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ON THE LARGE TIME APPROXIMATION OF THE
NAVIER-STOKES EQUATIONS IN R” BY STOKES FLOWS*
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Abstract. We show, under quite general assumptions, the time asymptotic property
t"nallu(,t) — v(,t)|ga@ny = 0 as t — oo, for each 2 < ¢ < oo and all Leray-Hopf global
L? solutions u(-,t) of the incompressible Navier-Stokes equations and their associated Stokes flows
v(-,t) in R™ (n = 2,3), where &,, , = (n/2)(1 —1/q) — 1/2. We use the approximation results to de-
rive several new related results on Stokes flows. Our method is based on classic tools in real analysis
and PDE theory like standard Fourier and energy methods.

Key words. Incompressible Navier-Stokes equations, Leray-Hopf (weak) solutions, large time
behavior, Leray’s problem, Stokes approximation, supnorm estimates.

AMS subject classifications. Primary 35Q30, 76D05; Secondary 76D07.

1. Introduction. We are interested in deriving various fundamental asymptotic
properties concerning the so-called Leray-Hopf solutions to the initial value problem
for the incompressible Navier-Stokes equations

u+ u-Vu + Vp = Au + f(-,t), V-u(,t) =0, (1.1a)
u(-,0) = up € L*(R"), V-ug = 0, (1.1b)
where f(-,t) = (f,(-,t), oo £, (-, 1)) € Li,.([0,00[, L*(R™)) is a given external force

field satisfying the general conditions (1.5), (1.8) below, and p(-,t) denotes the kine-
matic pressure. We begin with an overview of known results and those obtained here.
Considering the Helmholtz decomposition of f(-,¢) in L%(R"), i.e.,

f(,t) = =Vo(,t) + g(-,t), V-g(-,t) =0, (1.2a)

with V(- 1), g(-,t) € Li,.([0,00[, L*(R™)) such that!

loc
” g('u t) ||L2(Rn) < ” f('vt) ||L2(Rn)7 ” Dg('a t) ||L2(Rn) < ” Df('vt) ||L2(Rn)7 (1'2b)
one can write the equations (1.1) above as
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1For the definition of the vector norms involved here, see (1.14), (1.15). If f(-,t) € H*(R™), then
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u,+ u-Vu + VP(,t) = Au + g(-,t), V-u(,t) =0, (1.3a)
u(-,0) = up € L*(R"), V-ug = 0, (1.3b)

where P(-,t) = p(,t) + ®(-,t) is the modified pressure and g(-,t) = P,[f(-,t)] is the
divergence-free Helmholtz projection of f(-,¢) in L?(R™) introduced in (1.2). Under
appropriate conditions on g(-,t), one then may expect to have u(-,t) approximately
described (at least for ¢ >> 1) by associated solutions of the related Stokes equations,
vy + Vq(-,t) = Av + f(-,t), V-v(-,t) = 0 — that is, by (1.2) above (see also [2],
p- 293), solutions of the linear heat flow problems

vy = Av + g(-,t), t>to; v(-,t0) = u(-,tp), (1.4)

where tp > 0 is some (arbitrary) reference time chosen. [For better clarity, the
solution of (1.4) will be denoted by v(-,t;tg) in the sequel]. In fact, assuming that

| 1960 1yt < . (15)
and . J4+1/2
lim sup ¢ 1gC D) | pngny < 00 (1.6)

if n > 3, Wiegner showed, using a very involved argument, that one effectively has
(cf. [27], THEOREM (c), p. 305):

: n/4—1/2 . _ -t
tli)moo t || u( ;t) 'U( 7t7t0) ||L2(Rn)

=0 (1.7)
for n > 2 arbitrary. A simpler analysis given by Kato [12], in the case g(-,t) = 0 and

dimension n = 2, 3, yields tlgnoo luw(-,t) — v(,t;t0) ||L2(R2) =0 if n =2, and

: 1/4—¢€
t1i>moo ¢t/ [u(-t) — v( t;t0) ||L2(R3) =0
if n = 3, with € > 0 but otherwise arbitrary (cf. [12], Theorem 4/, p. 473).

Here, under different (and neither overlapping nor comparable) assumptions, we
give a more elementary derivation of the fundamental estimate (1.7) for n = 2,3.
(Note that, besides our restriction on the space dimension, we will also be restricted
to solutions as constructed by Leray [18], while a larger class is considered in [27].
This will allow us to obtain important new results, in addition to those by Wiegner.)
More specifically, we assume again that g(-,t) = P, [f(-,t)] satisfies (1.5) above and,
instead of Wiegner’s condition (1.6), that

| 1D | ot < o6, (18)

1

for some ¢, > 0. We will also use our method to show that, adding the assumption



. . 2
hfnsup tg(-t) ||L2(]R") < 00, (1.9)
one gets the supnorm estimate
. n/2—1/2 CEY el _
thm t (- t) — v(-,t;to) HL°°(R”) = 0. (1.10)

Thus, interpolating (1.7) and (1.10), we have, for every 2 < ¢ < co:

fim 3083wl ) — vl tito) | = 0, (1.11)

t— o0 L9(R™)

uniformly in ¢g. This improves earlier results given in [3, 28] in the case g(-,t) = 0.

Our derivation of (1.7), (1.10) above follows the basic approach introduced in [13]
(see also [30]) to provide an easy derivation of the fundamental Schonbek-Wiegner
decay results (cf. [27], Theorem (b), p. 305, and [25], p. 679) for the Navier-Stokes
solutions u(-,t) and their derivatives. Similarly to [13, 14, 30], we take advantage of
the fact that, for n = 2,3, Leray’s solutions to (1.1) become eventually strong (see
e.g. [8, 12, 15, 18]); together with (1.5) and (1.8), this allows us to quickly obtain

i 1/2 . =
tlgréo t /2| Du(-,t) 0, (1.12)

e
from which (1.7), (1.10) can be derived once some preliminaries have been observed.

