44)

_a_

Let us reexamine the above process with 75 in the place of a. As in (41), we
obtain that

271'3\/5 _a_|. % P
e < lem= 17 @001 ws) < Cososl W, O)Oll gy, oys (45)
75 -

for all t € [0,T%_), where
Ve

c2 / L 2020607 ge gmg |92 (L2 _UF(B'(_2(§) 25))
a = g oo =470 —_ o _
oo = Joo T N

is finite. By (44) and (45), one has
2130
[ (u, b)(t)HHfl (R3) > T
o7 C%’U’Sm

This completes the proof of Theorem 1.2 iv) for n = 2. Passing to the limit as
t /Ty, we deduce that

Vtel0,T,).

lim sup [|(u, b)(F)ll 75, _(es) = o0

a
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Consequently, Theorem 1.2 i) holds for n = 3. Notice that, replacing a by % in
(44), one obtains that
Tr = L;; =T%.
Therefore, inductively, one concludes that T = T;“\/aj for all n € NU {0}.
Theorem 1.2 i), ii), iii) and iv) holds for all n > 1.

4.6. Proof of Theorem 1.2 v). It remains to prove Theorem 1.2 v). Note that
Theorem 1.2 v) for s =1 and b =0 (in (1)) yields (1.3) in [4].

Choose § = s + 2= with k € NU{0} and k > 20 and set §y = s + 1. By using
Lemmas 2.3 and 2.4, and (2), we obtain

2713/0 o~ 2<5+ ﬁ
T = @) rr ey < Cufl(u, b)(1 )IILQ(Rs) 2| (u, b) (¢ )IIHH%’(RS)-
Hence, using the inequality
[[(w, 0) ()| L2 (msy < [[(u, 0) (o)l L2(re), VO <to <t <T7, (46)

(see (2) in [7]) we obtain that

Cﬁ,s,u ,b Da’,s,&,u ,b F
oty ( w0 ) < 1, B)(0)2
@)% \(I* - )%

where D, Dot = (C5273V8]| (w0, bo) || 13 gsy) 7 and Co,s.ug,h, = (0;1%3\/9)%
20)*

2k (47)

x|| (uo, b0)||L2(R3) Multiplying (47) by , one concludes that

2aDg,s,0,uq,bg

k
N G2 IO
0,s,u0,bo §/3¥‘€|2( +2€)|(u’b)(t)|2d§
R

(T —t)% k!
=/ (2a|£| \ €2 (@, b) (1) 2 de.
R3

By summing over the set {k € N; k > 20} and applying the Monotone Convergence
Theorem, one obtains that

k
»8,U0, »8,0,U0, E »5,V,U%0,
Caéu b(] [eX {2aD050u0b0}_ (20’D0'89'LL0I)0) }

(T* —t)% (T* —t)3s 0oae KT —t)57
alel % 2al& Z)k ol
< [ et = 3 LU e @y dg
R? 0<k<20 :

< [ I @R R d = DO, o

for all ¢ € [0,T*). Finally, if we define

20
0k

f@) = Jer =Y 5 [le™Crore8] v e (0,00),

where 20y is the integer part of 20, then f is continuous on (0,00), f > 0,

lim f(x) = co and hm f(z) =

———— . Therefore, there is a positive constant
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Cy, with f(z) > Cy, for all x > 0. Therefore,
Ce,s’do,uo’bo (20’DU,S79,U0,50 >2UO+1{ aDo 5,0,u0,b0 }

u, b)(t)]|%. > - ex
[[(u, D)@ s, (R3) (T —t)% (T~ 715)% P (T~ 7t)$
a200+1097576700,uo,b0 a’DU,S,G,uoybo
= 2(sotog)tl X T s
(T* —t)™ s (T —t)3s

for all ¢ € [0,T7*). The proof of Theorem 1.2 v) is completed.

REFERENCES

[1] J. Benameur, On the blow-up criterion of 3D Navier-Stokes equations, J. Math. Anal. Appl.,
371 (2010), 719-727.

[2] J. Benameur, On the blow-up criterion of the periodic incompressible fluids, Math. Methods
Appl. Sci., 36 (2013), 143-153.

[3] J. Benameur, On the exponential type explosion of Navier-Stokes equations, Nonlinear Anal-
ysis, 103 (2014), 87-97.

[4] J. Benameur and L. Jlali, On the blow-up criterion of 3D-NSE in Sobolev-Gevrey spaces, J.
Math. Fluid Mech., 18 (2016), 805-822.

[5] A. Biswas, Local existence and Gevrey regularity of 3-D Navier-Stokes equations with Ip
initial data, J. Differential Equations, 215 (2005), 429-447.

