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1 Notes on the History of Dynamics

Johannes Kepler (1571-1630) formulated Kepler’s laws of planetary motion.

Isaac Newton (1642-1727) used the inverse square law of gravitational at-
traction to derive Kepler’s laws. Invention of calculus. Newton solved the two—
body problem. This was an enormous success which lead to a deterministic and
mechanical view of the world.

There were many attempts to solve the three body problem in a similar way,
by an explicit formula, which gives the positions and velocities of three bodies
as functions of time. It turned out that this is not possible.

Jules Henri Poincaré (1854-1912) started the qualitative theory of differen-
tial equations. He formulated the first ideas about chaotic motion described by
deterministic systems.

KAM theory is named after Andrei Nikolaevich Kolmogorov (1903-1987),
Vladimir Igorevich Arnold (1937-2010), and Jiirgen Moser (1928-1999). The
theory gives results about invariant tori of perturbed Hamiltonian systems.
The origins of KAM theory lie in the question of stability of the solar system.
Laplace, Lagrange, Gauss, Poincaré and many others had worked on this.

Edward N. Lorenz (1917-2008), meteorologist, derived a simple determin-
istic model system with sensitive dependence on initial conditions (1963). Is
the butterfly effect real for the weather? The sensitivity of a system can be
measured by the largest Lyapunov exponent, «. If the exponent « is positive,
then an initial error of size § grows over time (approximately) like e®, until
the size of the system limits further growth. Nevertheless, even for a system
with positive Lyapunov exponent, some average quantities may be accurately
predictable. Can we compute the climate 30 years in advance though we cannot
predict the weather two weeks in advance?

In bifurcation theory one considers parameter dependent systems like

u'(t) = f(u(t),\)

where A is a parameter. As A changes, the dynamics may change qualitatively,
not just quantitatively. If a qualitative change occurs at A = Ag then Ag is
called a bifurcation value.

An interesting bifurcation is the transition from laminar to turbulent flow.
This transition was addressed in a paper by Ruelle and Takens, On the Nature
of Turbulence, 1970, which is still controversial. The term of a strange attractor
was introduced.

M. Feigenbaum (1980) studied period doubling bifurcations for maps. He
discovered an interesting universality of transition from simple to chaotic mo-
tion through repeated period doubling. Feigenbaum’s model equations can be
used to show that the average behaviour of a chaotic dynamical system may
still be well determined and computable even if individual trajectories can be
computed accurately only for a short time. We cannot predict the weather in
Albuquerque 30 years from today, but the climate (the average weather) may
still be predictable.



2 Flows on the Line

2.1 Two Examples with Explicit Solutions

Let f : R — R be a given smooth function and consider the scalar ODE

dx ;.
sz = f(z) .

We can visualize the dynamics qualitatively on the line.
As a first example, consider the initial value problem (IVP)

o' =2 for t>0, z(0)=ux.

Obtain
dx
z(t) t
[
) x 0
1 =)
—= =t
X lxzo
Zo
t J—
x<) 1—$0t

Thus the solution of the IVP is

T 1 .
t) = for 0<t< — if >0
x(t) fp— or 0< - if o
and .
x(t) = 1—(;50t for t>0 if z¢<0.

We can graph the solutions in the (¢,z) plane. We can also visualize the dy-
namics on the x—line.

The next example shows that the explicit solution formula may not be very
useful. But it is again easy to visualize the dynamics qualitatively.

Consider

' =sinz, x(0)=x .

We have

sinz = 2sin(z/2) cos(z/2) = 2tan(z/2) cos®(z/2) .
Also,
—tana = ——5— .
dov cos? o
Therefore, if tan(x/2) > 0:



d 1 1 1
dx n (tan(m/Q)) - 2 tan(z/2) cos?(z/2)
1

We can now solve the initial value problem in an interval where tan(xz/2) > 0.

The equation ‘fl—f = sin z yields that

dx

sin x
x(t) t
[ - [
z0 SN T 0
x(t
t = ln(tan(x/Z))‘ “
Z0
o (/)

tan(zg/2)

= dt

Solving for x(t) one obtains that

x(t) = 2arctan (et tan(mo/2)> . (2.1)

Similarly, in an interval where tan(z/2) < 0 we have that

1 1 -1
2 —tan(z/2) cos?(z/2)
1

sin x

E
Y
|
-+
v
£
8
~—
[\)
~
N—
|

One again obtains the solution formula (2.1).

It is difficult to make good use of this formula. To get qualitative information
about the solution, it is much easier to discuss the equation

' =sinx

directly. The graph of the sine function gives us information about the fixed
points and their stability.
2.2 Fixed Points and Their Stability
Consider an equation

o' = f(x)

where f is a smooth scalar function. Points z* with f(z*) = 0 are fixed points
(or equilibria) of the evolution. If f'(z*) < 0 then z* is stable, if f'(z*) > 0
then x* is unstable.



Definition: Consider an ODE system 2/ = f(z) where z(t) € R™ and
f:R" —» R"is a C! function. Let f(z*) =0, i.e., * is a fixed point.

a) The fixed point z* is called stable if for all € > 0 there exists § > 0 so
that |z(0) — 2*| < 0 implies

|z(t) —2*| <e forall ¢t>0.

b) The fixed point x* is called asymptotically stable if z* is stable and, in
addition, there exists 6 > 0 so that |z(0) — z*| < ¢ implies

z(t) >z as t— 0.

One can prove:

Theorem 2.1 Consider an ODE system ' = f(x) where z(t) € R™ and f :
R™ — R" is a C' function. Let f(z*) =0, i.e., * is a fived point. Let

A — f/(ﬂj'*) c Ran

denote the Jacobian of f at the fized point x*. If all eigenvalues of A have a
negative real part then x* is asymptotically stable.

Example of a linear equation: A simple electric circuit: The circuit
has a battery with voltage Vj producing a direct current I = I(t), a resistor
with resistance R, and a capacitor with capacitance C. The charge on the
capacitor is denote by Q(t) and Q’'(t) = I(t) is the current. The equation

—VO+RI+%:0

holds. (By Ohm’s law, the voltage drop at the resistor is RI.) One obtains the
following linear equation for Q(t):

_ VW Q
@ = R RC
We see that
Q" =CW

is the only equilibrium, and it is stable. In this case we can obtain an explicit
(and useful) solution: The equation
v =a—bu

with constants a,b and b # 0 has the general solution

u(t) = % +ce7 .

One obtains that



For the circuit problem, with Q(0) = 0,

Q(t) = VoC (1 — e /Ry
Remarks: The unit for voltage is

Newton meter

1Volt =
© Coulomb
The unit for resistance is
It
10hm = 2ot
Ampere
The unit for capacitance is
Coulomb
1 d= ———
fara Volt

Example: A simple nonlinear equation: Consider the equation

U/:U—COSU.

It is easy to see that there is a unique fixed point «*, and u* is unstable. Note
that we can classify the stability of u* though we do not have an explicit formula
for u*.

2.3 Population Growth Models

The simplest model equation is

N =rN

modeling exponential growth for r > 0, » = const. The point N* = 0 is an
unstable equilibrium.
The next simplest model is the so—called logistic equation

N
N =r(l— )N .
r(l=%)

Here K > 0 is the carrying capacity. There are two fixed points: N; = 0 is
unstable and Ny = K is stable.

2.4 Linearization about a Fixed Point

Consider an equation

and let

By Taylor’s formula,



fu* +ev) = f'(u*)ev + O(£?) .

(Here it is assumed that v = O(1).) Consider a solution of the differential
equation of the form

u(t) = u* +ev(t) .
One obtains that

u o= e
= f(u* +ev)
= fl(u")ev+ (’)(52)

Therefore,
v = f'(u")v+Oe) .
If we formally neglect the O(e) term, we obtain the linear equation
v = f(u) .

This equation is called the linearization about u*.



3 Examples of Bifurcations
Saddle-Node Bifurcation Consider the equation
=7+’
where 7 is a real parameter. For r < 0 there are two fixed points,

r1(r) = /=7, x2(r) =1

The fixed point z1(r) is stable; zo(r) is unstable. At r = 0 the two fixed points
collide. There is no fixed point for r > 0.

For systems of equations, a stable fixed point often is a node (attracting
in all directions), an unstable fixed point often is a saddle (attracting in some
directions, repelling in other directions), Suppose a parameter r changes from
r <rgtor >ryand at r = rg a saddle collides with a node. Here it is assumed
that the saddle and the node both exist for r < rg, for example. Then one says
that a saddle-node bifurcation occurs at r = rg.

Transcritical Bifurcation Consider
T=z(r—x)

For every parameter value r € R the equation has two fixed points, the trivial
fixed point z1(r) = 0 and the fixed point z3(r) = r. The trivial fixed point is
stable for r < 0 and unstable for r > 0. The fixed point z2(r) = r is unstable
for r < 0 and stable for » > 0. Thus, at » = 0, where the two branches of fixed
points cross each other, an exchange of stability from one branch to the other
occurs.

Supercritical Pitchfork Bifurcation Consider
i =x(r —2?)

For every parameter r € R the equation has the trivial fixed point x1(r) = 0.
The trivial fixed point is stable for r < 0, but loses its stability for » > 0. For
r > 0 two new fixed points occur:

2o(r) = +/r and ax3(r) = —/7.

Both of them are stable. When r crosses from r» < 0 to r > 0, then the
trivial stable fixed point x1(r) = 0 is replaced by the two stable fixed points

.1‘2,3(7“) = :|:\/?7".

Remarks on symmetry: Note that the nonlinear function
f(z)=rz—a®

obeys the rule



The equation has Zs—symmetry. If S is the operator defined by
Sx(t) = —x(t)
then

d d

Therefore, if () is a solution of the equation & = f(z) then Sz(t) = —x(¢) is
also a solution.
One says that the group Z; = {id, S} acts on functions x(t).

Sub-critical Pitchfork Bifurcation Consider
@ = x(r+ z?)

For every r the equation has the trivial fixed point x1(r) = 0, which is stable
for r < 0 and unstable for » > 0. If r < 0 there are the additional unstable
fixed point

ro(r) =/—r and z3(r) = —v—r.

When r crosses from r < 0 to r > 0, the trivial branch x;(r) = 0 loses its
stability, but no new stable fixed points occur. The pitchfork bifurcation is
sub-critical, i.e., the pitchfork occurs for parameter values r below the critical
value r = 0.

Hysteresis Phenomenon If a sub-critical pitchfork bifurcation occurs,
additional nonlinear terms may stabilize the dynamics.

For example, consider
t=re+a®—a°.
This example can be used to illustrate the hysteresis phenomenon.

A simpler equation with hysteresis is
/ 3
¥=r+z—2°= f(x,r).
Sketch the function

9(@) = —a + 2

with zeros at —1,0, 1. The function g(z) attains a local maximum at zo = 1/v/3
and

M i= g(z) = 2/(3V3) .
For

—-M<r<M

the fixed point equation

11



r=x—a°
has three solutions. The middle fixed point is unstable, the outer two fixed
points are stable. Sketch the function r = —x + 23 and switch coordinates
to obtain the fixed points z* over the parameter r. Saddle—node bifurcations
occur at r = —M and r = M. The stable branches can be used to illustrate
the hysteresis phenomenon when r changes slowly between —M — ¢ and M + €.

12



4 Overdamped Bead on a Rotating Hoop

See Section 3.5 of Strogatz.
Preliminaries on the Centrifugal Force
Consider motion on a circle of radius p with position vector

R(t) = p(coswt,sinwt) .

The period of the motion is 7" = 27 /w. The number w = 27/T is called the
frequency of the motion.
For the centripetal acceleration obtain

R'(t) = —w*R(t) .

The force towards the origin is mR"” = —mw?R. The centrifugal force is
mw?R with magnitude mw?p.

4.1 Description of the Hoop

A hoop of radius r rotates with frequency w. A bead of mass m, which can
slide along the hoop, is positioned at an angle ¢ = ¢(t). Thus, if ¢ is fixed, the
bead rotates on a circle of radius p = rsin ¢.

The gravitational force on the bead is mg in vertical direction, and its
tangential component is —mgsin ¢. The horizontal centrifugal force is

mw?r sin 10}
and its tangential component is
mw?rsin ¢ cos ¢ .

The friction force is assumed to have the form

—b¢' where b>0.

Note that b’ is a force, thus the dimension of the coefficient b is

mass * length

[b] =

One obtains the equation

time

mr¢"” = —mgsin ¢ + mw?rsin ¢ cos ¢ — bep' .
First neglect the ¢”—term to obtain the first order equation
, ) w2r
by’ = mgsing (ycosp — 1), v=—.
g

Note that v is dimensionless.
We can write the equation in the form

¢ = J(6.7) with [(6,7) =" sing (yeosd—1).

13



For 0 < v < 1 there are exactly two fixed points:

$1=0 and ¢;=m.