We may summarize our main results in the following way (where, as usual, LZ(R") is
the set of all w = (u,, u,,...,u, ) € L*(R™) with V-u = 0 in distributional sense):

THEOREM A. Assuming (1.5) and (1.8) above, let wu(-,t) be a Leray-Hopf
solution of the Navier-Stokes initial-value problem (1.3), defined for all t > 0. Given
to >0, let v(-,t;tg) € L>([to,00[, LZ(R™)) be the Stokes flow defined in (1.4). Then

lim tn/4_1/2 ”u(ut) - v('7t;t0)

R I 2gn) = (n=2,3). (1.13a)

THEOREM B. Assuming (1.5), (1.8) and (1.9), let u(-,t) be a Leray-Hopf solution
of the Navier-Stokes initial-value problem (1.3), defined for all t > 0. Given to > 0,
let v(-,t;to) € L°([to,00[, L2(R™)) be the Stokes flow defined in (1.4). Then

. n/2—-1/2 . — .t

=0 (n=2,3). (1.13d)
The results above may be used to prove some new results summarized in the following
remarks (see (1.16), (1.17) and propositions 2.4 and 2.5).

REMARK 1.1. By Duhamel’s principle, the Stokes flow defined in (1.4) is given
by

t
v(-titg) = A1)y t) +/ eAU=9) g(. 5) ds, t > to, (1.14)
to

2This means that there exist Cg, tz > 0 such that ¢ || g(-,t) || < Cg for almost all t > tg.

L2 (R™)
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where e”! denotes the heat semigroup. With (1.5), we then get || v(-, ;o) HL2(]R") -0

as t — 00,2 so that Theorem A gives, by assuming (1.5) and (1.8):
tli)néo ”u(vt) ||L2(Rn) =0 (7’L= 2,3), (1'15)

a problem left open by Leray in 1934 ([18], p. 248). This result was first established

by Masuda [19] and Kato [12], and finally extended to arbitrary dimension, and

for any g(-,t) satisfying (1.5) alone, by Wiegner (cf. [27], THEOREM (a), p. 305).

On the other hand, regarding pointwise estimates, (1.14) similarly gives us that

t" 4 v(-, 5 to) HL“’(R") — 0 (as t = o0) for n < 3, using (1.5) and (1.9). By Theorem
B, we therefore conclude that
: n/4

Jim £ (1)

||L°°(]R”) =0 (n=2,3), (1.16)

for Leray’s solutions, assuming that (1.5), (1.8) and (1.9) hold. This result is new as
far as we know.

REMARK 1.2. The particular choice of tg > 0 in the Stokes problem (1.4) does
not affect the estimates (1.13) to the order of approximation given there. Recalling
our practice of denoting the solution of (1.4) by v(-,¢;tg) to explicitly account for its
dependence on the reference time, if we consider any two such values (say, to < to),
it follows from Propositions 2.4 and 2.5 in Section 2 below that

limsup t™* || v(-,t;to) — v(- ;o) ||L2(R") < 00, (1.17a)
t— o0
limsup ™2 || v(-,t;t) — v(-,t; o) oo gy < 00 (1.17b)

t— oo

Hence, changing to will only affect w(-,t) — v(+,¢; ¢9) to higher order as compared to
(1.13), thus leaving (1.13) unaffected. The estimates (1.17) are also new.

There is a vast literature on the decay of solutions to the Navier-Stokes equations,
especially for L% norms: see e.g. [11, 12, 13, 14, 19, 22, 23, 30] for the case f= 0, and
[19, 21, 22, 27] for nonzero f. Lower bounds and optimal L? estimates are obtained
in [1, 9, 20, 23, 24], always under stronger assumptions on the problem data (uq, f).
For L* norms, partial results are found in [3, 28], and stronger decay estimates in
[1, 2, 6, 10], again assuming stronger properties of the problem data. For a related
stability problem concerning strong solutions, see [4].

NoTATION. We will employ boldface letters to represent vector quantities, as

in g(-,t) = (g,(-,t)y ooty g, (-, 1)), w(-,t) = (w, (-, 1), ..o, u, (-, 1)), etc. Vector norms like
2

) g 10800 o 1D 0) s and 50 forth, are to be under-

stood in their usual way, that is, setting D; = 0/0x;:

[ )2,y = O [ Jtant) P (1.15)

L2(R™
( i=1

3Using Fourier transforms, one sees that imposing g(-,t) € L7([0,00[, L>(R™)) for all 7 > 1 is

not enough to get ||v(-,t;t0) ”L2(R") — 0 as t — oo. Thus, (1.5) is the natural condition here.
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I Dut) 12, S / | Dyuila, ) |2 da, (1.19)

i,j=1

| D2u(-t) ||?, Z /|D Doui(x,t) |? d. (1.20)

L%(R™)
i, J, =1

2. Some mathematical preliminaries. In this section, we recall some ba-
sic results which will play an important role in Sections 3 and 4, where the
proof of (1.13) is carried out. For the Leray’s construction of global weak so-
lutions wu(-,t) to the Navier-Stokes equations (1.3), see e.g. [8, 18]. One has
u(-,t) € L*([0,T], L2(R™)) N L*([0,T], H*(R™)) for each T> 0, with wu(-,t) weakly
continuous in L2(R"), ||wu(-,t) — ug ||L2(R")_> 0 as ¢\, 0 and satisfying the energy

inequality
D, + 2 DU 2,
< 2 . .
< Juoll?, ., + 2 / 10 |2 gy 190 5) 2 g, 5

ds
) 2.1)

for all t > 0. Moreover, taking (any) G € C§°(R") nonnegative with [.. G(z)dx = 1
and setting u, 5(-), gé(-,t) € C*°(R™) by convolving ug (), g(+,t), respectively, with
Gy(r) =6~ "G(x/0), § > 0, if we define wu,(-,t), B (-,t) € C*(R") as the globally
defined L? solutions of the regularized equations

1% T ug(,t) - Vug + VE = Aug + g, 1), V-ug(,t) =0, (2.2a)
ug(-,0) = @y ;= Gyxug € (| H"(R"), (2.2b)
m=1

where u(-,t) := ug(-,t) if n =2, u,4(-,t) := Gy* ug(-,t) if n = 3, we then have, for a
suitable sequence §’ — 0, the weak convergence property

u, (1) = u(,t) as =0, vV t>0, (2.3)

that is, u, (1) = u(-,¢) weakly in L?(R™), for each t > 0 (see e.g. [18], p. 237).
More sophisticated versions of Leray’s regularization (2.2) have been (and continue
to be) developed as a fundamental step in the design of many high resolution nu-
merical schemes for both viscous and inviscid flows, particularly in turbulent regimes,
see e.g. [7, 16, 17] and references therein. While the Leray regularization (2.2) is not
really useful for numerical approximations, it is very important for analytical pur-
poses, as solutions to (2.2) can be more easily studied due to their regularity (see e.g.
Propositions 2.1, 2.4 and 2.5 below).

