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Logistic Regression

Logistic regression is a method for predicting the
outcomes of ‘either-or’ trials. Either-or trials occur
frequently in research. A person responds appropri-
ately to a drug or does not; the dose of the drug
may affect the outcome. A person may support a
political party or not; the response may be related
to their income. A person may have a heart attack
in a 10-year period; the response may be related to
age, weight, blood pressure, or cholesterol. We dis-
cuss basic ideas of modeling in the section titled
‘Basic Ideas’ and basic ideas of data analysis in the
section titled ‘Fundamental Data Analysis’. Subse-
quent sections examine model testing, variable selec-
tion, outliers and influential observations, methods for
testing lack of fit, exact conditional inference, random
effects, and Bayesian analysis.

Basic Ideas

A binary response is one with two outcomes. Denote
these as y = 1 indicating ‘success’ and y = 0 indicat-
ing ‘failure’. Let p denote the probability of getting
the response y = 1, so

Prly=11=p, Prly=01=1-p. (D
Let predictor variables such as age, weight, blood
pressure, and cholesterol be denoted xy, x5, . .
A logistic regression model is a method for relating
the probabilities to the predictor variables. Specifi-
cally, logistic regression is a linear model for the
logarithm of the odds of success. The odds of suc-

cess are p/(1 — p) and a linear model for the log
odds is

vy Xk—1-

log [%] =Bo+ Bix1 + -+ Broixk—1. (2

Here the §;s are unknown regression coefficients. For
simplicity of notation, let the log odds be

n=pBo+pBixi+- -+ Br_1xr-1. 3)

It follows that
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The transformation that changes 7 into p is known
as the ‘logistic’ transformation, hence the name logis-
tic regression. The transformation log[p/(1 — p)] =
n is known as the ‘logit’ transformation. Logit
models are the same thing as logistic models. In
fact, it is impossible to perform logistic regres-
sion without using both the logistic transformation
and the logit transformation. Historically, ‘logistic
regression’ described models for continuous pre-
dictor variables xj, xp,...,x;—; such as age and
weight, while ‘logit models’ were used for categorical
predictor variables such as sex, race, and alterna-
tive medical treatments. Such distinctions are rarely
made anymore.

Typical data consist of independent observations
on, say, n individuals. The data are a collection
(Vis Xits oo, Xik—1) fori =1,...,n with y; being 1
or O for the ith individual and x;; being the value
of the jth predictor variable on the ith individual.
For example, Christensen [3] uses an example from
the Los Angeles Heart Study (LAHS) that involves
n =200 men: y; is 1 if an individual had a coro-
nary incident in the previous 10 years; k —1 =6
with x;; = age, x;, = systolic blood pressure, x;3 =
diastolic blood pressure, x;4 = cholesterol,
height, and x;s = weight for a particular individual.
The specific logistic regression model is

[ i
lOg
1 P i

Xi5s =

] = Bo + Bixi1 + Baxio + B3xi3
+ Baxis + Bsxis + PeXis.  (O)

Note that the model involves k =7 unknown p;
parameters.

There are two ways of analyzing logistic regres-
sion models: frequentist methods and Bayesian meth-
ods. Historically, logistic regression was devel-
oped after standard regression (see Multiple Linear
Regression) and has been taught to people who
already know standard regression. The methods of
analysis are similar to those for standard regression.

Fundamental Data Analysis

Standard methods for frequentist analysis depend on
the assumption that the sample size n is large relative
to the number of B; parameters in the model, that is,
k. The usual results of the analysis are estimates of
the B;s, say ,3 ;s, and standard errors for the 3 S, say
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SE(,é ;)s. In addition, a likelihood ratio test statistic,
also known as a deviance (D), and degrees of freedom
(df) for the deviance are given. The degrees of
freedom for the deviance are n — k. (Some computer
programs give alternative versions of the deviance
that are less useful. This will be discussed later but
can be identified by the fact that the degrees of
freedom are less than n — k.)