Here ¢7 = 0 is stable and ¢35 = 7 is unstable.
If v > 1 then ¢7 = 0 and ¢5 = 7 are both unstable. Two new fixed points
arise for v > 1:

¢5 = arccos(1/y) and ¢y = —¢3 .

These bifurcate from the trivial branch ¢3(y) = 0 at v = 1. The fixed points
¢3 and ¢} are both stable. A supercritical pitchfork bifurcation from the trivial
branch occurs at v = 1.

Details: We have

m m .
Fa(67) = cos oy cos 6 — 1) = T ysin®
Therefore,
mg
mg
fo(m,y) = —T(—’Y—l)
mg
= (v+1)
f¢(¢3a’Y) = —7751112((;53)
b
* mg . *
fo(d1,v) = —T’Ysm2(¢4)
It follows that
fs(0,7) < 0 for 0<y<1
fs(0,7) > 0 for v>1
fo(m,y) > 0 for >0
f¢(¢§,7) < 0 for yv>1
fo(@4,y) < 0 for ~v>1
Note that
_E<¢Z<0<¢§<E for v>1.

4.2 Nondimensionalization

Choose a time scale T' > 0. (The choice of T" is important and will be discussed
later.)
Let

14



t=Tr, o(r)=¢(TT).

(Note that Strogatz uses the notation ¢(7) instead of ¢(7).)
Clearly,

¢or =Toy=T¢ .
(A rough idea for the choice of T is that one wants ¢, = O(1) for the dynamics
under consideration.)

Obtain

mr ~

b -~ .~
quw = _T¢T — mgsin ¢ + mw?

rsin&cosé .

We now drop the ™ notation and divide by the force mg to obtain

r b . .
ﬁgb”:—m¢7—81n¢+751n¢605¢. (4.1)

Note that the coefficients are all dimensionless. Thus, it makes sense to
compare their sizes. Also note that the size of the coefficients depends on the
chosen time scale 7. For example, assume that we choose T" > 0 to be very
small and we consider (4.1) for 0 < 7 < 1. This means that we consider the
motion over the small time interval 0 < ¢ <T. If T > 0 is very small then the
main terms in (4.1) are the ¢, and the ¢, terms. In this case, the nonlinear
term

f(¢) =sing (ycos¢ —1)

may be negligible.
However, let’s choose a different time scale 7' > 0. Since sin¢ = O(1) and
we want ¢, = O(1) it is reasonable to choose T so that

b
— =0() .
e (1)
To be precise, let us choose 1" so that
b
— =1,
mgT
ie.,
b
T=—
mg
Then the coefficient of ¢, becomes
T rgm? .
ﬁ = bT =.€.
If we make the assumption
b’ >> m?rg



then 0 < € << 1. Under this assumption, the ¢,, term is negligible on the time
scale determined by T'.

4.3 A Singular Perturbation Problem

Set
F(6) = sing (yeos 6 — 1) .
With
”
gﬁ = £ and Tﬂ =1
the equation (4.1) becomes
EPrr = —¢r + f() . (4.2)

If we assume that 0 < ¢ << 1 then ¢, is a perturbation term. One calls it a
singular perturbation term because, if one neglects the term, the order of the
equation changes.
Note the following: If € > 0 then we can prescribe ¢(0) and ¢/(0). If e = 0
we can only prescribe ¢(0). For ¢ > 0 we expect an initial layer of the solution.
We write the equation as a first order system. Introduce

Q1) = ¢r(7) -
For € > 0 obtain the system

i (8)= Coe-m )

Sketch the phase—plane arrows. See Figure 3.2.8 of Strogatz.

Important is the curve I' given by the points (¢, Q) with Q = f(¢). This is
the graph of f(¢). Along I', the phase—plane arrows are horizontal, to the right
for 2 > 0, to the left for < 0. Away from I, the vertical component of the
phase—plane arrows are large since 0 < ¢ << 1. At points (¢,2) above I" we
have f(¢)—Q < 0, thus the arrows go down. At points (¢, 2) below I" we have
f(@) — Q > 0, thus the arrows go up. Thus, at every point P = (¢, ), which
is not close to I', the phase—plane arrow at P has a large {2-component and is
directed towards T'.

If at time ¢t = 0 we have initial data

(¢(0), 2(0))

which are not e—close to I', then Q(¢) will rapidly move towards f(¢(0)). Thus,
the solution has an initial layer. After a short time, the solution follows the
curve I' in the phase plane and the dynamics is essentially determined by the
first-order equation ¢, = f(¢), which is obtained by neglecting the ¢, term
in (4.2).

16



In singular perturbation theory, one studies systematically how solutions of
singularly perturbed problems behave. The occurrence of initial and boundary
layers is quite common.

4.4 A Linear Singular Perturbation Problem
Consider the IVP

e +2'—x=0, 2(0)=1, 2/(0)=5.

We will assume that 0 < e << 1.
We first describe how to obtain an approximate solution. Neglecting the
term ex” and ignoring the condition 2/(0) = 5 one obtains the problem

with solution

z(t) = e .

Next, we want to add a term which takes the condition 2’(0) = 5 into account.
Since we expect a rapidly changing part of the solution, we neglect the x term
in the equation and consider

ex’ +2' =0.

We are not interested in constant solutions. Thus we must solve

ex’ +x=0.

The general solution is

z(t) = ae .

Consider a function of the form

o(t) = ae/F + et

where the constant a needs to be determined. We have

thus

0)=-241.
z'(0) 8—!—

The initial condition 2’(0) = 5 yields that

a = —4¢ .

We have obtained the following approximate solution of the IVP:

17



Tapp(t) = —dee/F 4 et .
It is easy to check that

Zapp(0) =1 — 4e, x;pp(O) =5,

and

el (t) + 2l () — Tapp(t) = et + dee™ /% .

app app

Thus, the approximate solution x4y, satisfies the initial conditions and the
differential equation up to order €.

Computation of the Exact Solution: The ansatz

z(t) = eM
for solutions of the differential equation ez” + 2’ — z = 0 leads to

1 1
EXHA-1=0, N4+-A-—=-=0.
€ 13

One obtains the roots

1 1
)\172:_7:&7\/1_1_46.

26 2e

The general solution of the differential equation ex” + 2’ —x =0 is

At Aot

x(t) = c1e™’ + coe

with derivative

x/(t) = Cl)\le)\lt + Cg)\Qe)\2t .

The constants c1 2 are determined by the initial conditions:

c1te=1, A +ecr=5.

One obtains the linear system

(o) (3)
(2)-us (2 )0

L_ M= 5\
1_)\2—)\17 2_)\2—>\1‘

How much does the approximate solution

Il
7N
(2
N~

with solution

thus

18



Tapp(t) = —deet/F 4 ¢t
differ from the exact solution

At A2t 9

wemact(t) = (1€ + co€

Using that

~/1+n:1+g+0(n2)

we can compute the exact solution to leading order in €.

We have
1 1
M2 = —— +—+1+4e
’ 26 2e
1 1 9
= —gi? (1+25+(9(5 )>
thus
1
A = -+ O(1), X=1+0(¢)
and

1= —4e+0(EY, c=1+0().

Therefore, if one replaces A; 2 and ¢ 2 by their leading order terms, then the
exact solutiom

Art Aot
xezact(t) =c1e”t" 4 cge?
becomes the approximate solution

Lapp(t) = —dee /% 4 et .

19



5 Imperfect Bifurcations and Catastrophes

See Section 3.6 of Strogatz.
What happens to a bifurcation if the equation is perturbed? As an example,
consider the equation

i =h+re—a® (5.1)

with parameters h and r. If A = 0 then a supercritical pitchfork bifurcation
occurs at 7 = 0. The parameter h unfolds this singularity. It breaks the
symmetry f(—z) = —f(z) of the function f(z) = rz — 3.

5.1 Perturbation of the Pitchfork

It is interesting to make sketches of the fixed points z* = x*(h,r) were h is
fixed and —oco < r < oo0. For h = 0 a pitchfork occurs. Consider the following
four curves. They have no tangent at (z,7) = (0,0):

Iy @ z(r)=0 for <0 and z(r)=+r for r>0
Iy @ z(r)=0 for >0 and z(r)=—yr for r>0
I's : z(r)=0 for <0 and z(r)=—yr for r>0
Iy : z(r)=0 for >0 and z(r)=+r for r>0

The pair I'1,I'y as well as the pair I's, Iy make up the pitchfork which occurs
for h = 0.

We claim: If h > 0 then the pair I'y,I's gets perturbed. The perturbed
curves 'y, 'y, are smooth. The curve I'yy, has a saddle—node.

If h < 0 then the pair I's, 'y gets perturbed. The perturbed curves I'sp, I'4p
are smooth. The curve I'y;, has a saddle—node.

To see this, we solve the fixed point equation

h+re—a®=0

for r and obtain

Sketch the graphs of

for x > 0 and for z < 0. The cases h > 0 and h < 0 are different. Then switch
the two graphs (for h > 0 and for h < 0) of r = 22 — % and obtain x as a
function of r.
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5.2 Saddle—Nodes

Fix h > 0. We want to determine the saddle-node (r,z) on the curve I'sy,. We
have r > 0 > x and

r:a:2—ﬁ and O:ﬂ:%?—i—ﬂ.
x dx x?
Obtain
x = —(h/2)3
ro= (h/2)*3+(2/h)3n
= (n/2)*/ +2(h/2)*®
= 3(h/2)*/3

Thus, for A > 0 fixed, a saddle-node bifurcation occurs at

Ten = 3(h/2)%/3 .
The saddle—node is

(rans o) = (3(1/2)%, ~(h/2)'?) .

The equation

r=3(h/2)%/3

can also be expressed as

h=2(r/3)32 .
One obtains that

Ton = —(h/2)Y3 = —(rg,/3)"/? . (5.2)

Similarly, fix h < 0. A saddle-node (r,z) lies on I'y,. We have r > 0 and
z > 0. The saddle-node is

(Tsna:l:sn) = (3(—h/2)2/3, (—h/2)1/3) .

The equation

r=3(—h/2)*?

can also be expressed as

h=—2(r/3)%2 .

The points in the (r, h)-plane, where a saddle-node bifurcation (w.r.t. r) oc-
curs, lie on the cusp

h=+2(r/2)%?2 . (5.3)
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5.3 Stability of Fixed Points

Fix r and h. Which fixed points x of the equation (5.1) are stable, which are
unstable? Let

f(x,m,h) =h+rz—a3  fo(z,r,h)=r—327.

A fixed point x is a solution of the equation

h+rz—22=0.
It is stable if

felz,mh) =7 —322 <0

and is unstable if

fe(z, 7 h) =7 —32%>0.
In the following we fix h < 0. If » <0 and if z is a fixed point, then

felz,rh) =r—322 <0,

thus z is stable. Next, let » > 0 and let x be a fixed point and let z > 0. We
have

thus

felz,r h) =1 — 322 = =2 2—g<0.

Thus, x is stable.
It remains to discuss r > 0 and fixed points x < 0. We have

fo(z,mh)=7r =322 <0 if z<—\/r/3

and

felz,mh)=r—322>0 if —\/r/3<2<0.
Recall from (5.2) that

—\/r/3 =T .

It follows that the fixed points = with

T < Tsy <0

are stable and the fixed points x with

T < <0
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are unstable. This is expected since a saddle—node bifurcation occurs at
(Tsna $sn) = (3(h/2)2/37 _(h/2)1/3) :

5.4 Bifurcation Diagrams for Fixed r

Consider the equation

f(x,r,h) =h+re—2°=0
for fixed r. If » < 0 then the function

(IZ%T.Z'—(IZS

is strictly monotonically decreasing. The equation

f(z,r,h) =0

has a unique solution

x* =ax*(h)
for each h € R. One can sketch the function h = h(z) = —rz + 23 and then

switch the axes to obtain the fixed points z* = x*(h) as a function of h for
r < 0 fixed. Note that

felz,mh) =7 —322 <0

for r < 0 and x # 0. Also, if h = r = 0, then the fixed point z* = 0 is stable
for the equation 2’ = —x3. Therefore, if r < 0 then all fixed points 2* = z*(h)
are stable.

Let » > 0. The function

g(z) =rz — a3

attains a local maximum at

x1 =+/1/3
and a local minimum at x9 = —x1. We have

M = g(x1) = 3/2

2
—r
3v3
and g(xy) = —M. For —M < h < M the equation

h+rz—22=0

has three solutions. Two are stable fixed points, the middle one is unstable.
For h = M and h = —M two fixed points collide; a saddle-node bifurcation
occurs.

One can sketch the function h = h(z) = —rz + 23 and then switch the axes
to obtain the branch of fixed points z* = z*(h) for r > 0 fixed. One obtains a
hysteresis loop.
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5.5 The 3D Surface of Fixed points

Figure 3.6.5 in Strogatz shows the surface of fixed points

¥ =a"(r,h) .

One can recognize the hysteresis loops. The saddle—nodes occur for pa-
rameters (r, h) on the cusp (5.3). The stable state of the system can change
discontinuously if the parameters (r, h) cross the cusp. This may correspond to
a catastrophe.