ProposSITION 2.1. For all t > 0, we have

< Eo(t)? (2.4a)

lala )12, +2/ | Du(-,5) |

LZ(Rn
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where

Bolt) = Nuollz g, /||g ) g 5 (2.48)

Proof. For lack of a reference and also for later use, we give a detailed derivation
below. Taking u(-,t) given by (2.2) above, we obtain, using that V- u,(-,t) = 0,

iy (012, +2/ | Do) |2,

2(R")
< Ny 512 g, + 2 / 285 2 gy 1850 s g

for all ¢ > 0, with |lus(-,¢

)

. . L ) 2
continuous. Setting w(t) := | us(-,t) ||L2(R"
075 ||L2(Rn) S ||u0||L2(Rn)5 ||g[5(.75) ||L2(Rn) S ||g(.75) ||L2(Rn)) we

M sy
and recalling that || @

then have
t
2 1/2
W) < gl + 2 [ 1908) (o) 2 s e>0
In particular, letting v € C°([0,00[) be defined by

_ 1/2
vt = | 0||L(Rn+2/||g ey (5) /2 s, 120,

or, equivalently,

¢ 2
o) = [Nyl + [ 86 s ] e0

we obtain w(t) < v(t) for all ¢ > 0, that is,

oD ey < gy + [ 1868 sy 120, 50

Taking 6 = ¢’ as in (2.3), we then obtain, letting 6’ — 0,

108 gy < N0l o / 1668) gy ds = Bo),  (25)
since one has | u(-,t) ||L2(R”) < hmmf ||u (,t) ||L2(R”) (see [29], Theorem 1(ii),
p. 120). In particular, by (2.1), we get

A1) = 012, .+ 2/ | DuC,) 2, .. ds

<012, gy + 2 T8 gy 19690

t
< ol + 2E0lt) [ 1963 s (by (25)

t 2
2wl ., + 3[/0 190 5) g, s

IN
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for all ¢t > 0. Actually, more is true: defining v,, ¢ € C°(]0,00[) by
) = lwl?, ., / 190 5) g, )/ s,

w0 = [+ 12} [ 18690y 5]

where 1 > 0, we have

t
Wt = Lty 47+ 2 g9 () ds 20

so that ((t) < v, (t) forallt > 0 (and anyn > 0). Letting n — 0, we get ((t) < Eo(t)?
for each ¢ > 0. This shows (2.4a), since, by their definitions, z(t) < ((¢) for allt > 0.0

Assuming the condition (1.5) above, it follows from (2.4) that

/ || Du(-, ||2 )ds < 0. (2.6)

Hence, Leray’s solutions verify u(-,t) € L>([0,00[, L2(R™)) N L*([0, 00, H*(R™)) if
(1.5) is valid, in view of Proposition 2.1. According to Wiegner [27], assumption (1.5)
also ensures that || u(-,t) ||L2(R") — 0 as t — oo (see [27], THEOREM (a), p. 305), but
to keep our analysis simple and self-contained, we will not use his result, proceeding
instead along the much easier lines in [13, 14] (cf. also [30]). Introducing Q(-,t)

defined by
Q(,t) = —u(,t) - Vu(,t) — VP(,1), (2.7)

where P(-,t) is the modified pressure given in equation (1.3a), the following basic
estimate will play a key role in our discussion, as it did in [13, 14, 30] before.

PROPOSITION 2.2. For almost every s > 0, we have

€309 Q8) 2 gy < Ko (8= 5) ) | | DUC) ) (250)
and

12079 QU) oy € Ko (b= )7 ([ ) [ oy [ D 8) ) (280

||L2(Rn)

for all t > s, where K,, = (87)""* and || u = esssup { |u(z)],: x € R"}.
2

L (R™)

Proof. We begin with (2.8a), reviewing the proof in [13, 14, 30], as it will be
needed later. Letting F[f] = f denote the Fourier transform of a given function
f € LY(R™), namely,

F[f](k) = f(k) := (277)7"/2/nefﬁk'mf(3:) dx, keR" (2.9)



300 P. BRAZ E SILVA et al.

(where 12 = —1), and, given some field v(-,s) = (v,(-, 5), ..., v, (-, 5)) € L*(R™) N L*(R™),
we obtain, using Parseval’s identity,

1e2C= v (-, s) ”i?(Rn) = [|F[e®C ™ v(-,s)] ”i?(Rn)
:/ne—2\kI3<f—S>|<f(k,s)|§dk
< |9( ) ||2w(Rn)Ane-2\k|§<t_s>dk
= (2= 9 e
that is,
1A=V gy < (2) =) 41509 (2.10)
2wy =\ 2 PANLE R
where | - |, denotes the Euclidean norm in R™ and
[VC8) | oo ny = sup [V(K,8) .- (2.11)

keRn

As we will see below, bound (2.8a) follows from a direct application of inequal-
ity (2.10) to v(-,s) =Q(:,s), for s > 0 such that || Du(,s)||r2@rn)<oc.  So,
we estimate ”Q("S)HL“’(R") as follows: Since F[VP(-,s)](k) = i P(k,s)k and
Z?zlkaj(k,s) =0 (in view of V - Q(-,s) = 0), the vectors F[VP(,s)](k)
and Q(k:,s) are orthogonal in C" for all £k € R™  Recalling that, from
(2.7), we have Q(k,s)+ F[VP(-,s)](k) = —F[u(-,s)-Vu(-,s)](k), it follows that
|Q(k,s)|, <|F[u(-s) - Vu(-s)](k)]|, for each k, so that we get

1QC8) e gy < IF[w-Vau] () || o gy (2.12a)

Now, we have, for each 1 < i < n,

[ Flu(,s)-Vui(-,5)](k) | < Z | Fluy(,8) Djui(-, s) ] () |
< @073 i) Dyl )y
< (27‘—)7"/2 ” u('v 8) ||L2(]R") H vui('v 8) ||L2(]R")’

by the Cauchy-Schwarz inequality. (Here, as before, D; = 0/0xz;.) This gives

[ Flu-Vu](,s) < (2m)7 "2 u(, ) , 1 Du(, 5) (2.120)

||L°°(R") ||L2(Rn ||L2(Rn)'
The estimate (2.8a) now follows directly from (2.10), (2.12a) and (2.12b), which con-
cludes the first part of the proof. The derivation of (2.8b) follows a similar path,
using again that | Q(k, s) |, < |Flu(,,s) - Vu(,s)](k) |, for all & € R™. Recalling the

elementary estimate || e~"u ||L°°(]R") < K, ™| u ||L2(]R") for the heat semigroup,
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where 7 > 0 is arbitrary and K,, = (87)~"/*, we get, for any s > 0 such that