The B;s are estimated by choosing values that
maximize the likelihood function,

Lo, .-, B =[Pl =p)'™, (6
i=1

wherein it is understood that the p;s depend on
the B;s through the logistic regression model. Such
estimates are called maximum likelihood estimates.
The deviance can be taken as

D = —2log[L(Bo, ..., Bi_1)]. (7

For example, in the LAHS data

Variable B I SE(B i)
Intercept —4.5173 7.451

X 0.04590 0.02344
X2 0.00686 0.02013
X3 —0.00694 0.03821
X4 0.00631 0.00362
Xs —0.07400 0.1058
X6 0.02014 0.00984

D = 134.9, df =193

Given this information, a number of results can be
obtained. For example, B¢ is the regression coeffi-
cient for weight. A 95% confidence interval for S
has endpoints

Be £ 1.96 SE(Bs) (8)

and is (0.00085, 0.03943). The value 1.96 is the
97.5% point of a standard normal distribution. To test
Hy: B = 0, one looks at

Bs—0  0.02014—0
SE(fs)  0.00984

The P value for this test is .040, which is the
probability that a standard normal random variable

=2.05 9

is greater than 2.05 or less than —2.05. To test
Hy : Bg = 0.01, one looks at

fs —0.01 _ 0.02014 — 0.01
SE(Bs)  0.00984

and obtains a P value by comparing 1.03 to a
standard normal distribution. The use of the standard
normal distribution is an approximation based on
having n much larger than k.

Perhaps the most useful things to estimate in
logistic regression are probabilities. The estimated log
odds are

| [ b
og -
l—p

For a 60-year-old man with blood pressure of 140
over 90, a cholesterol reading of 200, who is 69
inches tall and weighs 200 pounds, the estimated log
odds of a coronary incident are

= 1.03 (10)

] = ,éo + lel + ﬁzxz + ,33)63 + /§4x4

+ Bsxs + Boxe. (1)

log [IL} — —4.5173 + .04590(60)
—p
+.00686(140) — .00694(90) + .00631(200)

— 0.07400(69) + 0.02014(200) = —1.2435.

(12)

The probability of a coronary incident is estimated as

671‘2435

p= Lo 12 = .224. (13)
To see what the model says about the effect of
age (x;) and cholesterol (x4), one might plot the esti-
mated probability of a coronary incident as a function
of age for people with blood pressures, height, and
weight of x, = 140, x3 = 90, x5 = 69, x¢ = 200, and,
say, both cholesterols x4, = 200 and x4 = 300. Unfor-
tunately, while confidence intervals for this p can be
computed without much difficulty, they are not read-
ily available from many computer programs.

Testing Models

The deviance D and its degrees of freedom are useful
for comparing alternative logistic regression models.

The actual number reported in the example, D =
134.9 with 193df, is of little use by itself without
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another model to compare it to. The value D = 134.9
is found by comparing the 7 variable model to a
model with n = 200 parameters while we only have
n = 200 observations. Clearly, 200 observations is
not a large sample relative to a model with 200
parameters, hence large sample theory does not apply
and we have no way to evaluate whether D = 134.9
is an appropriate number.

What we can do is compare the 6 predictor
variable model (full model) with k = 7 to a smaller
model (reduced model) involving, say, only age
and weight,

Pi
log[l —p-] = Po+ Bixit + Pexis  (14)
which has k = 3. Fitting this model gives
Variable B j SE(B )
Intercept —7.513 1.706

X1 0.06358 0.01963

X6 0.01600 0.00794
D = 138.8, df = 197.

To test the adequacy of the reduced model compared
to the full model compute the difference in the
deviances, D = 138.8 —134.9 =3.9 and compare
that to a chi-squared distribution with degrees of
freedom determined by the difference in the deviance
degrees of freedom, 197 — 193 = 4. The probability
that a x2(4) distribution is greater than 3.9 is .42,
which is the P value for the test.