It is more difficult to recognize the pitchfork bifurcation with respect to r
at h = 0 and the perturbed pitchfork bifurcations, which occur for fixed h # 0
as a function of r.
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6 Flows on the Circle

See Chapter 4 of Strogatz.

So far, we have considered differential equations 2’ = f(x) where z(t) is a
real valued function. For each solution x(t) there are only three possibilities:
As t increases, the function x(t) increases strictly or decreases strictly or is
constant, z(t) = x*. The last case occurs if and only if z* is a fixed point,

f(z*) = 0.

We will now consider functions of time 6(¢) which take values in the circle
S1 =R mod 27. The values @ and 6 + 27 are identified.

A function f : R — M, which satisfies f(6 + 27) = f(6), may be considered
as a function f : S — M. And, conversely, a function f : S* — M may be
considered as a function f : R — M which is 27 periodic. In this chapter we
have M = R.

6.1 Setup and Simple Examples

Let f:S!' — R denote a C! function and consider the equation

0=f0) .
Any solution 6(t) will be considered as a function from R to S*.

Example 1: Let w € R be fixed. The equation

is solved by

0(t) = (wt + 6p) mod 27 .
If w > 0 the period is T' = 27 /w.
Example 2: (two runners on a circular track) Let w; > wa > 0 and consider
the two equations
0 =wi, Oy=ws.
The two runners have periods

2 2
lel, T2:l'
w1 w9

How long will it take for runner one to lap runner two?

Let ¢ = 01 — 05. We have

¢ =w —wy, ¢0)=0,
thus

o(t) = (w1 —wa)t .
The lap time satisfies

25



Therefore,

6.2 A Nonuniform Oscillator

Consider the equation

0 =w—asind (6.1)

where w > 0 is fixed and a > 0 is a parameter. For 0 < a < w the fixed point
equation

w—asind =0

has no solution #. The solution #(¢) of the differential equation (6.1) describes
motion around the circle, which is counterclockwise and periodic. We will
compute its period to be

2

T(a) = —=

w2 —a?
Note that the period tends to infinity as a approaches w from below.

If w is fixed and a increases from a < w to a > w then a saddle—node
bifurcation of fixed points occurs at ¢ = w. For ¢ = w the fixed point is

0*(w) = m/2. For a > w there are two fixed points 07 ,(a).

Computation of the period T'(a): Let 0 < a < w and let 6(t) solve

0=w—asing, 6(0)=0.

o(t) do t
/ = =t
o w—asinf 0

Therefore, the period T is given by

2
r— [T
o w—asinf

We evaluate the integral using complex variables.
(For an evaluation using calculus, see Strogatz, Exercise 4.3.2.)
Recall that

We have

1 . .
sinf = — (' — ey .
i

Substituting
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z=€Y  dz=iz2df

one obtains (I" denotes the unit circle):

dz

te /Fiz(w—a(z—zl)/%)

_ —2/ dz
a Jp 2% - 2iwz/a—1

The quadratic equation

2tw
P2 1=
a
has the solutions
w . |w?
zn=—+1—75—1
a a
and
w L [w?
Zg=——1\/— —1
a a

Clearly, |z1] > 1 and 2129 = 1, thus |22| < 1. By the residue theorem,

-2 d -2
T = — z = 27— (22—2’1)_1
a Jp(z—21)(z— 29) a
Since
2
22—212—2i %—1
a
one finds that
2
T
02— g2

Approximation of the period for a =w —¢e: If a = w — ¢ then

w?—a?=2we —e? = (2w —¢)e
and
2w 1
Tw—¢) = —]m—-—
( ) V2w —€ /e
27 1

E\f‘f‘o(\/@

Bottleneck and ghost saddle—node: For a = w — ¢ the periodic solution
0(t) passes through a bottleneck near 6 = w/2. The passage through the bot-
tleneck takes up most of the time of the full periodic motion. For a = w + ¢ the
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equation has two fixed points 6] 5(w + ¢) near § = 7/2. They come up through
a saddle—node bifurcation occurring at a = w. It is interesting that the blow—up
of the period, T'(a) — oo as a — w—, is related to the occurrence of a ghost
saddle—node.

Scaling law for the passage time through a bottleneck: Consider an
equation
i = e+ A’

where A > 0 is fixed and 0 < € << 1. The equation has no fixed point. Consider
the solution with 2(0) = 0. There are finite times tg and ¢; with

to <0<t
and
lim z(t) =oc0 lim z(t) = —o0.
t—t1— t—to+

Then T = t1 — ty is the life-time of the solution. We have

*  dx
T o= @
/Oos+)\x2

1 [ dzr
- / Tz W=V

\ﬁ/1+y

= —— arctan y‘
Ve y=—00
_ ™
VeEA
27 1

Relation to the oscillator period: In the oscillator equation

0=w—asinb

let a =w — ¢ and 0 = § + x. The equation becomes

:&:w—(w—a)sin(g—i—x).

Consider the equation for x| << 1 and use the approximation

Obtain
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:b:w—(w—s)+(w—5)?.

Neglecting the ex?-term, one obtains

r=c+ g:UQ
= 5T
This is the previous equation with
w
A=—.
2

One obtains for the life-time of the solution

T 2 1
V2w VES

This agrees with the period of the oscillator up to a term of order O(v/¢).

6.3 The Overdamped Pendulum

The equation

0 =w—asinb

can be interpreted by a physical example. Recall the torque vector r x F =T
of a force F applied at a point with position vector r. Consider a pendulum
with friction and an applied torque:

) r b .
Lo =— i ———=0.
mLo mgsin 6 + T I 0
Neglect the second—order term and obtain:
bW =T — mgLsin6 .
Let
0(t) = 6(T7)
Choose
b r
T = —_—— —_
mgL’ T
to obtain
0 = v — sinf .
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6.4 Pendulum Equations

1. The equation for the unforced, undamped pendulum is

mLl = —mgsin@ .

One can rescale time so that the equation becomes

0 +sinf =0.

A formula relating the period T to the amplitude a can be obtained.

Strogatz, exercise 6.7.4 on page 192.
2. The equation for the unforced, damped pendulum is

O4+b0+sind=0 b>0.

3. The equation for the forced, undamped pendulum is

0 +sinf =~ .

Here the constant v results from a constant torque.
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7 Linear Systems

See Chapter 7 of Strogatz.
Let

_ a b 2x2
A_<Cd>eR .

The dynamics of the system 2’ = Az depends crucially on the eigenvalues A; o
of A.
The eigenvalues A of A are the solutions of the equation

0 = det(A— )
(a=XN)(d—=X) —cb
= A —(a+d)\+ det(A)

Therefore,

Mo = g tr(A) + o /(AP — Adet(4) |

2
Definition: Let u* € R" denote a fixed point of the system u’ = f(u) where
f:R* — R"is a C! function. Let A = f'(u*) € R™*" denote the Jacobian of
f at u*. The fixed point u* is called hyperbolic if all eigenvalues of A have a
non-zero real part.
The Hartman—Grobman theorem (1959), named after Philip Hartman and
D.M. Grobman (Russian):

Theorem 7.1 Let f : R® — R be C' and let u* denote a hyperbolic fized
point of the system u' = f(u). Let A = f'(u*). There exist open subsets U and
V in R™ with
uwelU, 0e€eV

and there exists a continuous map H : U — V which is 1-1 and onto so that
H=' is also continuous and, for all uy € U,

H(u(t,ug)) = e H(ug), —e<t<e,
where € = £(ug) > 0.

Roughly speaking: If u* is a hyperbolic fixed point of ' = f(u), then
the local phase portrait for v’ = f(u) near u* is topological equivalent to the
local phase portrait of v = Av (with A = f’(u*)) near v = 0. Here the local
homeomorphism preserves the parameterization by time of all local orbits.

An example of a system where the linearization about the fixed point zero
gives the wrong qualitative picture:

(-G (s) o
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Details: Let us write the system on polar coordinates. We have

r=rcos¢, Yy=rsing
thus

r? =22 +9? ¢ =arctan(y/z) .

One obtains:

r’ = za’+ yy'
= a(-y+ar’z) + y(z + ar’y)
= ar’
thus
r=ar® .
Also,
o = 1 yr—yx'  yr—ya
C 14 (y/x)? 2 24y
where
/ I 2 2 .2
yr—yx' = (x+ar‘y)e —y(—y+ar‘z)=r°.
Therefore,

¢ =1.
The nonlinear system (7.1) reads in polar coordinates:
r=ard, ¢ =1.
The system linearized about zero becomes
=0, ¢ =1.

If @ > 0 all solutions with r(0) > 0 blow up it finite time. If a < 0 all solutions
spiral to zero.

Solution of the linear system

u = Au, A e R**?
Let A1 denote the eigenvalues of A.
Case 1: \j 9 real and A\ # Ao.

Let Av() = )\jv(j). The general solution is

At (1) Aoty (2)

u(t) = cre + coe
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Case 2: Mo =atiw;a,weR,w>0
Let

A(a+1ib) = (o +iw)(a + ib),a +ib # 0 .
Then the matrix S = (a|b) is nonsingular.
Case 3: \{ =y = A\
Case 3a: A=\]
Case 3b: A is not diagonalizable.

7.1 The Case of Complex Eigenvalues

Set
T=1tr(A)=a+d, A =det(A)=ad—"bc.
The eigenvalues A of A are the solutions of the quadratic equation

M —TA4+A=0,

i.e.,

1
Ao = = & SV —dA.

2
Assuming that

2 4N <0

the eigenvalues are

)\1:a+iw, )\2:a—iw

with

AN — 72

w =

N~ N

We want to obtain the general solution of the system

z [ a b T
y) \cd y
in real form.

First, let’s determine the general solution in complex form. Let

A(p+iq) = M(p+1iq) where pﬂq#(O), p,q € R?
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i.e., p+iq € C? is an eigenvector of A to the eigenvalue A\; = a + iw. It follows
that p — iq is an eigenvector of A to the eigenvalue Ay = o — iw. The general
solution of the system (7.2) in complex form is

( ';g; > = ale)‘lt(p +1iq) + age’\Qt(p —1iq)

where a1, as € C are complex parameters.

To determine the general solution in real form we first note that g # 0.
Otherwise,

Ap = (a +iw)p

where

peER? p#0, aweR, w#0,

a contradiction. Assuming that p = ¢,y € R, one obtains that

Ay +i)g=M(y+1)q,
thus

Ag = \gq .

As above, this leads to a contradiction. One obtains that the vectors

p,q € R?

are linearly independent. Consider the complex solution

(29) = Mo+
= ( cos(wt) + i sin(wt)) (p +1iq)
= ot ( cos(wt)p — sin(wt)q) + e ( cos(wt)q + Sin(wt)p)

It follows that the real part and the imaginary part of this solution are two real
solutions,

Y1 Y2

( 71 ) () = e"‘t(cos(wt)p—sin(wt)q>, < T2 > (t) = eat(cos(wt)q—l-sin(wt)p) .

The general solution in real form is

< z > (t) = aje™ ( cos(wt)p — sin(wt)q) + age™ ( cos(wt)q + sin(wt)p)

where ap,az € R.
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If a < 0 then the origin is a stable spiral point. If @ > 0 then the origin is
an unstable spiral point.

In the following, let « = 0. We claim that all trajectories (except the origin),
are ellipses. Set

c(t) = cos(wt)
s(t) = sin(wt)
o = (plg) e R*?
We have
I o s _ C
() w=ctw-stra-2( °,)
and

() =ct+som=2( ") .

The general solution is

Let

o =Uxv’

denote the singular value decomposition of the matrix ®. We have

(50 (5 o)

It follows that the Euclidean norm of the vector
_ t)

n lUT < IJ( >
y(t)

)E—lUT< zgg ) )2 —a}+d}.

is constant in time:

Set

Then we have
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Let

U= (ul\uQ) .

The two vectors u', u? € R? are orthonormal. We have

< () ) - U< (1) > — ety +n(t)u? .

The trajectory

1

forms an ellipse with semi-axes in u'~u? directions.
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8 Special Classes of Systems

8.1 Conservative Systems

Consider the second order ODE

and consider the function

B(t) = 5

(&(1))* + V(x(2))
for a solution z(¢). Obtain that

E(t) = ma(t)i(t) — F(z(t)i(t) =0 .

Therefore, E(t) = E(0). In applications, the term Z'i? often is the kinetic
energy and V(z) is the potential energy. Assuming the evolution equation
ma = F(x), energy is conserved.

8.2 Reversible Systems
Let f:R* — R" f € C'. Let R € R™*" with R? = I. Assume

—Rf(z) = f(Rx)
for all z € R™. Then the following holds: If () is a solution of # = f(z) then
z(t) = Rx(—t)

is also a solution of & = f(x).