(-, s) ||L°°(R") and || Du(-, s) ||L2(]R") are finite,
_g)—n/4 )

Kn (t S) || Q( 58) ||L2(Rn)

< K, (t— s)_"/4 (-, s) - Vu(,s

At — s) .
1A 9Q,8) o oy

IN

< Kn (t - S)_ n/4 H ’LL(-, 8) ||L°°(]R") H Du(u 8) ||L2(]R")

for allt > s, by Parseval’s identity. This shows (2.8b), and the proof is now complete. O

REMARK 2.1. Applying the argument above to solutions of the regularized
Navier-Stokes equations (2.2), we obtain, in a completely similar way,

|| eA(tiS) Q6(.7S) ||L2(Rn) ( )
2.13a
S Kn (t - S)in/4 || 'U,(s('7 S) ||L2(Rn) || Dug(’? S) ||L2(Rn)
and
|| eA(t =) Qg('? S) ||L°°(R")
o (2.13b)
<K (8= 8)7 " Tt 8) | oo oy [ D2t o) |

for all t > s >0, where Q((-,s) = —uy(-, s) - Vuy(-,s) — VE(:, ), Kn = (8m)~ /4

PROPOSITION 2.3. We have

) 2 + 2 [ I D ds < B 210
for all t >0, 6 >0, where Ey(t) is given by (2.4b) above.

Proof. The proof is similar to that of (2.4). Taking the dot product of the first
equation in (2.2a) with wuy(-,t) and integrating on R" x [0, t], we get

t
||U5(-,t) ||i2 n + 2 0 || DU5(-,S) ||2 n ds

(R™) L*(R"™)
t
< 5 P+ 2 1009 g, 1,69
t
2
S || UO ||L2(Rn) + 2 0 || u5(7 8) ||L2(Rn) || g(’ 8) ||L2(Rn) dS’
so that we have, for vy(t) := || u,(-,t ||2 / (| Dug( ||2 - )ds, the inequal-

ity
2 ! 1/2
O < w2, 2 [ g0 g (@) 2 ds, 20

This gives, as in the proof of Proposition 2.1, that vy(t) < Eo(t)? as claimed. O

We are now in good standing to show that the particular value of ¢y > 0 chosen
in defining the Stokes approximations (1.4) is not relevant in regard to (1.13).
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PROPOSITION 2.4. Given ty > to > 0, let wv(-,t ;ty), v(-,t ;to) be
the solutions of the Stokes equations (1.4) with Cauchy data v(-,to;to) = u(-,to),
v(-,t0;t0) = u(-, o), respectively, where u(-,t) is any given Leray solution of (1.3),
defined for all t > 0. Then

< L
LZ(R") — \/7
for all t > 1y, where K, = (87)"™"* and Eq(-) is defined in (2.4b) above.

Proof. Let us set wv(-,t) := v(-,t;tg), ¥(-,t) := v(-,t;f5). By the integral
representation (1.14), we have, for t > tg,

(-, t;5t0) — (- t;t0) || Eo(to)? (fo—to)"/? (t — o)~ ™*  (2.15)

t
v('vt) = eA(titO)[u('atO)_u(;('vtO)] + eA(titO)u(;('atO) +/ eA(tis)g('aS) dS,
to

with wu(-,t) given in (2.2), 6 > 0. Since

to
ug(-,t0) = e®ug s +/0 B0 g (- 5)ds +/0 B0 Q (- 5) ds,

where Q (-, s) = —uy(-, s) - V(- s) — VE(-, ), we get

to
'U('vt) = eA(t_tO)[u('utO)_ 5('7t0)] +/0 eA(t_S)[gé('vs)_g('vs)]dS

t to
By o [ B Iglds + [ A IQs) ds
0 0

for t > to. Similarly, we have, for t > g,
N ~ ~ to
’b(ut) = eA(t_tO) [U(',to) - ’U«(;(',to)] + / eA(t_S) [g(;(vs) —g(-,s)] ds
0

¢ to
+ e?lag s —|—/ B9 g(. ) ds —|—/ eA(t_s)Q5(~,s) ds,
0 0

so that we have, for ¢t > fy:

o(t) — v(t) = eA(t_fo) [’u,(,fo) - ug('7£0)] — eflt=t0) [u(-,to) - 'u’g('vtO)]

to to
[ A g —glnds + [ eATIQ s ds
0 0
(2.16)

Therefore, given any K C R" compact, we get, for each ¢ > £y, § > 0,

19(,8) = 0 0) 2

to
A(t—s) .
S0+ [ 1 IQ ) g
to
< J(0) + K[ (6 5) 7 g )
to

K, - 2 .-
<J (to — t0)* Eo(to) (t — o)

< J(t) + 7z

||L2(Rn) H Dug('u 3) HL2(R") ds

n

1
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by (2.4b), (2.13a) and (2.14), where

T = 1A [l o) = i) ] g
+ || eA(titO) [u(-,to) - ug('vto)] ||L2(]K)
£ [ 1A g (5) 9] g s
to
A(t—to) ) — - 1
< ” e [u( 7t0) ug( 7t0)] HLz(K)
A0 [l t0) =y t0)] g
to
+ H gé(.7 S) - g(.7 S) HLQ(Rn) ds'
to

Taking § = ¢’ — 0, according to (2.3) we get J;(t) — 0, since g,(-,s) = g(-,s) in
L?(R") and, by (2.3) and the Lebesgue’s Dominated Convergence Theorem, we get,
for any o, 7 > 0:

A
le™7]

/
'U,(',O') - 'U/[s/(',o.)] ||L2(K) - O as 5 — 07

since K has finite measure. Hence, we obtain

~ Kn ~ ~ T \—n
19C8) = v( Ol 2 < (fo — t0)'/? Bo(fo)? (t — fo)~"/*

V2

for each t > 1y, and for any compact set K C R™. This is clearly equivalent to
(2.15).0

PROPOSITION 2.5. Given ty > to > 0, let v(-,t ;ty), v(-,t ;to) be
the solutions of the Stokes equations (1.4) with Cauchy data v(-,to;to) = u(-,to),
v(-,to;to) = u(-,to), respectively, where u(-,t) is any given Leray solution of (1.3),
defined for all t > 0. Then

I'n
V2
for all t > 1y, where T,, = (47)~ ™2 and Eo(-) is defined in (2.4b) above.