There is considerable flexibility in the model
testing approach. Suppose we suspect that it is not the
blood pressure readings that are important but rather
the difference between the blood pressure readings,
(x2 — x3). We can construct a model that has 83 =
—pB. If we incorporate this hypothesis into the full
model, we get

|: 8 ]
log
1 —p;i

= Bo + Bixi1 + Baxia + (—B2)xi3 + Baxia
+ Bsxis + Bexis
= Bo + Bixi1 + Ba(xia — xi3) + Paxia
+ Bsxis + BoXio (15)

which gives D = 134.9 on df = 194. This model
is a special case of the full model, so a test of the

models has
D =1349—-1349=0, (16)

with df = 194 — 193 = 1. The deviance difference
is essentially 0, so the data are consistent with the
reduced model.

This is a good time to discuss the alternate
deviance computation. Logistic regression does not
need to be performed on binary data. It can be
performed on binomial data. Binomial data consist of
the number of successes in a predetermined number
of trials. The data would be (N;, y;, Xi1, ..., Xix—1)
for i =1,...,n where N; is the number of trials
in the ith case, y; is the number of successes, and
the predictor variables are as before. The logistic
model is identical since it depends only on p;, the
probability of success in each trial, and the predictor
variables. The likelihood and deviance require minor
modifications.

For example, in our kK = 3 model with age and
weight, some computer programs will pool together
all the people that have the same age and weight
when computing the deviance. If there are 5 people
with the same age-weight combination, they examine
the number of coronary incidents out of this group
of 5. Instead of having n = 200 cases, these 5 cases
are treated as one case and n is reduced to n — 4 =
196. There can be several combinations of people
with the same age and weight, thus reducing the
effective number of cases even further. Call this new
number of effective cases n’. The degrees of freedom
for this deviance will be n’ — k, which is different
from the n — k one gets using the original deviance
computation. If the deviance degrees of freedom are
something other than n — k, the computer program is
using the alternative deviance computation.

Our original deviance compares the k = 3 model
based on intercept, age, and weight to a model with
n = 200 parameters and large sample theory does
not apply. The alternative deviance compares the
k = 3 model to a model with n’ parameters, but
in most cases, large sample theory will still not
apply. (It should apply better. The whole point of the
alternative computation is to make it apply better. But
with binary data and continuous predictors, it rarely
applies well enough to be useful.)

The problem with the alternative computation is
that pooling cases together eliminates our ability
to use the deviance for model comparisons. In
comparing our k = 3 model with our k = 7 model,
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it is likely that, with n = 200 men, some of them
would have the same age and weight. However, it
is very unlikely that these men would also have
the same heights, blood pressures, and cholesterols.
Thus, different people get pooled together in different
models, and this is enough to invalidate model
comparisons based on these deviances.

Variable Selection

Variable selection methods from standard regression
such as forward selection, backwards elimination,
and stepwise selection of variables carry over to
logistic regression with almost no change. Extending
the ideas of best subset selection from standard
regression to logistic regression is more difficult.
One approach to best subset selection in logistic
regression is to compare all possible models to

the model
Pi
log [ ] = Bo
1 —pi

by means of score tests. The use of score tests makes
this computationally feasible but trying to find a
good model by comparing various models to a poor
model is a bad idea. Typically, model (17) will fit the
data poorly because it does not involve any of the
predictor variables. A better idea is to compare the
various candidate models to the model that contains
all of the predictor variables. In our example, that
involves comparing the 2% =64 possible models
(every variable can be in or out of a possible model)
to the full 6 variable (k = 7) model. Approximate
methods for doing this are relatively easy (see [11] or
[3, Section 4.4]), but are not commonly implemented
in computer programs.

As in standard regression, if the predictor vari-
ables are highly correlated, it is reasonable to deal
with the collinearity by performing principal compo-
nents regression (see Principal Component Anal-
ysis). The principal components depend only on the
predictor variables, not on y. In particular, the princi-
pal components do not depend on whether y is binary
(as is the case here) or is a measurement (as in stan-
dard regression).