8.3 Gradient Systems

Consider the first order system @ = f(z) where f : R” — R™ is a smooth
function. If the function f(z) has the form

flx) = =VV(z)
for some function V' : R™ — R, then the system
i = f(z) =-VV(x)

is called a gradient system.
Claim: A gradient system does not have any periodic solutions. To show
this, note that
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d - :
ZV(@(t) = VV(a(t) - #(t) =~ ()] .

Assume t; < to and z(t1) = x(t2), thus V(x(t1)) = V(x(t2)). Then obtain that

to
_ —/ () dt
t1

Therefore, 4(t) = 0 for t; <t < t3. The point x(t1) = x(t2) is a fixed point.

8.4 Systems with a Liapunov Function

Consider the example

i+ (2 +2=0 (8.1)
Let
E(z,&) = = (2 + i?)
If
h(t) = E(x(t), (1))
then

= xi+i(—=

= -

< 0
This implies that the energy h(t) never grows in time. But more follows: If

T > 0 then the energy decays strictly for 0 < ¢ < T (i.e., h(T") < h(0)) unless
#(t) = 0 for 0 < ¢t < t. Thus, the energy decays strictly for 0 < ¢ < T unless

(z(t),z(t)) = (2(0),0) for 0<t<T.

The energy decays strictly along any orbit which is not a fixed point. It follows
that the 2nd order equation (8.1) does not have a periodic solution.
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9 Periodic Solutions

Consider the following system in polar coordinates:

i=r(l-7r%), 6=1.

Clearly, the solution

r(t) =1, 0(t) =t mod 2w (9.1)

describes motion on a circle of radius r* = 1. If r(0) = r9 > 0 then r(t) — 1 as
t — oo. The periodic orbit (9.1) is an example of a stable limit cycle.

The Poincaré—Bendixson Theorem gives conditions for the existence of a
periodic solution of a two—dimensional system:

Theorem 9.1 Let Q C R? denote an open set and let f : Q — R2, f € CL.
Assume there is a compact set R C Q with the following properties:

a) If u € R then f(u) # 0, i.e., the system u' = f(u) has no fixed point in
R.

b) There exists ug € R so that u(t,up) € R for all t > 0.

Then: FEither the solution u(t,up) is periodic or the orbit u(t,uy) approaches
a limit cycle.

We sketch a proof of the Poincaré—Bendixson Theorem below. The proof
uses Jordan’s Curve Theorem, named after Camille Jordan (1838-1922). (Camille
Jordan is also known for the Jordan normal form of a matrix.) Jordan’s Curve
Theorem is rather plausible, but difficult to prove rigorously.

Definition: Let

FO:{(x,y)e]R2 : :c2+y2:1}

denote the unit circle. A set I' C R? is called a Jordan curve if there exists a map
¢ :I'g — I" which is continuous, 1-1, onto, and which has a continuous inverse.
In other words, a set I' C R? is called a Jordan curve if I' is homeomorphic to
the unit circle T'y.

Theorem 9.2 Let T' C R? denote a Jordan curve. Then one can write

R*\T=AUB

where A and B are nonempty, disjoint, open connected subsets of R2. One set,
A, is bounded, the other, B, is unbounded. Then A is called the interior and B
the exterior of I.

A proof of Jordan’s theorem (and generalizations) is given in algebraic topol-
ogy.

Sketch of Proof of Poincaré—Bendixson: Write u(t) = u(t, ug) for the
solution of the initial value problem
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u' = f(u), u(0)=mup .

The sequence u(n),n = 1,2, ... has an accumulation point P € R and f(P) # 0.
Draw the line L through P perpendicular to f(P). Consider the solution u(t)
of u' = f(u) with @(0) = P. Given ¢ > 0 there is a time 7' > 0 so that

|@(T) — P| <& and @(T)€eL.

One can now make simple sketches showing that, if € > 0 is small, then u(T") #
P leads to contradictions. Here one uses Jordan’s Curve Theorem. Therefore,
(T) = P. The solution @(t) is periodic.

We will use the following result:

Lemma 9.1 Let A € R%*Z gnd let

The eigenvalues of A are

-
)\1,225
If A >0 and 7 > 0 then

AM >N >0 or Re)\1,2>0.

If A >0 and 7 <0 then

M < A<0 or Re)\1,2<0.

An application to a system for a biochemical process:

& = —z+ay+ay=f(z,y)
g = b—ay—a’y=g(z,y)

(This is a strongly simplified system for glycolysis.)
Here x(t),y(t) are concentrations and a,b are positive parameters. The
system has the fixed point

with

b

*:b, .
. Y a + b2

If A denotes the Jacobian at P* then

det(A)=a+b>>0.
Also,
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1
a + b2

tr(A) = (b4 + (2a — 1)V* +a + a2> .

If

tr(A) <0

then P* is a stable fixed point. If ¢tr(A) > 0 then P* is a repelling fixed point.
One can obtain a region R; which a trajectory starting in R cannot leave.
Then, if P* is repelling, the Poincaré—Bendixson theorem applies to the region

R=R;\ B.(P") .

Draw in the first quadrant of the (a,b) plane the curve determined by the
condition

tr(A)=0.

This curve is given by

b+ (20— 1) +a+a>=0.

1 1
6225(1—2a)i§\/1—8a, 0<a<

o =
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10 Perturbation Theory

10.1 Regular Perturbations

Example: Let A, B € R™" det(A) # 0. Let b € R™. Consider the linear
system

(A+eB)x =10

for |e|] << 1. The term Bz perturbs the unperturbed system Az = b. The
unperturbed system has the solution

20 = A471p .

What is the leading order perturbation of z(9) if the matrix B is added to A?
Write

=20 ez 4 02
and obtain the equation
Az = —BzO)
We expect that the solution z of the perturbed system (A +eB)x = b is

2 =20 —cA7'Bz(® 4+ O(?) where 2 =A"1p.

This is correct. The process can be extended and justified by a geometric-sum
argument.
Details: We first consider complex numbers. If ¢ € C and |¢| < 1 then

" —0 as n—o00.

We have
A4+qg+...+¢)1—q =1-¢"",
thus
n
) 1 — gt
qu:7q for g#1.
; 1—¢q

j=0

As n — oo obtain the geometric sum formula

o 1
quzi for g <1.
- 1—gq

Jj=0

For |g| < 1 we have
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]
QQ
|
Tl
=)
I
M8
QQ

=0 j=n+1
n
) 1 n+1
Se-ml = i
= —q 1—q|
Therefore,
n
. 1 1
Y d | <2 for ol <
= 1—g¢q 2

One can generalize this from numbers ¢ to square matrices Q € C™*™
and even to bounded linear operators Q. If Q € C™*™ then

SQ=1-Q7" it Q<1
§=0

and
n ' B . ‘ 1
1> —T-@7 M <21QI"" if [Q| < 3" (10.1)
§=0
In particular, we have for n = 1:
1
IT+Q - (T -Q7 | <2QI =2*|AT'B|* if e|A7'B[ <5 . (10.2)
Now consider the perturbed matrix equation
(A+eB)x =10 (10.3)

where || is small and A is nonsingular. For € = 0 the solution of the unper-
turbed equation is

20 =471 .
Write the perturbed equation (10.3) as

A(I+eA™'B)x =0

and set Q@ = —eA~!B. Assuming ||Q| < 1 obtain that the solution of the
perturbed equation is

Texact = (I — Q)_IA_lb = (I — Q)_lx(o) .

The first order approximate solution of the perturbed equation is
20 4 ea® = 20 _cA71B O = (1 + Q)2 .
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Using (10.2) obtain the estimate

||$exact - (x(O) + 51'(1))” < 052

with C = 2||A™1B||? if ¢ A7*B|| < 1.

10.2 An Initial-Value Problem: The Regular Perturbation Ap-
proach

The main point of this section is to show that the regular perturbation approach
may not be useful if differential equations are considered on long time intervals.
Let 0 < e << 1. Consider the IVP

i+2i4+2=0, z(0)=0, @0)=1. (10.4)

A function x(t) = e solves the differential equation if

N42A+1=0.

The roots are

AMo=—cectivV1—e2.

The general solution of the differential equation is

z(t) = ae " cos(v/1 — €2t) + be “'sin(v/1 — £21) .
The exact solution of the IVP is

1
—c
V1—¢g?
The solution oscillates almost like sint, but decays slowly if 0 < ¢ << 1. For
€ = 0 the solution is

xemact(tgg) = ~lsin ( 1 —¢e2 t) .

2O (t) = sint .

We want to apply the formal process of regular perturbation theory to obtain
the next order correction to the solution sint of the unperturbed problem. Let

z(t) = sint + ez (t) + O(?)

Proceeding as in the previous section we obtain the IVP

i 4 2M = —9cost, =M (0)=21(0)=0 (10.5)

for the correction term z(1). The solution of (10.5) is

aM(t) = —tsint .

This yields, formally,
Tapp(t,€) = sint — etsint + O(?) .
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One can prove: For every fixed T' > 0 it holds that

‘H|13¥ |Zewact (t,€) — (1 — et) sint) < Cre? . (10.6)
1<

However, the approximate solution (1 — et)sint is useless for et = O(1) and is
very bad for et >> 1.

Remark: The geometric—sum argument of regular perturbation theory fails
if one considers the initial value problem (10.4) on the interval 0 < ¢ < co. The
reason is that the solution operator of the problem

Z+x=0(t), =z(0)=z(0)=0 (10.7)

is unbounded w.r.t | - |o. If, for example, b(t) = 2cost, then the solution is
x(t) = tsint. This shows that one cannot bound the maximum norm of the
solution x(t) of the initial value problem (10.7) in terms of the maximum norm
of the right-hand side, b(t).

Proof of Estimate (10.6): We have

= 14+ 0(?

sin(vV/1—¢e2t) = sin(t+ O(e%))
= sint + O(e?t)
et = 1—cet+ O(*?)

Therefore, for |t| < T

:Eexact(ty 5) = (1 + 0(52)) et Sin( 1-— 82t)

= e “sin(v/1 —e2t) + O(e?)

e sint + O(e%t) + O(e?)
= (1 —et)sint + O(e*?) + O(%) + O(e?)
= Zapp(t ) + O(7)

To obtain the last estimate, it is crucial that ¢ is bounded.

10.3 An Initial-Value Problem: Two—Timing
Consider the IVP

i+2i4+2=0, x(0)=0 @0)=1.

Let 7 =t denote the fast time variable and T' = et the slow time variable.
‘We make the ansatz

z(t,e) = xo(1,T) + ex1 (7, T) + O(?) .
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We have

Tor + exor + x1, + O(?)
= Xorr + €TorT + EToTr + ET1rr + 0(52)
= Xorr + 2ex0;T7 + ET1rr + (9(62)

Substituting into the differential equation, we obtain

Torr + 26TorT + EX 17 + 2620 + Top + €21 + 0(62) =0.
This yields the equations

Torr +x0 = 0
Tirr +x1 = —2XorT — 2T0r
Therefore,
xo(1,T) = A(T)sinT + B(T) cosT ,
thus

xor = A(T)cosT— B(T)sinT
roryr = A'(T)cosT— B'(T)sint

The equation for x; becomes

T1rr + 21 = —2(A(T) + A(T)) cosT + 2(B'(T) + B(T)) sinT .

To avoid resonance terms, we require

A(T)+A(T)=B(T)+B(T)=0,
thus

Therefore,

2o(1, T) = A(0)e T sinT + B(0)e T cosT .
The initial condition x(0) = 0 yields

0 = 20(0,0) = B(0) .

Therefore,
zo(1,T) = A(0)e TsinT .
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Furthermore,

1= $(0) = ZCOT(O, 0) + €$0T(0, 0) .
One obtains that

A0)=1.
This shows that

zo(r,T) =e Lsinr .

Finally,
x(t,e) = xo(t,et) + O(e) = e sint + O(e) .

Lemma 10.1 For the error between the exact solution and the approximate
solution e sint we have

sup |$ewact(t7 6) — e lsin t’ < Ce.
t>0

10.4 Van der Pol Oscillator: Two—Timing

Consider the equation

ite(@®—Di+z=0

for 0 < e << 1. If e = 0 then the general solution is

x(t) = acost + bsint ,

a regular oscillation. If 0 < ¢ << 1 then the term (22 — 1)z’ is a damping

term if 22(t) — 1 > 0, but is exciting if 2%(t) — 1 < 0. Roughly, if |z(t)| is small,
oscillations get excited, but if |z(t)]| is large, they get damped.

To better understand the equation, we use two—timing. As above, let 7 =
t,T = et. We make the ansatz

x(t,e) = xo(1,T) + ex1 (7, T) + 0(52) )
We have

Tor + EXoT + EXT1+ + 0(62)
= Xorr + €TorT + EToTr + ET1rr + 0(52)
= Zorr + 2ex0;T7 + ET1rr + 0(62)

Substituting into the differential equation, we obtain

Zorr + o + €207 + T1rr + x1) + 5(:63 —Dzor + 0} =0.
This yields

47



Zorr +x0 =0

and
Tirr + X1 = —2Xo;7 — («77(% - 1)‘7707 .
We write
xo(1,T) =r(T) cos(T + ¢(T)) .
Abbreviate

s=sin(r + ¢(T)), ¢ =cos(t+ ¢(T)) .