Proof. For simplicity, let us write (again) v(-,t) = v (-, t;t0), 0(-,t) = v(-,t;10).
Taking K C R"™ compact and 2 < ¢ < oo arbitrary, we get, for each t > tg, § > 0,
recalling (2.16):

” 'b('vt) - v('vt) HL‘?(K)

lo(tito) = v(t50) | oo gy < Eo(fo)* (fo — to)"/? (t — 1)~ "> (2.17)

o _n(l_%) i -8
<h 0+ [am=a] T 0) | ds

L%(R™
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_n(qy_1
by (2.13a), (2.14) and standard heat kernel L9-L? estimates, where v, = (47) 3(1-4)

and

Ty o8 = 1200 [ ) = a0, 70) ) ]

+ || eA(t_tO) [u('7t0) - Ué(',to)] HLLI(K)

to
[ eI g9 = 969 g,
0

< ” ettt [u(vg(J) - 5('750)] HL‘?(K)

+ || €A(t7t0) [U(,to) - u(;('vto)] HLLI(K)

_ -(-3)
+ rle=i) g0 =g I,

Taking 6 = ¢’ — 0, according to (2.3) we get .J; q(t) — 0, since, by Lebesgue’s Domi-
nated Convergence Theorem and (2.3), we have || e27[u(-, o) — u,(-,0)] ||Lq(K) -0
as 6’ — 0, for each o, 7 > 0. Hence, letting § = 6’ — 0, we obtain

6-3)

N3

18,8) = v, || gy < 2= (Fo— to)” Eo(fo)? (t — fo)

V2

for each t > tg, ¢ > 2. This gives, letting ¢ — oo,

n

al (fo— to)” Eo(fo)? (t —10) °

1560 = 00 ey €

for each t > fy, with K C R™ compact arbitrary. This estimate is equivalent to
(2.17).0

We can finally begin the derivation of our main results, which will be carried out
in the following two sections. In dimension n = 2, the estimates (1.13a), (1.13b) are
much easier to obtain, so this case will be considered first (see Section 3 below).

3. Derivation of (1.13): n = 2. As in [13, 14], we begin with the following
estimate, which is important on its own and makes the derivation of (1.13) very simple.

PROPOSITION 3.1. Assuming (1.5) and (1.8), we have

12 . _
lim 172 || Du-,t) 0. (3.1)

||L2(R2)

Proof. Let t, > t,, where ¢, is given in (1.8). Taking the curl of the first equation
in the Navier-Stokes system (1.3a), we have

wt + u('ut)'vw('vt) = Aw('vt) + h('vt)v h('vt) = Dlgz('vt) - D291('7t)7

where w(x,t) = D,u,(x,t) — D,u,(x,t) is the vorticity, and
h(z,t) = D,g,(z,t) — D,g,(x,t) is the curl of g(-,¢). Multiplying this equation by
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2 (t —t,)w(-,t) and integrating the result on R?x [t,, t], t > t,, we then obtain

t
—_ . 2 —_ . 2
(=t [l g + 2 (5= ) 1 Dl 8) 12, o

.

t
/ o) 2, s 2 (5= 8 Las8) g 1008 g

*

or, since ||w(,s) ” 22y ||D’LL( )” 22 ”h( )H 22y HDQ(,S) ” 22y
L%(R?) L?(R?) L*(R?) L*(R%)

t
(=) [ Dule O 2, o + 2 (5= ) | DPuCo) 2,

R L (]R2

t
/ I Do) [, gy ds + 2 (5= ) 1 Do) 1 DC00) 2 g 5

t,

In terms of w(t) := (t —t,) || Du(-,t) || this gives

L2(R?)

L?(R?)

t t
wlt) < [ D)2, s+ 2 (5= Dgles) |y (o) V2.

for any ¢ > t,. As in the proof of Proposition 2.1, we then get

1/2

t
1/2 _ 1/2 .
< [[rmuez, i | [0 100

]

so that we have, setting X\ := limsup /2| Du(-,t) || , ..,
t— o0 L (R )

1/2

5 < | 1D 12, s |+ 21 D000 g

5

Since t, > t, is arbitrary, this shows (3.1), in view of (1.8) and (2.6) above. O

Once (3.1) has been obtained, Theorems A and B follow very readily, recalling
the basics in Section 2. The easier result is Theorem A, which is derived next.

PROPOSITION 3.2. Assuming (1.5) and (1.8), with n = 2, let u(-,t) be the globally
defined Leray-Hopf solution of the Navier-Stokes problem (1.3). Given to > 0, let
v(-,t;tg) € L ([to,00[, L2(R?)) be the Stokes approzimation defined in (1.4). Then

Jim (s t) = ol tto) ] 2 o) =

(3.2)
Proof. By Proposition 2.4, we have only to show the result for ¢, > 0 sufficiently
large; we choose t; > ¢, with ¢, > 0 given in (1.8). We then have, for ¢ > 1,

t
A= g(-,s) ds +/ 272 Q(,s) ds,

to

t
u(-t) = ey ) —|—/ e
to

where Q(-, s) is given in (2.7), and

t

v(-,t;t0) = eA(tftO)u(-,to) +/ eA(tfs)g(-,s) ds, t >t
to



306 P. BRAZ E SILVA et al.

Therefore, by (2.4) and (2.8a),

t

lutt) = v tito) | 12 9Q(,8) 2 e 5

<
L?*(R?) t

t
Ko [ (6= 87 5 g | D5) g

0

IN

IN

t
Ko Eo(o0) [ (6= | Du15) | g 5
0

where K = (87)~ /2 and Ey(co) = || uOHL2 B2 / llg(-, ||L2(R2 ds < oo [by
(1.5)]. Now, given € > 0, let ¢, > {; be large enough such that
t2 || Du(-,t e — Vt>t by (3.1)). (3.3
DU | < SRpreT >i, (wBD). (33)
We then have, using (3.3):
1) = w15 80) 2 g
< Ky Ey(oo) /m(t )2 Dul ) g 5
te t
< KQE()(OO)/ (t —s)~ 2| Duf(-, )|| ds + %/ (t—s)" 2571245
to te

te
< Kz Eg(o0) (t—t)" 2| || Du(-,9) | .

to

L (]R2 §6

for all ¢>t,. Recalling (2.6), this gives [ u(-,t) —v(-,t;t0) ||L2(R2) < e for all
t>t.0

Another simple derivation of (3.2) can be given using (2.8a), (2.15), (3.1) and the
next lemma, along the lines of the proof of Proposition 3.3 below.