(17)

Outliers and Influential Observations

In standard regression, one examines potential
outliers in the dependent variable y and unusual com-
binations of the predictor variables (xi, ..., Xx_1).
Measures of influence combine information on the
unusualness of y and (xq,...,x;_1) into a sin-
gle number.

In binary logistic regression, there is really no
such thing as an outlier in the ys. In binary logistic
regression, y is either O or 1. Only values other
than O or 1 could be considered outliers. Unusual
values of y relate to what our model tells us about
y. Young, fit men have heart attacks. They do not
have many heart attacks, but some of them do have
heart attacks. These are not outliers, they are to be
expected. If we see a lot of young, fit men having
heart attacks and our model does not explain it, we
have a problem with the model (lack of fit), rather
than outliers. Nonetheless, having a young fit man
with a heart attack in our data would have a large
influence on the overall nature of the fitted model.
It is interesting to identify cases that have a large
influence on different aspects of the fitted model.

Many of the influence measures from standard
regression have analogues for logistic regression.
Unusual combinations of predictor variables can be
identified using a modification of the leverage. Ana-
logues to Cook’s distance (see Multiple Linear

bsa462

Regression) measure the influence (see Influential
Observations) of an observation on estimated regres-

sion coefficients and on changes in the fitted log odds
(7;s). Pregibon [12] first developed diagnostic mea-
sures for logistic regression. Johnson [8] pointed out
that influence measures should depend on the aspects
of the model that are important in the application.

Testing Lack of Fit

Lack of fit occurs when the model being used is
inadequate to explain the data. The basic problem in
testing lack of fit is to dream up a model that is more
general than the one currently being used but that
has a reasonable chance of fitting the data. Testing
the current (reduced) model against the more general
(full) model provides a test for lack of fit. This is a
modeling idea, so the relevant issues are similar to
those for standard regression.
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One method of obtaining a more general model is
to use a basis expansion. The idea of a basis expan-
sion is that for some unknown continuous function
of the predictor variables, say, f(xy,...,xx—1), the
model log[p/(1 — p)] = f(x1,...,Xxr—1) should be
appropriate. In turn, f(xy,..., x;—;) can be approx-
imated by linear combinations of known functions
belonging to some collection of basis functions. The
basis functions are then used as additional predic-
tor variables in the logistic regression so that this
more general model can approximate a wide vari-
ety of possible models. The most common method
for doing this is simply to fit additional polynomial
terms. In our example, we could incorporate addi-
tional terms for age squared (xlz), age cubed (xf),
height squared times weight cubed (xszxg), etc. Alter-
natives to fitting additional polynomial terms would
be to add trigonometric terms such as sin(2x;) or
cos(3x4) to the model. (Typically, the predictor vari-
ables should be appropriately standardized before
applying trigonometric functions.) Other options are
to fit wavelets or even splines (see Scatterplot
Smoothers). See [4, Chapter 7] for an additional dis-
cussion of these methods.

A problem with this approach is that the more
general models quickly become unwieldy. For exam-
ple, with the LAHS data, an absolute minimum for a
basis expansion would be to add all the terms x7, k =
1,...,6 and all pairs x;x; for k # k'. Including
all of the original variables in the model, this gives
us a new model with 146+ 6 + 15 = 28 parame-
ters for only 200 observations. A model that includes
all possible second-order polynomial terms involves
3% = 729 parameters.

An alternative to using basis expansions is to
partition the predictor variable data into subsets. For
example, if the subsets constitute sets of predictor
variables that are nearly identical, one could fit the
original model but add a separate intercept effect for
each near replicate group. Alternatively, one could
simply fit the entire model on different subsets and
see whether the model changes from subset to subset.
If it changes, it suggests lack of fit in the original
model. Christensen [5, Section 6.6] discusses these
ideas for standard regression.

A commonly used partitioning method involves
creating subsets of the data that have similar p;
values. This imposes a partition on the predictor
variables. However, allowing the subsets to depend
on the binary data (through the fitted values p;)

causes problems in terms of finding an appropriate
reference distribution for the difference in deviances
test statistic. The usual x2 distribution does not apply
for partitions selected using the binary data, see [7].
Landwehr, Pregibon, and Shoemaker [9] have dis-
cussed graphical methods for detecting lack of fit.