Then we have

Tor
. / /
Torr = —-TSs—rdc

The equation for x; reads

Tier + 11 = =2(=1r's —r¢'c) + (122 — Vrs = (2 + 132 —r)s + 2r¢c .
Using the identity
. 2 1 . .
sin acos” v = Z(sm a + sin 3a) (10.8)
yields
/ 1 3 / 1 3o
Tirr + 21 = (20 + v r)s +2r¢'c+ Y sin(3(7 + ¢)) .
To avoid resonance, we require the coefficients of s and ¢ to be zero. This yields
the following equations
! r 2
= —(4—
o= -
¢ =0
Note that the equation for r(7') implies that

r(T)—2 as T —o0.

We will solve the r—equation below.

Proof of the Identity (10.8): Recall that

sin(a + ) = sinacos B + cosasin g .

With 5 = 2« obtain that
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sin(3a) = sin o cos(2a) + cos asin(2a) .

Abbreviate
s=sina, c=-cosa.
Obtain:
sin(3a) = s(c? —s%) + c2sc
= 3s¢? —§°
= 3sc® —s(1—c?)
= 4sc¢® — s

The equation

1
sinacos? a = sc? = 2 (sin v + sin(3a))

follows.

10.5 A Simple Example for Averaging
Consider the equation

i =exsin’t, x(0)=1,

where 0 < ¢ << 1 . For example, let ¢ = 10~* and assume we want to know
the solution, or an approximation of the solution, at time ty = 7 * 10%. In the
time interval,

0<t<mx10*

the term sin?t goes through 10* oscillations. In the method of averaging, one
replaces the oscillatory function sin® ¢ by its time-average. We have

1 (7 1
(sin?t) = / sin®tdt = = .
0 2

™

Thus, after averaging, one obtains the much simpler equation

with solution

In the example

e=10"% to=m=10*

we have
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z4(to) = €™/? = 4.810477

Let us compute the exact solution: We have

z(t) d t
/ @ 8/ sin? 7 dr .
1 z 0

Here

/Sin2 Tdr = / (1 —cos®>7 +sin’7)dr

= /1—00827’ ) dr

= 5 qemeen)

This yields

Inz(t) = 5(% - isin(%)) .

Therefore, the exact solution is
.T}(t) _ eat/Qe—isin(Zt) )

For the example, we have to = 7 * 10%, thus sin(2¢y) = 0, and the error between
the exact solution and the approximate solution at ¢y is zero.

Error Estimate: The error between the exact solution and the approxi-
mate solution is

error(t,e) = /2|75 _ 1]
Using the simple bound !
e — 1| <2|a| for |af<1
we obtain
error(t,e) = est/2§ for |e] <4.

If C' > 0 is any constant, then there exists ', depending on C, so that

C
error(t,e) < Cie for 0<t< —.
€

The error is O(e) in time intervals of length O(1/e).

'"We have e* —1=a+ 50° +..., thus [e* — 1| < |a|(1+ 5 +...) < |o|(e — 1) < 2a.
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10.6 Van der Pol Oscillator: Averaging

Consider the equation

ite@®-Di4+z=0.

Before we can apply averaging, we must transform the equation to variables
which change slowly for small €. Thus, we will write the equation in amplitude—
phase variables. In applications, the transformation to suitable slowly varying
variables is often the most difficult part of averaging.

Recall polar coordinates:

r=rcosa, Yy=rsina.

Since the solution (x(t),#(f)) moves clockwise and the polar angle increases
counterclockwise, we work with 8 = —a, obtaining

r=rcosf, y=-—rsinf.

If (z(t),#(t)) solves the van der Pol equation, we write

x(t) = r(t)cos(t+ ¢(t))
z(t) = —r(t)sin(t+ ¢(t))

These equations define 7(t) and ¢(t) and one expects that r(t) and ¢(t) vary
slowly. We now want to obtain equations for 7(¢) and ¢(t).
Abbreviate

s =sin(t + ¢(t)), ¢ =cos(t+ ¢(t)) .

Then, since z = rc, we have

i =rc—rs(1+¢) .

This must equal —rs. Therefore,

cf—rsdﬁ:O.

Another equation is obtained from van der Pol’s equation. We have

i=—st—rc(l+9) .

Van der Pol’s equation yields

—st—re(l1+ @) +e(r?® —1)(—rs) +re¢=0.

Therefore,

si 4 reg = ers(1 — r2c?) .

We have derived the system
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(5 ) () = (a2 )

Note that the determinant is

det =1 .

(5)=(2ei=ed))

We can also write this as

(5)--e(2).

Writing out the abbreviated terms yields the system

(5)=ct-retaron( AR )

This system is equivalent to the van der Pol equation. The equation is rewritten
in the variables r and ¢, which are (except for a sign) polar coordinates in the
(z,&)-plane.

The new system takes the form

< ; ) — P (r, 1)

where F(r, ¢,t) is 2mr—periodic in t. The main point is the e—factor. The func-
tions r(t) and ¢(t) very slowly. Note that

One obtains that

x(t) =rcos(t+¢) and 2/(t) = —rsin(t+ ¢)

do not vary slowly, even if r and ¢ would be constant.
The method of averaging replaces F(r, ¢,t) by

27
F(r,¢) /O F(r,¢,t)dt

T or

We have
27
/ sintdt = =
0
2T
/ sintcos’tdt = w/4
0
27

/ sintcostdt = 0

0

27
/ sintcostdt = 0
0
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Therefore,

In other words, the system obtained by averaging is

f’:ag(4—r2), p=0.
If one introduces
R(T) =r(T/e)
then R'(T) = 1r/(T/e). Thus the equation for R(T) is

R(T) = §(4 - R?).

This is exactly the same equation that was obtained by two—timing.

10.7 Solution of the r—Equation of the Averaged System
Obtain

r(T)
/ o 8dr
o T(24T)(2-7)

Partial fraction decomposition yields

8 21
r2+7r)2—-7r) 1T 2—7r 247
Therefore,
8dr
_— =21 —In(2 —7r) —1In(2
/7"(2—0—7”)(2—7") nr — In( r)—In(2+7r)
or
/ &dr r2
=1In .
r2+r)(2-r) 4 — 2
Thus
r2 (D) r2(T) 1
T=1 1 ( .7>
e, T\
with
2
,
Q=10
4—7“8
One obtains that
2
T _ r(T)
Qe =12



Therefore,

4Qe”

() = 14+ QeT

B 4

14 T/Q

_ 47“8

N r8+e*T(4—rg)

Finally,
2

r(T) 4t

B Vrit+e T(4—12) '
This yields the approximation

27"0
Vet r3)

for the solution of van der Pol’s equation.

x(t)

- cos(t + ¢p)
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11 More on Bifurcations

11.1 Bifurcations of Stationary Solutions
Example 1: The equations
T = n— '%27 y =y
lead to a saddle—node bifurcation when p changes from g > 0 to p < 0.

Example 2: The equations

T=pr+y+sinr, y=x—y

lead to a supercritical pitchfork bifurcation at py = —2.
The trivial solution (z,y) = (0,0) exists for all u. We write the two equa-

tions as a first order system
T
. = 'rﬂ b
< p > [y p)

_( pr+y+sinw

with

We have

D(a:,y)f(x’ynu) = < M—i_fosm 11 >’ fu(xay,li) = < g > :

At the trivial branch obtain:

+1 1 0
D) f(0,0,11) = < . - ) = A(p),  fu(0,0,p) = ( 0 ) _
We see that

detA(p) = —p—2, trA(p) =p .

A bifurcation of fixed points from the trivial branch can only occur at values
of u where A(u) is singular, thus only at p = —2 =: p,.
Recall that the eigenvalues of a real 2 x 2 matrix A are

t 1
)\172 = §i§\/tr2 — 4 det

where

tr = traceA and det = detA .

For p1 < —2 we have
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det = detA(p) =—p—2>0, tr=trA(p)=p<0.

Since trA(pu) < 0 for p < —2 it follows that the fixed point (x,y) = (0,0) is
stable for u < —2. Consider

tr? —ddet = p* +4p+8=(u+2)*+4>0.

Therefore,

ddet A(p) < (trA(p))? .

It follows that the eigenvalues of A(u) are real and negative for p < —2. This
yields that the fixed point (z,y) = (0,0) is a stable node for p < —2.

If ;o > —2 then detA(p) < 0. The eigenvalues A; 2 of A(u) are both real and
have opposite signs. The fixed point (x,y) = (0,0) is a saddle for u > —2.

We expect that either a transcritical bifurcation or a pitchfork bifurcation
of fixed points occurs at u = —2.

Let us determine the fixed points for 4 = —2 4+ ¢ where 0 < € << 1. We
have x = y and

(u+1)z = —sinzx
sine = —(p+1)z
sine = (1—¢)x
We see that a supercritical pitchfork bifurcation occurs at p = —2.

11.2 Hopf Bifurcations

Supercritical Hopf Bifurcation

= ur—r?’

0 = w+br?

The parameters w and b are fixed. As p changes from p < 0 to u > 0 a stable
fixed point 7 = /i occurs. Since (r, ) are polar coordinates this corresponds
to a supercritical Hopf bifurcation.

Subcritical Hopf Bifurcation

= w“+r3
= w+br?

The parameters w and b are fixed. As p changes from g < 0 to x> 0 a a
subcritical Hopf bifurcation occurs.
Subcritical Hopf Bifurcation with Hysteresis
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= ur+ 3 — P
0 = w+br?
We can write the systems in terms of
r=rcos, y=rsind.

Linearize about (x,y) = 0. The Jacobian is

aw=(4 )

with eigenvalues

Ma(p) = ptiw .
Rules of thumb for Hopf bifurcation at p = p:

Degenerate Hopf Bifurcation

T4 pz +sine =0

The eigenvalue conditions for a Hopf bifurcation are fulfilled at p = 0. All
periodic orbits occur at p = 0.

11.3 An Infinite Period Bifurcation

Consider the system

ro= r(l—r?

) = p—sinb
We have r(t) — 1 as t — oo if 7(0) > 0. For 0 < o < 1 the f-equation has two
fixed points. For g > 1 the f—equation has a periodic solution. One obtains
that the unit circle is a stable limit cycle for u > 1. As y — 1+, the period of
the cycle approaches oo.

In the limit 4 = 1, we have a homoclinic orbit. The fixed point, which is
approached by the homoclinic orbit as ¢ — oo and as t — —oo, is

To understand this better, consider the equation

=1—sinh

with fixed point § = 7. If one gives any initial condition
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6(0) =60y where g < b < 27r+g

then

9(t)—>27r+g as t— 00

and -
9(t)—>§ as t— —oo .

Since the angle 27 + 7 is identified with 7 one obtains that the solution

(r).00)) = (1.60))

of the above system with 4 = 1 describes a homoclinic orbit.

11.4 A Homoclinic Bifurcation

See Section 8.4 of Strogatz.
Consider the system

r =y
] = py+z—z’+ay
For all i the points

Py =(0,0), P»=(1,0)

are fixed points.
Let

_ Yy

The Jacobian of f(x,y,un) wr.t. (z,y) is

0 1

The Jacobian at P is

and the Jacobian about P is

0 1
B.<_1 u+1>'

The eigenvalues of A are
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[ 2
2 %
AMo=—==+4\/—+1.
1,2 5 4—1-

It follows that for all u the Jacobian A has two real eigenvalues of opposite sign.
Thus, the fixed point P; = (0,0) is a saddle point for all p. If X is an eigenvalue

( >
y

is a corresponding eigenvector, then the equation

- 1 z\ (0

1 pu—2A y ) 0
holds. Therefore, y = Ax. If A > 0 is the unstable eigenvalue of A, then the
unstable direction at the fixed point P; = (0,0) points into the first quadrant
and the third quadrant. The stable direction, corresponding to A < 0, points

into the second and fourth quadrant.
The eigenvalues of B = Df(0,1, u) are

1
Ma=PE i T (it 1)Z/4.

If

lp+1] <2

then P; is a spiral point. Since

1 0
o(5)-(4)
the orbits spiral clockwise around Ps. If

-l<pu<l1

then Re A1 2 > 0 and, therefore, P is an unstable spiral point.

One can now study the unstable manifold of the saddle point P; = (0,0)
numerically. We are interested in the part of the manifold which starts at P
and enters the first quadrant. For = —0.92 the manifold spirals first towards
Py, but P, is an unstable spiral point. Therefore, there is a periodic orbit
around P». For p = ug ~ —0.8645 the periodic orbit turns into a homoclinic
orbit, an orbit which approaches P, as t — oo and as t — —oo.

For i > p. the unstable manifold of P;, which starts at P} and enters the
first quadrant, enters the third quadrant. See Figure 8.4.3 of Strogatz.
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12 The Driven Damped Pendulum

Consider the equation
Li+ 26 4 mgsing = & (12.1)
m —0 +mgsinf = — . .
LM L
Here every term has the dimension of a force. Thus,

mass x length?

o) = T RO ) =

time

mass x length?
time?