LEMMA 3.1. Given 0 < a < 1, if w &€ L>®(tg,T) is nonnegative and satisfies
w(t) < wo + K/t(t— 8)"% (s —to) " T ¥ w(s) ds, Vtg <t<T, (3.4a)
for some constant 0 < K < 7~ 'sin(am), then
w(t) < % wo, Vitg<t<T (3.4b)

Proof. Setting W(t ) sup{ (s): to < s <t}, weobtain from (3.4a) above that
w(t) < wo+ KW(t ft (t—38)"%(s—tg) tTds = wo + K W(t)w/sin (an) for all
to <t < T. This gives (1 - K7r/ sin (am)) W(t) < wq for all tg < ¢ < T, which is the
same as (3.4b). 0

Similarly, if a nonnegative function w € L*°(ty,T) happened to satisfy

t
w(t) < wo + K[ (t—s)"%(s—to)” " T*w(s) ds, Vit <t<T, (3.5a)
wu(t)
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for 0 <a <1, 0<K<1-—a« constant, with p(t) = (¢ + to)/2, then we would have

1—«

vt S TooTx

wo, Vit <t<T (3.5b)

Another elementary estimate which will be needed in our proof of (1.13b) is the
following. Assuming (1.9), let us take Cg, t; > 0 such that t || g(-,?) ||L2(R")< Cg for

almost all ¢ > t,. Then, it follows from (1.14) that, in dimension n < 3, the Stokes
approximations v (-, ;tg) € L>([tg, o0 [, L2(R™)) satisfy the bound

lo(,t5t0) | e gy < (TnBo(00) + ) (¢ —t0) ™", W t>t>tg,  (3.6)

where T, = (47)~™/* and Ey(-) is given in (2.4b).

PROPOSITION 3.3. Assuming (1.5), (1.8), (1.9), with n = 2, let wu(-,t) be the
globally defined Leray-Hopf solution of the Navier-Stokes problem (1.3). Given to >
0, let v(-,t;tg) € L>=([to,00[, L2(R?)) be the Stokes approzimation defined in (1.4).
Then

lim Y2 || u(-,t) — (-, t;to) || = 0. (3.7)

t— 0o L>(R?)
Proof. By Proposition 2.5, we have only to show the result for ¢y > 0 sufficiently
large; we choose to > max {t1,tg}, with ¢1, t; defined in (1.8), (3.6). Now, given any

0 < e < 1, we may proceed as follows. Taking t. > ¢ large enough so that, by (3.1)
above, we have

1/2 .
2 Dut) [ o) < & Y E> (3.8)

we will consider for the moment the Stokes flow v(-, ¢ ¢), t > t.. Let u(t) := (t+t.)/2.
We have, by (2.8a) and (3.8),

n(t)
S 1 Q) o
n(t)

1 _ LA(t—s
gf/t (1= 5) " 2 3209 QU 8) | o ds
1 n(t)
<L / (1) ) gy | DG 8) o s
\/5 w(t)

< (et T T )

for all ¢ > ¢, so that, by (2.4),

s 1 _
/t|| JUNC )Q(.,s)|\Lw(R2)d5 < —%5 Eo(co) € (t —t)~ Y2 (3.9)
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Similarly, by (2.8b), (3.6) and (3.8),

t
A(t—s) .
/ €26 Q. 5) I gy s

2l )

Ao
/ §) V2512 () s) — v, 83t

ds

IN

ds

IN

(.

1 —1/2 —1/2 ,
+ o= /w(f_s) ST 00 5300 [ g s

1 t
= =t [ (=) ales) = (st gy
4 u(t) L= (R%)

1 t
T Cye(t—t)~ U?/ﬂ@()t —5) " Y2 (s —t.)" /2 ds

for all ¢ > t., where Cy = (47)" /2 Ey(00) + C,, with Eo(-) given in (2.4b). This
gives

IN

+

t
A(t—s) .
/@' e Q1) e o

< Tcﬂu—t )72 (3.10)

+ ds

1 t
_e@_tE)—lﬂ/ (t =) V2 ul,s) — vl st ],
v () e

so that we have, from (3.9) and (3.10),

H u(.7t) - v(.7t;t5) HLOO(RQ)

t
< [ 12 Q) o
te

1 1
< E t—t)" 2 4 —— Cye(t—t.) /2
= 7_‘_\/5 O(OO)E( ) \/? 26( )
1 t
+ E(f—te)_lm/ (t—s)" 2 ul,s) —v(site) || o0 ds
Var m L>(R?)

for all ¢ > t.. In terms of w(t) := (t — to)/? || u(-,t) — v(-,t;t.) ||L°°(R2)’ this reads

1 1 1 !
t) < —— Coe + t—s)" /2 — e —1/2 d
w(t) e N b€ T € #(t() s) (s ) w(s) ds

for all ¢t > t.. By (3.5), it follows that w(t) < e-(Ep(o0) + Cq)/(vVm —1)
for all ¢ > t., that is, (t—t)Y? || u(-t)—v(-t;t) < Ke, with

EQ(OO) € +

[,
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K = (Ey(00) + Cg)/(v/m — 1), if t > t.. By Proposition 2.5, it follows that

ﬂﬂHMH)—v@ﬂmHumWy<K@ vt > i,

for some f. > t. sufficiently large. Since 0 < e < 1 is arbitrary, this shows (3.7). O

4. Derivation of (1.13): n = 3. We now follow a similar approach to derive
(1.13) in dimension n = 3. This case requires some extra work due to difficulties intro-
duced by vortex stretching effects. Again, we explore the fact that Dg(-,t), Du(-,t)
are very regular for ¢ > 1. In fact, by (1.8), we have Dg(-,t) € L'([t,, oo[, L*(R?)),
and, as it will become clear from the proof of Proposition 4.1 below, taking ¢, > t,
large enough that (by (1.8), (2.6))

(+6) [ DuC L) 2, 0 < & Foloc) > (41a)
1 _
/ | Du( )12, dt < 5 Boloc) 2 (4.10)
and
> 1 _
| @02 | Dg(0) o dt < 5 Enloc) (110