[6] P. Braz e Silva, W. G. Melo and P. R. Zingano, Some remarks on the paper “On the blow
up criterion of 3D Navier-Stokes equations” by J. Benameur, C. R. Acad. Sci. Paris, Ser. I,
352 (2014), 913-915.

[7] P. Braz e Silva, W. G. Melo and P. R. Zingano, Lower bounds on blow-up of solutions for
magneto-micropolar fluid systems in homogeneous sobolev spaces, Acta Appl Math., 147
(2017), 1-17.

[8] P. Braz e Silva, W. G. Melo and N. F. Rocha, Existence, Uniqueness and Blow-up of Solutions
for the 3D Navier-Stokes Equations in Homogeneous Sobolev-Gevrey Spaces Submitted, 2018.

[9] M. Cannone, Harmonic Analysis Tools for Solving the Incompressible Navier-Stokes Equa-
tions, in: Handbook of Mathematical Fluid Dynamics, Vol. 3, Elsevier, 2004.

[10] J.-Y. Chemin, About Navier-Stokes Equations, Publication du Laboratoire Jaques-Louis Li-
ons, Université de Paris VI R96023, 1996.

[11] J. Leray, Essai sur le mouvement d’un liquide visqueux emplissant 1’espace, Acta Mathematica,
63 (1933), 22-25.

[12] J. Leray, Sur le mouvement d’un liquide visqueux emplissant 1’espace, Acta Math., 63 (1934),
193-248.

[13] J. Lorenz and P. R. Zingano, Properties at potential blow-up times for the incompressible
Navier-Stokes equations, Bol. Soc. Paran. Mat., 35 (2017), 127-158.

[14] W. G. Melo, The magneto-micropolar equations with periodic boundary conditions: Solution
properties at potential blow-up times, J. Math. Anal. Appl., 435 (2016), 1194-1209.

[15] J. Yuan, Existence theorem and blow-up criterion of the strong solutions to the magneto-
micropolar fluid equations, Math. Methods Appl. Sci., 31 (2008), 1113-1130.

Received February 2018; revised July 2018.

E-mail address: lorenz@math.unm.edu
E-mail address: wilberclay@gmail.com
E-mail address: nata@ufmg.br


http://www.ams.org/mathscinet-getitem?mr=MR2670149&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2010.06.007
http://www.ams.org/mathscinet-getitem?mr=MR3008330&return=pdf
http://dx.doi.org/10.1002/mma.2577
http://www.ams.org/mathscinet-getitem?mr=MR3191897&return=pdf
http://dx.doi.org/10.1016/j.na.2014.03.011
http://www.ams.org/mathscinet-getitem?mr=MR3557335&return=pdf
http://dx.doi.org/10.1007/s00021-016-0263-8
http://www.ams.org/mathscinet-getitem?mr=MR2147468&return=pdf
http://dx.doi.org/10.1016/j.jde.2004.12.012
http://dx.doi.org/10.1016/j.jde.2004.12.012
http://www.ams.org/mathscinet-getitem?mr=MR3268762&return=pdf
http://dx.doi.org/10.1016/j.crma.2014.09.012
http://dx.doi.org/10.1016/j.crma.2014.09.012
http://www.ams.org/mathscinet-getitem?mr=MR3592792&return=pdf
http://dx.doi.org/10.1007/s10440-016-0065-2
http://dx.doi.org/10.1007/s10440-016-0065-2
http://www.ams.org/mathscinet-getitem?mr=MR2099035&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1555394&return=pdf
http://dx.doi.org/10.1007/BF02547354
http://www.ams.org/mathscinet-getitem?mr=MR3573614&return=pdf
http://dx.doi.org/10.5269/bspm.v35i2.27508
http://dx.doi.org/10.5269/bspm.v35i2.27508
http://www.ams.org/mathscinet-getitem?mr=MR3429636&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2015.11.005
http://dx.doi.org/10.1016/j.jmaa.2015.11.005
http://www.ams.org/mathscinet-getitem?mr=MR2419091&return=pdf
http://dx.doi.org/10.1002/mma.967
http://dx.doi.org/10.1002/mma.967
mailto:lorenz@math.unm.edu
mailto:wilberclay@gmail.com
mailto:nata@ufmg.br

	1. Introduction
	2. Preludes
	2.1. Notations and definitions
	2.2. Auxiliary lemmas

	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.2
	4.1. Proof of Theorem 1.2 i) (case n=1)
	4.2. Proof of Theorem 1.2 ii) (case n=1)
	4.3. Proof of Theorem 1.2 iii) (case n=1)
	4.4. Proof of Theorem 1.2 iv) (case n=1)
	4.5. Proof of Theorem 1.2 i), ii), iii) and iv) (case n>1)
	4.6. Proof of Theorem 1.2 v)

	REFERENCES