Dividing equation (12.1) by mL we obtain

) . r
i+ Ising— (12.2)
m

L2 L mL?
We now non—dimensionalize the equation. Let 1" > 0 denote a unit of time and
let

o(t) = O(T1) .
Then t is a dimensionless variable. We have

¢'(t) =TO(Tt), ¢"(t)=T2H(Tt) .
Equation (12.2) becomes

T—2¢// +

b r 9 . r
TmL2¢ + Zsmgb = W . (123)

This motivates to choose T? = %. Then one obtains

" +ap +sing=1
with

T _TT?
Ty T i
Here o and I are dimensionless. We assume that « > 0 is fixed and consider
I > 0 as bifurcation parameter.

Let y = ¢’ and write the equation as a first—order system:

<§’/ > :(I—Sinyqb—ay)::(g(céy,y)) '

There is no fixed point for I > 1. We want to show that there is a unique
periodic orbit if I > 1.
The existence of a periodic orbit will be shown using a Poincaré map.
Note that

o(6,5) =0 i y=—(I—sing).

Choose numbers y; and y2 with
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I-1 TI+1
O<yyp < ——< ——<1o.
[0 (0%

If y <y then —y > —y; and
I —sin
9(¢,y) = 04(7(7j - y)

= >0

Similarly, if y > yo then —y < —y9 and

9(dy) = a(w—y)
()
=: —c <0

Therefore, any trajectory will enter the strip

n<y<uy.

Furthermore, once a trajectory has entered the strip, it cannot leave the strip
in the future.

Definition of the Poincaré Map and Existence of a Periodic Orbit:
Consider the above system with initial condition

$(0) =0, y(0)=45,

where y; < 8 < yo. For t > 0 we have ¢'(t) = y(t) > y1 > 0. Consequently,
there exists a unique time 7' = T'(8) > 0 with

o(T) =2m .

The states ¢(0) = 0 and ¢(7T") = 27 are identified.
Define the map P by

T B S [T )
P'{ B o y(T(®)

It is then clear that P is continuous and

P(y1) >y, Py2) <2 .

By the intermediate—value theorem, there is a value 5* € (y1,y2) with

P(") =p".
The solution (¢(t),y(t)) with initial condition
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satisfies

and

y(T(p") = P(B*) =57 .
Since the states ¢(0) = 0 and ¢(7'(8*)) = 27 are identified and since

y(0) = y(T(8%))

the solution has the period T'(5*).
This implies that the solution is periodic with period T'(8*).

Uniqueness of the Periodic Orbit: Let (¢(t),y(¢)) denote any solution
of the above system which is periodic in the sense that for some T > 0 we have

From the above, it follows that

y1 <y(0) <y2 .
We first proceed formally. We have

dp
Z—Z; = I —sing —ay (12.5)

Since ¢(t) increases strictly from 0 to 27 as t changes from 0 to T, we can
eliminate time and obtain a function y(¢) with

dy 1 .
— = —(I —sin¢ — ay), 0) = y(27) .
a6~ 5 ¢ —ay), y(0) =y(2m)
Consider the function
1
B($) = 5 4%(8) ~ cosd, 0<p<2m.

We obtain that F(0) = E(27) and

dE  dy

%:yd—gb—l—smgb

Therefore,
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2

0 = | E¢)do

0

27
- /O (I - ay(¢)) dé

This implies that for any periodic solution we have

21
/0 y(@)dp = 2L

«

Now suppose that w is a second periodic solution. We have

T = Fo.w) = (I -sing - ay)
;lz = F(gb,w):%(f—singb—aw)

If there exists a value ¢¢ with

y(¢0) = w(go)
then y(¢) = w(¢) for 0 < ¢ < 27 since the initial value problem

dy
Z_F =
a0 (@.9),  y(do) =yo
has a unique solution.
Therefore, if w(0) > y(0) then w(¢) > y(¢) for 0 < ¢ < 27. However, this

contradicts
2 i 27
[ w@as =20~ [T yoyas.
0 0

a

It follows that y = w.

Theorem 12.1 Ifa >0 and I > 1 then equation

¢ +ad +sing =1

has a unique solution which is periodic in the semse that for some T > 0 we
have

Precise Process of Eliminating Time: Let (¢(t), y(t)) denote a solution
of the system (12.4), (12.5) of period T with ¢(0) = 0, thus
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We know that

0<y <¢(t)=ylt)<ys for teR.
There is a unique function g(¢) defined for 0 < ¢ < 27 with

y(t) = 9(e(t), teR.
One obtains that

dy d do
E(t) = @W)(t))a(t)
- f;;w(t))gw(t))
and
dy

(0 = 1 —sing(t) — ay(t)
= I—sing(t) — aij(o(t))

This yields the equation

dy 1 -
—(@) = = I —sin¢ — agy(¢ for 0< ¢ <2rm.
d¢< ) y(9) ( ( )>
The arguments given above yield that
e 2l
RO
0 «

Let (1(t), w(t)) denote a 2nd periodic solution with

w(o) = 07 1/)(T1) = 271—, ’LU(O) = w(Tl)
and define w(v) for 0 < ¢ < 27 with

w(t) =w((t)), teR.

The arguments given above prove that

g(¢) =w(p) for 0<¢<2m.

Since

we have that



Since (¢(t),y(t)) and (1(t), w(t)) solve the same differential system and the
same initial condition,

it follows that
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13 Coupled Oscillators: Quasiperiodicity, Ergodic-
ity, Phase Locking

Let S! denote the unit circle. We often identify S! with R mod 27 or with
R mod 1. Let 72 = S! x S' denote the 2-torus.

13.1 Uncoupled Oscillators

Example 1: Consider the system of two uncoupled equations

0, = 1
0, = 1

on 72. Every solution has the form
0;(t) = (Ojo+t)mod 1 for j=1,2.

We identify S' with R mod 1. Then every solution has the period T' = 1.

Example 2: Consider the system

0 = 2
gy —
on 72. Every solution has the form
91(75) = (910 + 2t) mod 1, 92(75) = (920 + t) mod 1 .

Again, every solution has the period T' = 1.
Example 3: Consider the system

91 = w1
ég = W2
where w; > 0. Assume that there is a periodic solution

0;(t) = (0jo+wjt) mod 1, j=1,2,
of period T' > 0. Then

(wjT) mod1=0 for j=1,2,

thus the numbers

wlT =ni, CL)QT = N9

are positive integers. Therefore,
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w1 ny

w2 N2
is a rational number.
Conversely, assume that
“i_ P
w2 q

is a rational number where p, ¢ are positive integers.
Consider any solution

91([‘5) = (910 + wlt) mod 1, Qg(t) = (920 +WQt) mod 1 .
Set T':= p/wy. Then we have

w
wiT =p and ng:ﬂ-gzq

p  wi

This shows that every solution has the period

r_P_ 4
w1 w2
if
“i_ P
w2 q
is rational.
We have shown the following:
Lemma 13.1 Consider the system
0, = w (13.1)
0y = wy (13.2)

with w; > 0. The following conditions are equivalent:
1. There is a periodic solution.
2. Every solution is periodic.
3. Z—; s rational.

Now assume that i—; is irrational. We will prove:

Lemma 13.2 ] i—; is irrational then every trajectory of the system (13.1),

(13.2) is dense on the torus T2.

Proof: First consider the trajectory starting at

Let T'=1/w;. Then
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01(T)=(0+wT) mod 1 =0
and

02(T) = (B +weT) mod 1 = (B+¢) mod 1 where c¢= % '

This motivates to define the Poincaré map P : S' — S! by

PB=(f+c¢) mod1.
Lemma 13.3 For every B € S! the sequence P"B,n = 0,1,2,... is dense in
St
Proof: (See [Hale, Kocak, p. 152].) 1. First note that

P"3 = (B +nc) mod 1.
Assume that P"5 = P™f3. It follows that

((n—=m)c) mod 1 =0,

thus (n — m)c is an integer. By assumption, c is irrational. Therefore, n = m.
We have show that P8 = P™f implies that n = m. In other words, the
elements of the sequence

P"B,n=0,1,2...

are all distinct. The sequence P"3 has an accumulation point in S,
2. The distance on S! is

"y

dist(r,s) = min |r—s+k|.
k=—1,0,1
It is easy to see that P preserves distance,

dist(Pr, Ps) = dist(r, s)

and that P maps the arc from r to s onto the arc from Pr to Ps.
Since the elements of the sequence P" 3 have an accumulation point Q € S!
it follows that for all € > 0 there are integers m > 0,k > 0 with

dist(P*,Q) < = and dist(P™* Q) <

5 €
2 27

thus

dist(P™*3, PFB) < ¢ .

Therefore,
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dist(P"B,5) < e

dist(P*™B,P™B3) < ¢

dist(P*™B, P*mpB) < e
etc. Here P maps the arc from P/™3 to PUTY™3 onto the arc from PUtH™3
to PUT2m 3 All these arcs have length < e. They divide up the circle S* into

pieces of length < . Since € > 0 was arbitrary, the points P"3 lie dense in S!.
This completes the proof of Lemma 13.3. ¢

2. We continue the proof of Lemma (13.2). Recall the notation

T=1/w, c:ng:ﬂ.
w1

Consider an arbitrary point (a1, az) € T2 and consider the solution (61 (¢), 2(t))
of (13.1), (13.2) with initial condition

91(0) = Qaq, 92(0) = Q9 .
We have
0;(t) = (aj +wjt) mod 1 for j=1,2.
We claim that the points
(020).620), ¢>0.

form a dense subset of S' x S'. More precisely, we claim the following: If
(q1,q2) € S' x S' is an arbitrary point and if ¢ > 0 is given, then there is a
time ¢ > 0 with

01(t) = q1, dist(02(t),q2) < e .

Clearly, there is a time t; > 0 with

01(t1) = q1 -
We then have

a = 6i(t)

(a1 +wit1) mod 1

(a1 +wit; +n) mod 1
(

(

a1 +wi(t1 +n/wi) mod 1
a1 + wi(t1 +nT) mod 1
= 91(t1 + nT)

Now set
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B =02(t1) = g + waty

and define the sequence

P"3 = 0(t1 +nT)
= (g +wa(ty +nT)) mod 1
= (g + waty + nc) mod 1
= (B+mnc) mod 1

By Lemma (13.3) the sequence P"f3 is dense in S'. This completes the
proof of Lemma 13.2. ¢

Remarks on Ergodicity. Let Q = [a1, b1] X [ag, ba] denote any square in
T2. Let 6(t) denote any solution of the system (13.1), (13.2) and let T' > 0 be
arbitrary. Consider the set of times

M@QT)={t : 0<t<T,0(t) €Q}

and consider

1
lim Tmeasure(M(Q,T)) .

T—o0

This limit (if it exists) gives the long term time average which the trajectory
spends in Q.
One can show the following:

Theorem 13.1 If Z—; is irrational, then the above limit exists and

lim %measure(M(Q,T)) =area(Q) .

T—o00

In fact, the above formula holds for any measurable subset Q of T2.

Remarks on History: Ludwig Boltzmann (1844-1906) started work on de-
riving the laws of thermodynamics form the laws of mechanics. He considered
a gas as a system of bouncing balls. Since the number N of balls is very large
(N ~ 10?3) one needs statistical arguments. Boltzmann assumed that time
averages can be computed as volumes in phase—space. For Boltzmann’s system
this has never been rigorously justified, but the Boltzmann hypothesis seems
very reasonable. It is called the ergodic hypothesis for the Boltzmann system.

In ergodic theory one applies measure theory to dynamics.

There are results about ergodicity for dimension N = 1, dynamics of a
billiard ball.

Boltzmann’s formula:

S=klogW .

Here S is the entropy of a macrostate, & = 1.3806505 * 10~23J/K (Joule
per degree Kelvin) is Boltzmann’s constant, and W is the probability of the
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macrostate. Roughly, one counts the number of microstates leading to a par-
ticular macrostate and compares this number with the number of all possible
microstates.

13.2 A Time Average Equals A Space Average for a Circle Map
Recall that S' = R mod 1 denotes the circle. Fix a number ¢ € R\ Q and
define the circle map ¢ : S* — S! by

$(8) = (B+¢) mod 1 .
Fix any By € S! and let I denote any subinterval of [0,1). Consider the set

M(I,N)={neN : 0<n<N,¢"(By) €I} .
Then, for large N,

1
Nyt MUN)

is the average number of times in which the orbit
Bn = ¢"(Bo)
falls into the interval I.

Theorem 13.2 Under the above assumptions we have

1
lim W#M(I N) = length(I) .

N—oo

Proof: First let f: S — C denote any function. Then

e 36

denotes the long time average value of the function f along the orbit ¢"(5y) if
the limit exists. If f = x; denotes the characteristic function for the interval I,
then we must prove that

N
1
]\}—mo N+1 ZXI "(Bo)) = length(I) .