2

where Ey(0) = || uo HLQ(R3)+/O llg(-,s) |\L2(R3)ds (see (2.4b)), then

|| Du(-,t is continuous for ¢t > t,, and

) HLQ(RS)

2 —2

(1+1t) || Du(-,t) ||L2(R3) < Ep(o0)™ %, Vit>t,. (4.2)
As in the proof of Proposition 4.1 below, the derivation of (4.2) makes use of two

basic Sobolev-Nirenberg-Gagliardo (SNG) inequalities for arbitrary u € H?(R?):

< K, ||u||1/4 || D?u ||3/4 K, < 0.678, (4.3)

L (R®)
see e.g. ([26], Proposition 2.4, p. 13), and the elementary inequality

| Dl < K ull}? D]l K, < 1317, (4.4)

L2(R%) — L?(R?) L*(R?)

which follows directly from integration by parts.
PROPOSITION 4.1. Assuming (1.5) and (1.8), with n = 3, we have

i 1/2 .
tlgnm t*/ || Du(-,t) (4.5)

||L2(R3) =

Proof. The following argument is adapted from [13], Lemma 2.2. Let ¢, > t,, with
t,> 1 given in (4.1). Applying D, = 0/0x, to the first equation in (1.3a), taking the
dot product with (1 +¢)D,u(:,t) and integrating on R?x [t,, t], we get, summing
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over 1 </ <3,

t
(1+1) || Du(,t) || /(1+S)IID2( s)II”

L2(R®) L2(1R3

t
2 2
= () [ Dl t) I, + [ DuC9) 2, ds

2(R?)

+2 Z/ 1+s/ulxs)Du](x s) D D,u;(x, s) dx ds

i, 5, ¢

+2 Z/t (I+ 5)/Rsl%ui($,s)Degi(x,s)d:c ds.
it Ut

This gives, recalling (1.19) and (1.20),

t
2 A4 D912, s

(140 Du(-1) |2 )

L2(R®)

t
<) DUt ) I, + [ 1 DUl 2, ds

t
42 [ (14 8) [l g | DUC) g | DP9 g

s

t
42 [ (9 DU 2 o) | D3) g 5

]

= sup |u(x,s)|,. Now, by (4.3) and (4.4), we
z €R3

for all ¢t > t,, where || u(-,s) ||Lm(Ra)

have

(e 5) 1 g | D2 ) 2

<K, ey s) 1200 1Dy 5) [ g | D) 240

= || D2u('7 3) ||L2(]R3) [ Ko H u('? S) ”2/221@ || D'u’('v 3) ||L2(]R3) H D2u('7 3) H;zl(gls)}

<D0l 8) gy | Ko K2 uos) 1202 1 D) 122, ]

where K, K, are the same constants given in (4.3) and (4.4) above. This gives

) 1/2 1/2 )
0 5) 1 e o | DU 8) o) < Bl(50) 2 Do) 12 11 D200 g

by Proposition 2.1, since K, K1/2 < 1.
Here, Ep(o0) = || uo ||L2(R3 / Ila(: ||L2 B ds, which is finite (by (1.5)). There-
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fore, we have

t
(1+0) | Du 012, ., + 2/ (1+9) | Duls) |2, . ds

L (JR'*)

< (1 +6) I Du ) 12, g / |0
(4.6)

t
1/2 1/2 2, 2
2 (149 Bu(0)" 2 Duls >||L2R3}||Du<,s>||L2(R3)ds

*

t
2 [ (149 Du5) o | D) s

*

for all t>t,. It is now very simple to get (4.5) above: given 0 < e < Ey(o0)™?
arbitrary, let ¢, > t, be large enough such that

. 2 < 1
(1 + t*) || Du( 7t*) ||L2(R3) = 3 €, (4.7(1)
1
< = .

/ || Du(- LQ(R?’) ds < 56 (4.7b)

and
= 1
/ (1+3)2| Dg(-, s) ||L2(R3)ds <5 Ve, (4.7¢)
by (1.8) and (2.6). From (4.7a), it follows, in particular, that

Ey(00) || Du(-,t,) ||L2(R3) < 1. Actually, more is true: one has

Eo(s0) || Du( )| ae) < 1 Y E2 1, (4.8)

In fact, if (4.8) were false, there would exist ¢,>¢, such that
Ey(c0) || Du(-,t) ||L2(R3) <1 for all ¢, <t<t,, while Ey(c0)]| Du(-,t

This would then give, using (4.6), (4.7a) and (4.7b),

'a) ||L2(]R3) =

. 2 <
A+ Dul 1) 2, 0 € Q+t) [ Dul )12, o /||Du 12,

t
2 (148 DU 2 o) [ D) 2

s

t
€
< 52 1Dl g | D) 2

]

for all ¢, < ¢ < t,. In terms of w(t) := (1+1¢) | Du(-,1) ||22( poy Ve would then have

t
w(t) < i + 2/ (14 5)" 2 DG 9) || o o) W(s) /2 s, VL, <t <t
t

s

As in the proof of Proposition 2.1, this would give

t
€
W < Yoo b [0 2 Dyl ds, VE S,
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so that, by (4.7¢), w(t) < e for every ¢t € [t,, t,]. In particular, we would get

1
< -
HLQ(R?’> VA

while we had Ey(o0) || Du(-,t,)

claimed.
By (4.6), (4.7a), (4.7b) and (4.8), we therefore have

Eo(00) || Duf-, t,) Eo(o0)Ve < L,

HLQ(RS): 1. This contradiction shows (4.8), as

t
(40 DuC) |2, 0 € (1) | DuC.t) 2 + [ 1Dut.s) |2

2
) 12 (R%)
t
2 [ 0491 DU g | D) 2

.