Exact Conditional Analysis

An alternative to the methods of analysis discussed
above are methods based on exact conditional tests
and their related confidence regions. These methods
are mathematically correct, have the advantage of not
depending on large sample approximations for their
validity, and are similar in spirit to Fisher’s exact

test (see Exact Methods for Categorical Data)
for 2 x 2 contingency tables. Unfortunately, they 1.696

are computationally intensive and require specialized
software. From a technical perspective, they involve
treating certain random quantities as fixed in order to
perform the computations. Whether it is appropriate
to fix (i.e., condition on) these quantities is an
unresolved philosophical issue. See [1, Section 5] or,
more recently, [10] for a discussion of this approach.

Random Effects

Mixed models are models in which some of the
B;j coefficients are unobservable random variables
rather than being unknown fixed coefficients. These
random effects are useful in a variety of contexts.
Suppose we are examining whether people are getting
adequate pain relief. Further suppose we have some
predictor variables such as age, sex, and income,
say, x|, Xz, x3. The responses y are now 1 if pain
relief is adequate and O if not, however, the data
involve looking at individuals on multiple occasions.
Suppose we have n individuals and each individual
is evaluated for pain relief 7 times. The overall data
are y;j,i=1,...,n; j=1,...,T. The responses
on one individual should be more closely related
than responses on different individuals and that can
be incorporated into the model by using a random
effect. For example, we might have a model in which,
given an effect for individual i, say, Bio, the y;;s are
independent with probability determined by

log [%} = Bio + ﬂlx,-jl + ﬂzxijz + ﬂ3x,-j3.
— pij
(18)



bsa252

bsa350

6 Logistic Regression

However, o, ..., Bno are independent observations
from a N(By, 0?) distribution. With this model,
observations on different people are independent but
observations on a given person i are dependent
because they all depend on the outcome of the com-
mon random variable f§;y. Notice that the variables
x;js are allowed to vary over the T times, even though
in our description of the problem variables like age,
sex, and income are unlikely to change substantially
over the course of a study.

Such random effects models are examples of
generalized linear mixed models. These are much
more difficult to analyze than standard logistic regres-
sion models unless you perform a Bayesian analysis,
see the section titled ‘Bayesian Analysis’.

Bayesian Analysis

Bayesian analysis (see Bayesian Statistics) involves
using the data to update the analyst’s beliefs about
the problem. It requires the analyst to provide a
probability distribution that describes his knowl-
edge/uncertainty about the problem prior to data col-
lection. It then uses the likelihood function to update
those views into a ‘posterior’ probability distribution.

Perhaps the biggest criticism of the Bayesian
approach is that it is difficult and perhaps even
inappropriate for the analyst to provide a prior
probability distribution. It is difficult because it
typically involves giving a prior distribution for the k
regression parameters. The regression parameters are
rather esoteric quantities and it is difficult to quantify
knowledge about them. Tsutakawa and Lin [13] and
Bedrick, Christensen, and Johnson [2] argued that it
is more reasonable to specify prior distributions for
the probabilities of success at various combinations
of the predictor variables and to use these to induce
a prior probability distribution on the regression
coefficients. The idea that it may be inappropriate to
specify a prior distribution is based on the fact that
different analysts will have different information and
thus can arrive at different results. Many practitioners
of Bayesian analysis would argue that with sufficient
data, different analysts will substantially agree in their
results and with insufficient data it is appropriate that
they should disagree.

One advantage of Bayesian analysis is that it does
not rely on large sample approximations. It is based
on exact distributional results, although in practice

it relies on computers to approximate the exact dis-
tributions. It requires specialized software, but such
software is freely available. Moreover, the Bayesian
approach deals with more complicated models, such
as random effects models (see Random Effects

in Multivariate Linear Models: Prediction), with

no theoretical and minimal computational difficulty.
See [6] for a discussion of Bayesian methods.
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