Fix any integer k # 0 and let

flz) =€ zcR.

Note that f(z) is one—periodic, thus the function f(x) may be considered as a
function defined on S!. We have

Brn = ¢"(Bo) = (Bo + nc) mod 1,
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thus
f(ﬁn) _ eQm‘k(ﬁo—I—nC) _ eQm’kﬁoqn
with

qg= 627rikc 7& 1.

Note that ¢ # 1 follows from the assumption that c is irrational. Therefore,

N N
S FB) = N g
n=0 n=0
o2miko 1— gVt
1—g¢q

Since |g| = 1 it follows that

N—>ooN—|—1 ngbnﬁo

for any function f(z) of the form

f(x) =™ with keZ\{0}.
On the other hand, if £ = 0 then f(z) = ¢*™** =1 and

T Zf " (Po)

We summarize this as

n _ 2mikx
Jim_ NHZMS (Bo)) = do  for f(z) = e .

By Fourier expansion, we can write

)
_ § : ake27rzk:r

k=—o00

with

1
ap = / x(z)e 2Tk gy
0

In particular, for k = 0,

ag = length(I) .

In the 3rd equation below we exchange limits and obtain
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1 1 Y
lim ——#M(I,N) = A}floom ZXI(ﬂn)

N—osoo N +1
_ Ii 27k
e T e

n=0 k=—o0

o) 1 N
— li 27k Bn
D NS N4 1 2~°
k=—o00 n=0
(o)
= > ondon
k=—o00
= length(I)

Rigorous Arguments: As above, let 3, = (89 +nc) mod 1. If f : S' — C
is any function, we denote

N
1
Anf=—— :
N = ;}mf )
We also let
A7 = Jim_Av]
if the limit exists. We note the trivial estimate

if f is bounded.

Lemma 13.4 Let f € C(S*,C). Then we have

Af:/olf(a:)d:c

Proof: By the considerations above, the formula holds for any trigonometric
polynomial

K
_ § : ake27mk:x )
k=—K

Now let f € C. We first show that Ay f is a Cauchy sequence of complex
numbers.
Let ¢ > 0 be given. There exists a trigonometric polynomial p with |f —

p|<>o <e.
We have
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|Anf — A f] |Anf — Anp| + |Anp — Anp| + |Anvp — Au f|

<
< 2+ |[Anp — Aup|
< 3¢

for N, M > N(g). This shows that Af exists for any continuous f. Now choose
a sequence of trigonometric polynomials px with |f — px|ec — 0. We have

Anf =AN(f —pK) + ANDPK -

In this equation let N — oco. We obtain

1
Asz(pr>+/0 prcdi

Here |A(f — pi)| = ex — 0. In the above equation, let K — oo to obtain

Af:/olf(m)dx.

This proves the lemma. ©.
Now let I denote any subinterval of [0, 1) and let f denote the characteristic
function of I. Thus

1 for zxel
0 for ze€[0,1)\I

Set

length(I) =1 .

We claim that Af exists and Af = 1.
For € > 0 we can choose functions f;, g. € C with

g:(z) < f(x) < fo(x) forall =z

and

1 1
/ ge(x)de =1—¢, / fe(z)de =1+¢.
0 0

It is clear that we have for all N:

ANgs < ANf < ANfE .
This implies that

|Anf - ANf6| < ‘AN(fE - ge)‘ .
We claim that Ay f is a Cauchy sequence. Note that
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AN f — A f] ANf — Anfe| + |ANfo — Ap fe + | An fe — Anc f|

<
< ’AN(fs - ge)‘ + ’ANfe - AMfs‘ + ’AM(fa - 96)‘
Here

AN(fe —ge) 22 as N — o0

Therefore,

[Anf — Aufl <5 if N.M>Ne),

showing that Ay f is Cauchy.
Now recall the bounds

Ange S ANf < Anfe .
We let N — oo to obtain

l—e<Af<l+e.

Since € > 0 was arbitrary, we have shown that

Af =1=length(I) .

This completes a rigorous proof of Theorem 13.2. ¢

13.3 Coupled Oscillators: Phase Locking

Consider the system

91 = w; + Kjsin(fy — 6;)
92 = wy+ Ky sin(91 — 92)

Assume that

w1 >we >0, K=K +Ky>0.
Let

¢ =61 — 02
denote the phase difference. Obtain
q'bzwl—wg—Ksin¢.

There are essentially two cases:
Case 1: K > w; — wsy (strong coupling)
The equation
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w1 —wg = Ksin¢
has two solutions, ¢7 o,

s

0 *
<gb1<2

< @5 .

We have

o(t) = ¢] as t—o0.

Therefore, except for an initial transient, the oscillators approximately solve

0 = w — K;sin(¢?)
Oy = wo+ Kysin(¢])

Here

Klwg +K20.)1 ¥
—_— s =l W .

wi — Ky sin(¢y) = i%e

One also obtains 92 = w*.
After an initial transient, the oscillators move (approximately) with the
same frequency w* and the phase difference

01(t) — b2(t) ~ ¢7 .

One calls this a phase locked motion.
Case 2: K < wj—ws (weak coupling) One gets essentially the same behavior
as in the case K = 0. However, the trajectories are not straight lines, but are
curvy.
Videos about synchronization through weak coupling.
https://sciencedemonstrations.fas.harvard.edu/presentations/synchronization-
metronomes
https://www.youtube.com/watch?v=072GGxQqW1t8
https://www.youtube.com/watch?v=jRQAndvF4sM
https://m.youtube.com/watch?v=tlYIyKic3w8
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14 The Lorenz System

Edward Norton Lorenz, 1917-2008.

14.1 Remarks on the Derivation of the Equations

Lorenz (1963) started with a system of PDEs for a velocity field and temper-
ature. Series expansion in space and extreme truncation leads to a system of
ODEs for amplitudes depending on time. In the Lorenz system, the variables
x(t),y(t), z(t) correspond to amplitudes.

The Lorenz system reads

& = o(y—w=)
] = rr—y—xz

z = xy—bz

Here o, b, r are positive parameters. The systems was derived in 1963 by Edward
Lorenz from a system of pdes describing a velocity field and temperature.
In the pde system, o is the Prandtl number,

o= H
k/cp
suring the ratio of the viscous diffusion rate and the thermal diffusion rate.

Ludwig Prandtl, 1875-1953
The parameter r is the Rayleigh number,

r = Ra = GrPr
where Gr is the Grashof number,

b
Gr — uoyancy

viscosity
John Wiliam Strutt=3rd Baron Rayleigh, 1842-1919

14.2 Evolution of Phase Volume

Let f : R® — R™ denote a C'!' function. Denote the solution of

= f(x), z(0)=uxzo
by x(t,xo). Let Vo C R™ denote a set of finite volume. Let
V(t) = {a(t,z0) : zo € Vo}
Then the following formula holds:

d
avol(V(t)) = v V- f(z)dx .
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We can make the formula plausible by considering the simple equation & = Az
and the system

T=Av, y=py.

Application: The Lorenz system can be written as

x —oc o 0 T 0
y | = r =1 0 y |+ —z=z
z 0 0 -b z xy

Denote the matrix by A. Then we have

0 0 O
ff=A+| —2 0 —=x
y x 0

It follows that

Vef=—(140+b<—1.

Therefore, by th flow of the Lorenz system, phase volumes contract at an ex-
ponential rate.

14.3 Symmetry
If

(z,y,2)(t)

denotes a solution of the Lorenz system, then

(—IE, Y, Z)(t)
is also a solution. Therefore, either a solution obeys the symmetry of it has a
symmetric partner. A solution that obeys the symmetry satisfies

14.4 Fixed Points

The origin,

P =(0,0,0)

is a fixed point for all parameter values. Linearization about P leads to

o) =A4.

The matrix A has the eigenvalue —b and the submatrix

—0 o
o= (75
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Note that

tr=—0-1<0, det=o0(l—r).
If 0 <7 <1 then

tr <0, det>0.

Therefore, the origin is asymptotically stable if 0 < r < 1. Since

tr® —ddet = (0+1)* — 4o +4or
(0 —1)* +dor
> 0

the origin is a stable node for 0 < r < 1.
If > 1 then det = 0(1 —r) < 0 and the origin is unstable. We will see that
a supercritical pitchfork bifurcation occurs at » = 1.

14.5 Global Stability of the Origin for 0 < r < 1
Set

1
V(:c,y,z):ga:2+y2+22.

Let (z(t),y(t), 2(t)) denote a solution of the Lorenz system and set

We have

1
-0 = —xz+yy+zz
o
= z(y—2x)+ylre —y —zz) + 2(—bz + zy)
= (r+ 1oy — 22 —y? — b2?
Assume that 0 < r < 1. The sign of the term (r 4+ 1)zy is not known and the
term must be bounded in terms of the absolute values of the negative terms.
Set o = %, thus 0 < a < 1. We have

2

alz —y)? = az? — 2azy + ay? .

Therefore,

24 y? —20xy = (1-0a)(@®+1y?) +ar? + oy’ — 202y
= (1-a)@®+¢%) +alz—y)?

This yields
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where ¢ > 0 only depends on r,o,b. Therefore,

0 <w(t) <v(0)e 2, t>0.

This implies that v(¢t) — 0 as t — oo and, consequently, (z(t),y(t),z(t)) — 0
as t — oo.

14.6 The Fixed Points Ct and C~

For r > 1 let

The points

Ct=(z*y*r—1), O =(-2* -y r—1)

are fixed point bifurcating from the origin in a supercritical pitchfork bifurcation
as r changes from r < 1 to r > 1. Linearization about CT leads to the matrix

—0 o 0
fl(ch) = 1 —1—2z* =A.
T* z* —b

Then we have

det(\ — A) = N>+ (0 + b+ 1)A2 + (0 + r)bA + 20b(r — 1) .

Let A = iw where w is real and non-zero. If we require A = iw to be an
eigenvalue of A we obtain the conditions

20b(r —1) = (0 +b+1)w?
(c+7rb = w?

This implies

o(c+b+3)

c—b—1
assuming that ¢ > b+ 1. At r = rg a subcritical Hopf bifurcation occurs. The
points C* and C'~ become unstable for r > rg.

r=Trg=
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14.7 A Trapping Region

Exercise 9.2.2 with solution on page 462.
Let

V=ra®+oy* +o(z—2r)?.
Let

v(t) = V(x(t),y(t), 2(t)) -

After some algebra, one obtains

b= —o(re’ +y> + b(z —r)?) + obr? .

N | —

Let € > 0. Define

Re={(z,y,2) : re® + > +b(z —r)> > b1’ +¢.
If (z,y,2) € R- then

v < —20¢ .

For C > 0 define the ellipsoid

EC = {(l‘,y, Z) : V(CL‘,y,Z) < C} .
Choose C > 0 so large that

R3\ R. C Ec .
Then, if x(t) ¢ Ec, we have

V< —20e=—-c<0.

Along any trajectory, the V—values decay strictly as long as the trajectory is
outside E¢. Therefore, after a finite time the trajectory will enter Eo. Once
in E¢, the trajectory cannot leave F¢.

Definition: Consider a system & = f(x) where f : R® — R". Aset E C R"
is called a trapping region if the following two conditions hold: (a) For every
xo there is a time tg > 0 so that z(tg,z0) € E. (b) If 9 € E then z(t,x0) € E
for all ¢t > 0.

Our result shows that the Lorenz system has a trapping region of the form
E = E¢ defined above.

Let S* denote the solution operator for & = f(x) and assume that E is a
trapping region. Then we have SY(E) C E for all ¢t > 0. Therefore,

SYE)cC S5(E) if t>5>0.
The sets

S'(E)
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are nested and the set

A =N>0S5 t(E )
is of interest to understand the long—time behaviour of the system.
For the Lorenz system, the set A has measure zero.
14.8 Sensitive Dependence and Prediction Time

Consider a system & = f(x). In many cases one observes the following: If one
considers two solutions

z(t,xg) and x(t,xo+ do)
where dy is a small vector, then the difference

§(t) = x(t, zo + 09) — x(t, x0)
grows approximately exponentially up to some time 7"

IS ~ 160l € for 0<t<T.

Here A > 0 is often independent of zy in some region. After time 7', the
difference ||§(¢)|| cannot grow further if the solutions are confined to a trapping
region.
One then has
In|[0(t)]| ~ At +1n|dg| for 0<t<T.

Prediction Time Suppose we want to know xz(t,z¢) with accuracy a =
1073 and only consider the error in xg. Suppose ||dg|| = 10~7 and A > 0. How
long is x(t, zo) determined with accuracy a = 1073 ?

From

18] ~ 1|60l X < 1072
and [|dp|| = 10~7 we obtain the condition
e)\t S 104
or

In10
t<4—-—:.
- A

Now assume we increase the accuracy of the initial data by one digit to

60|l = 1075 .

Arguing as above, we see that we can determine the solution with accuracy
a=10"3 up to
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t<51n1
= )\ .