IN

t
€
T2 A IDUC) | | DIC) s s

for all ¢ > t,, or, introducing once more w(t) := (1 +¢t) || Du(-,?) Hi2(R3)7 as we did
above,
. t
W(t) £ 5+ 2 [ (1482 Dgs) e W) s, ¥t
170 L2 (R)
By (4.7¢), this gives, again, w(t) < € for all t > t,, that is, (1 + ¢t) || Du(-,t) ||i2(R3) <e

for all ¢ > ¢, sufficiently large. Since 0 < ¢ < Fy(oo)™ ? is arbitrary, this shows (4.5). 0

We will now conclude our discussion with the proof of (1.13) in dimension n = 3.
We begin with (1.13a):

PROPOSITION 4.2. Assuming (1.5) and (1.8), with n =3, let u(-,t) be a globally
defined Leray-Hopf solution of the Navier-Stokes problem (1.3). Given ty > 0, let
v(-,t;ty) € L([to,00[, LZ(R?)) be the Stokes approzimation defined in (1.4). Then

i 1/4 1) — vl t: —
Jim 24 t) = 0 t10) ]y = O (4.9)

Proof. (Again, we could show this result along the lines of the proof of Proposition
3.3, but we choose instead the slightly shorter procedure below.) By (2.15), we have
only to prove (4.9) for £, > 0 sufficiently large; we choose t, > t,, where #,>> 1 is
given in (4.1). We then have, for ¢ >t

t
eA(t_S)g('vs) ds +/ eA(t_S)Q('vs) dSa

to

t

to
where Q(-, s) is given in (2.7), and
t

v(-,t;t0) = eA(tftO)u(-,to) +/ eA(tfs)g(-,s) ds, t>t,.
to



313

Therefore, by (2.4) and (2.8a),

t

IN

—3/4 . .
K/ 05) g | D) 2 g

IN

m&<%uﬂrmwmmwmmw
0

_3/4
where £, = (1) " and Bofoc) = [l o + [ 19:5) 20 ds <20 (by
(1.5)). Now, given € > 0, let ¢, > {, be large enough so that

t12 || Du(-,t < ¢ V>t
H u(’ )||L2(R2) — 18K3E0(OO), > €

in view of Proposition 4.1. We then have

[u(t) = v(t;t0) ||

L*(R?)
t
< Ky Eo(50) [ (0= )7 D5 g
0
fe 3/4 e ! 3/4 —1/2
< K,E t—s)” Du(- d — t—s)" —ed
< K E0(09) [ (0= 5) 7 D)o + g [ (000712
te
< K,E t—t) 34 ||D S (t—t)" A
< KL Eo(09) (1107 DuC8) g s + 5 (1170
t t_t _1/4
for all ¢ > t., where we have used that/ (t—s)" 3457 1/2ds < 6( E) . There-
te

fore,

_+\1/4 1) — vl t:
(t te) H ’LL( 7t) ’U( 7t7t0) ||L2(]R3)

2
ds + — ¢

te
< K Fo(o) (= 1) 2 Dulys) | g ds + =

to

for all ¢>t, so that, by (2.6), limsup t*/*|u(-,t) — v(-,t;t0) ||L2 .

< € as
t— o0 )

claimed. O

We now conclude our analysis by establishing (1.13b) in space dimension n = 3.
Let us mention in passing the striking and much finer pointwise estimates recently
obtained in [1] under special, strong assumptions on the problem data (ug, f).

PROPOSITION 4.3. Assuming (1.5), (1.8), (1.9), with n = 3, let wu(-,t) be a
globally defined Leray-Hopf solution of the Navier-Stokes problem (1.3). Given to >
0, let v(-,t;tg) € L([to, 00[, L2(R®)) be the Stokes approzimation defined in (1.4).
Then

it ) = vt | ) = 0 (4.10)
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Proof. Again, by Proposition 2.5, we have only to show (4.10) for ¢y > 0 suffi-
ciently large; we choose to > max {1, ts,t,}, with tg,ts given in (3.6), (4.1) above.
Let then 0 < € <1 be given. Taking ¢, > ¢y large enough so that, by Proposition 4.1
above, we have

t'/2 || Duf-, t <e Vi>t, (4.11)

) ||L2(R3)

we will once again consider for the most part of the argument the Stokes solution
v(-,t;t.), (defined for ¢ > ¢.), instead of v(-,t;%9). Let p(t) = (¢t +t.)/2. By( 2.8a)
and (4.11),

A(t—s)
/He Q) e g

n(t

1A
SW/ TEREY Q) |2y ds
s te
1 n(t)
- _5)—3/2 . .
< o | T g | D) e

t
)t #((t)— )~ V2512 |yl )|, ds
4732 RS LR

€

<

for all t > t, so that, by (2.4),

/HeA(t 9Q(-, oy @ < WEO(oo)e(t—tE)*l_ (4.12a)
™
Similarly, by (2.8b), (3.6) and (4.11),
A(t—s)
/ 1627 Q)
' / /
s—e/u—s) ATV ([ (18) ] g
3/4 ? oo 3
(87T) / () L°°(R”)

1 ' ,
- - _ o) —3/4 .—1/2 . ol e
T sm! 6/(t()t R
n

1 ’ 5
- _g)—3/4 4 1/2 . s
b ¢ /w(f 97V 0l 5580 [ g ds

1 [t -
< WG(t‘Ffe) 1/2/ (t =) Jul-,s) = v(-s5te) I e (gay 45
i p(t)

1 t
+W036(t_t6)1/ (t—8)73/4(8—t6)71/4d8
™

for t > t., where C3 = (47)~3/*Ey(oc0) + Cg,
Ey(c0) = || uo HLQ(RS / lg(: ||L2 & ds (note that Ep(oo) < oo, by (1.5)). This



315

gives

t

[ 1e29Q09)1, - oo

w(t)

23/4

< =5 Cael(t- te)~ ! (4.120)
™

1 VY —3/4 .
+ 27/47T3/4€(t+te) //(t—s) / ||u(-,s)—v(-,s,t6)||Lm(R3)ds

w(t)

so that we have, by (4.12a) and (4.12b),

H u('vt) - v('vt;te) ||Loo(R3)

t
S / || eA(t_S) Q(7 S) ||LOO(R3)dS
le
1

23/4
SwEQ(OO)E(t—tE)71+TMCgE(t—te)il
s ™

1 P —3/4 .
b (0072 (=97 e 0) = 0551 g ds
& p(t)

for all t > t.. In terms of w(t) := (t —te) ||u(-,t) — v(-, t;te) ||L°°(R3)’ this reads

Eo(ce)  2** 1 e

w(t) < €+ Cse+
93/2 234 QfM(PHJ

1/4/t(t_8)_3/4(S—te)_l/4w(s) ds

w(t)

for allt > t.. By (3.5), it follows that w(t) < Ke for allt > t., with K< 3 (Ey(00)+Cg),
so that (¢t —tc) || u(-,t) —v(-, t;te) ||L°°(]R3) < Ke for t > t.. By Proposition 2.5, this

gives (t —te) || u(-, t) —v(-, t;t0) ||L°°(]R3) < Keforall t>>1.0
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