If we denote the maximal prediction time by ¢,,.q we obtain that

_ 5 _
tpred(lo 5) = i tpred<10 4) :
If, for example,

In10
nT = lday

then the prediction time increases from four days to five days if we increase the
accuracy of the inital data by one digit. The effort to increase the accuracy by
one digit may inrease the cost of determining the inital data by a factor 10.

Under the above assumptions, how much accuracy in §y do we need to
predict for 20 days? If ||dg|| = 10~ then the condition

H50||e’\t <1073
yields
€>\t S 10N—3
or
At < (N —=3)In10
or
Inl
20days =t < (N — 3)“70 .
If
In 10
HT = lday
then N = 23.
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15 One Dimensional Maps

15.1 Fixed Points and 2—Cycles

Let f:R — R denote a C! map. For any zo € R a discrete-time trajectory is
determined by the iteration

Tpy1 = f(zn), mn=0,1,... (15.1)
We denote

f"=fofo...of (ntimes).

A point z* is a fixed point of the evolution if

@) =a.
A fixed point is asymptotically stable if

f'(@)] <1
and is unstable if

[f'(@)] > 1.

The iteration (15.1) can be visualized by a cobweb.
Two points zg, x1 form a 2—cycle if

f(wo) =21,  f(w1) =20, wo# 71 .

If g, x1 form a 2-cycle, then each point z; is a fixed point of f2.
Suppose that xg,x; form a 2—cycle for f. We have

Fla) = f(f@), (f) (@) = F(f@)f (@)

Therefore,

(f3) (o) = f'(x1) [ (w0) = (f*)'(z1) -

Therefore, the two—cycle xg, 1 is asymptotically stable if

|f' (o) f/(z1)| < 1.

It is unstable if

|/ (o) | (1)) > 1.

Note the following for later reference: If zg,z; is a 2—cycle for f then

() (o) = (£*)'(21) - (15.2)
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15.2 The Logistic Map
Let

flx)=rz(1—2), fl(x)=r—2rz,

where 0 < r < 4. Then f maps the interval [0,1] into itself. We consider the
discrete-time dynamical system determined by f with the interval [0, 1] as state
space.

15.2.1 Fixed Points

Note that 7 = 0 is a fixed point for every parameter value 0 < r < 4. The
point ] = 0 is globally attracting for 0 < r < 1 and unstable for 1 < r < 4
since f/(0) = r. For 1 < r < 4 there is a second fixed point,

*_
I’Q—l—;

We have

fa-=1/ry=2-r.

Therefore, the fixed point z3 is unstable for 3 < r < 4. For 1 < r < 3 the fixed
point x5 is attracting for every initial value 0 < zp < 1.

The map f(z) has no other fixed points besides z} = 0 and 23 =1 — . At
r = 1 a transcritical bifurcation of the trivial branch occurs.

15.2.2 The 2-Cycle Bifurcating From z3

At r = 3 the fixed point

1

loses stability. We claim that a 2-cycle is born at r = 3.
We have

(@) rf(@)(1 = f(x))

r2z(l—z)(1 —rz(l — x))

The fixed points of f?(x) are the solutions of the equation

FPla)=q.
We can divide by the trivial solution x = 0. We also know that the remaining

cubic polynomial has the divisor x — 5. After division, one obtains a quadratic
with roots

01 = —(r+1+ /=) 1), r>3.

2r
(This should be checked.)
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Note that zg # x1. Also, neiher xg nor x; is a fixed point of f since f has
precisely the fixed points 2] =0 and 25 =1 — %
Furthermore,
F*(wo) = o
implies that

F2(f(x0)) = f(zo) -

Thus, f(z0) is a fixed point of f2. It follows that f(x¢) = x1 and f(z1) = zo.
Let us determine the stability of the 2—cycle: We have

(f*) (o) = f

= T‘2

- r2(1—%(r+1+\ﬁ))(1—%(r+1—\ﬁ))

o) f' (1)

(
(1 —2x0)(1 — 221)

= (14+/ )0 =)
= 1—-(r-=3)(r+1)
= 4427 —7?

Consider the function

h(r)=4+2r—7r% r>3.
We have h(3) =1 and h'(r) =2 — 2r <0 for r > 3. The equation
h(r)= -1

has the solution r9 = 1 + /6 = 3.4495 ... We conclude that the 2-cycle xg, 1
is stable for

3=ri<r<1+vV6=ry=234495...

At r = r9 we have

(f*) (z0) = (f*)'(z1) = —1.

It is then plausible that at r = 71 and at each of the fixed points z¢1 of f? a
2-cycle of f2 is born. This leads to a 4-cycle of f for ro < 1 < 4.

15.2.3 Repeated Period Doubling
We have:

1
ro=1<r<3=ry: stable fixed pointzi =1 — .

rm=3<r<l+ V6 = ro 1 stable 2—cycle
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ro <r <rs: stable 4—cycle

rn <1 <rpy1: stable 2"—cycle

The following is remarkable. (This discovery is essentially due to Feigen-
baum.) The bifurcation values 7, converge,

Tn — Too = 3.569946. ..
The convergence is essentially geometric:

§= lim ==L — 4669. ..

n—=00 I'pnil1 — Ty
The number § = 4.669. .. is called Fiegenbaum’s constant. It turns out to be
independent of the family of maps rz(1 — x), but occurs universally in period
doubling phenomena.
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16 The Bernoulli Shift and the Logistic Map for r =4
16.1 The Bernoulli Shift

Define the map B :[0,1) — [0,1) by

2y for
Bly) = { 2y —1 for

= O
IA IA
— D=

A A

We can also write

B(y) = (2y) mod 1 .

Let us try to understand the dynamics determined by the iteration y,+1 =

B(yn).
Any y € [0,1) can be written as

y=>Y b277 (16.1)
7=1

where b; € {0,1}. This representation of y is unique if do not allow that b; =1
for all sufficiently large j.

Conversely, any series of the above form determines a number y € [0,1).
One also writes

y = [0.b1b2b3 . . Jpase2
and calls this the binary representation of y. Application of B yields

B(y) = [0.()2[)3[)4 . e -]baseZ .

Thus, the binary point is moved one place to the right and the digit b; is
replaced by 0.
Example: Consider the number

yo = [0.001 001001 .. .Jpgse2 -
We have

y1 = [0.010010010 .. Jpgseo

and
y2 = [0.100 100 100 . . .|pase2

and y3 = yo. Thus, we have a 3—cycle.
In standard notation,

o0

1 1 1 1

1
88 8 1-% 7

Application of B(y) = (2y) mod 1 yields
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1 2 4 1

Yo = Yi== Y2=5 YB=z.

7’ 7 7 7
Consider the following sets:
J .
S1= {yelol) : y= ij?fj, J finite}
j=1
Sy = {yel0,l) : y= Zbﬂ*j,bj becomes periodic}
j=1

S3 = [0,1)\ 52

The sets S1 and Sy are infinite and denumerable. All three sets S; are dense in
[0,1). If yo € S; then y, — 0. If yo € Sy then y,, becomes periodic. If yg € S3
then y, does not converge to a periodic cycle. We also note that S3 has full
measure.

16.2 Relation to the Logistic Map for r =4

Let f(z) = 4x(1 —z) and let B(y) = (2y) mod 1. The dynamics determined by
f(x) and by B(y) can be related by the transformation z = sin?(ry) =: s(y).

Lemma 16.1 Let yp € [0,1) and set y1 = B(yp). Also, let zo € [0,1] and set
x1 = f(wo). With these settings we claim that xo = s(yo) implies £1 = s(y1).

Proof: We have

1 = 4dxzo(l — x0)

4s(y0)(1 — s(y0))
4 sin? (7yo) cos? (7yo)

sin®(27yo)
= sin®(m(2yo mod 1))
= sin’(my;)

= s(n

An application of this lemma and the results on the Bernoulli shift yields
the following for the logistic map at r = 4:

a) There is a dense denumerable set 77 C [0, 1] so that zo € T7 implies
x, — 0.

b) There are periodic cycles of any length.

c¢) There is a dense set T3 of full measure so that x,, does not become periodic
if xg € T53.
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16.3 Invariant Measure for the Logistic Map at r =4

If xy € [0,1] is chosen randomly, can we say something about the probability
distribution of the xz,,?

More precisely, we try to determine a function H : (0,1) — [0, 00) with the
property that

b
prob(z; € [a,b]) = / H(z)dz .

Assume that H(x) has this property. It is reasonable to expect the symmetry
H(z) = H(1 — x) which we will use below.

We will derive a functional equation for H(z). Let 0 < z < 1. Then we
have

x
prob(z; € [0,2] U[1 —z,1]) = 2/ H(p)dp .
0
The points z; in [0, 2] U [1 — , 1] are precisely those which get mapped to

zj1 € [0, f(@)] -

This leads to the requirement

x f(z)
2/H@®—/ H(p)dp .
0 0
Differentiation yields the functional equation

H(z) = (2 —4x)H(4z(1 — x)) .

We also have the normalization condition

/OlH(a:)d:r_l.

Lemma 16.2 The function

Hiz) = % x(ll— x)

solves the functional equation and the normalization condition.

Proof: We first ignore the normalization condition and set

1

M) = y(1-y)

Then we have
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2 —4x 1— 22 L1y
Viz(l—2)1—dzs(l—z) V7 ((1 —x)(1 -4z + 4x2)>
- 1 _fjx ((1 —z)(1— 21:)2)>71/2
-t
z(1—x)
= h(z)

This shows that h(z) solves the functional equation.

Lemma 16.3

™

1
g(z) =arctany/——1 for 0<z<1.
T

Proof: Set

We compute

, - 1 1ol -2
/@ = sl )

1 1

2z /1
N
1 1
2 /z(1-x)

Therefore, the function —2g(z) has the derivative h(x) for 0 < z < 1.
For e > 0:

! dx
| T = 2o

= 2g(¢)

1
= 2arctany/— —1
€

As € — 0, the integral converges to w. ¢
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16.4 Programs and Figures
Programs for the Bernoulli Shift

% The name of this file is p3.m

% This program plots the function B(x) for
% x between zero and one.

clear

N=100;

x=linspace(0,0.99,N);

for j=1:N

y(§)=fun3(x(j));

end

plot(x,y)

xlabel(’x’), ylabel(’B(x)=(2x) mod 1°)
title(’The Bernoulli Shift Map’)

% The name of this file is fun3.m

% This function file evaluates the Bernoulli shift
% map B(x)=(2x)mod 1 for x between zero and one.
function f=fun3(x)

f=2xx-fix (2%x) ;

% The name of this file is p4.m

% This program plots a numerical orbit
% determined by the Bernoulli shift
clear

N=100;

x(1)=100/777;

for j=1:N

x(j+1)=fun3(x(j));

end

plot(x)

xlabel(’n’), ylabel(’x_n’)
title(’Numerical Evolution of the Bernoulli Shift’)

Programs for the Logistic Map

% The name of this file is p2.m

% This program plots the histogram of an
% orbit for the logistic map at parameter r.
N=10000;

r=3.83;

x(1)=0.7;

for j=1:N

x(j+1)=fun1 (x(j),r);

end

hist(x,200)

title(’Histogram of f(x)=rx(1-x), r=3.83’)
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Histogram of f(x)=4x(1-x)
500 T T \

450 -

400 |

350 f

300

250 f

200

150

100

50

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 16.1: Histogram of the Logistic Map for r = 4

The output of p2.m is shown in Figure 16.2.
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Histogram of f(x)=rx(1-x), r=3.83
3500 T T T T

3000 *

2500 - ,

2000 - ,

1500 - N

1000

500 b

0 1 Il | 1 Il 1 Il
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 16.2: Output of p2.m

17 Dimensions of Sets

17.1 The Hausdorff Dimension

Felix Hausdorff (1868-1942)
The Hausdorfl dimension is also called the Hausdorfl-Besicovitch dimension.
Let FF C R™. For § > 0 and s > 0 define

H§ = Hj(F) = inf{z \Uj|* : (Uj)j=12,.1s a é—cover of F .
j=1

Note that

0<Hj<oo.

Monotonicity properties:
a) If 0 < 41 < d3 then H§ < H§ . Therefore,

lim HS =: H*(F) € [0
. Hj (F) €0, 00]

exists. The number H*(F) is called the s—dimensional Hausdorff measure of F'.
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b) Fix § > 0. If |U;| < 6 and 0 < 51 < sy then

U172 = (U575 U1 < 8 U

Therefore,
H§? <6%7° HS' .
In this estimate, let § — 0+. Obtain:
Lemma 17.1 Let 0 < s1 < so. If H? < oo, then H%2 = 0.
It is not difficult to show:
Lemma 17.2 Let F' C R" denote any bounded set. Then H™(F') < oo.
Consequently, H*(F') = 0 for s > n. Define
dimguasdmnff(F) = inf{s >0 : HS(F) = 0}
H*(F) < 0}

= inf{s>0 : (F) <
= sup{s >0 : H’(F)=o0}.
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