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22. Let D be a domain and / be a closed line segment lying in D. In elementary topol-
ogy it is shown that / can be covered by a finite number of open disks that lie in D
and have their centers on /. Use this fact to prove that any two points in a domain D
can be joined by a polygonal path in D having all its segments paralle] to the coor-
dinate axes.

23. The notion of “connectedness” also applies to closed sets. We say that a closed
set § ¢ Cis connected if il cannot be written as the union of two nonempty dis-
joint (nonintersecting) closed sets. A closed connected set is called a continuum.
Determine which of the following sets is a continuum:

(@) {z: |z-3]=4}

M) {z: |zl =1}U{z : lz| =3}
(© {1,—1,i}

@iz g=H=2

24. Prove Theorem | by completing the following steps.
(a) Show that any line segment can be parametrized by
x =at + Db, y=ct+d,

where a. b, ¢, and d are real constants and ¢ ranges between 0 and 1. Hence
the values of u along a line segment lying in D are given by

Ut) .= ufat + b, ct +d), 0=<r=<l.

(b) Use assumption (1) of Theorem 1 and the chain rule to show that dU//dt = 0
for 0 < ¢ < 1 and thus conclude that i is constant on any line segment in £,

(¢) By appealing to the definition of connectedness, argue that u must have the
same value at any two points of D.

1.7 The Riemann Sphere and Stereographic Projection

For centuries cartographers have struggled with the problem of how to represent the
spherical-like surface of Earth on a flat sheet of paper, and a variety of useful projec-
lions have resulted. Tn this section we describe one such method that identifies points
on the surface of a sphere with points in the complex plane; namely, the so-called
stereographic projection. While this projection is not one typically found in atlases, it
is of considerable importance in the theory of complex variables.

To describe the stereographic projection, we consider the unit sphere in 3 dimen-
sions (x|, xa, x3) whose equation is given by

2 o 2
xp+x;+x5=1.

A sketch of this sphere and its equatorial plane is given in Fig. 1.21.
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Figure 1.21 The Riemann sphere.
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Figure 1.22 The Riemann geosphere.

Our goal is to associate with each point z in the equatorial plane a unique point Z
on the sphere. For this purpose we construct the line that passes through the north pole
N = (0,0, 1) of the sphere and the given point z in the xjxy-plane. This line pierces
the spherical surface in exactly one point Z as shown in Fig. 1.21, and we say that
the point Z is the stereographic projection of the point z. If we identify the equatorial
plane as the complex plane (or z-plane), the unit sphere is called the Riemann sphere.’

Continuing with this geographical interpretation of the Riemann sphere, we note
that under stereographic projection, points on the unit circle |z| = 1 (in the z-plane)
remain fixed (that is, z = Z), forming the equator. Points outside the unit circle (for
V\fhich |z| = 1) project to points in the northern hemisphere, while those inside the unit
circle (for which |z| < 1) project to the southern hemisphere. In particular, the origin
of the z-plane projects to the south pole of the Riemann sphere. )

. Figure 1.22 displays other features of the stereographic projection. Circles of lat-
itude (parallel to the equator) on the sphere are the projections of circles centered at
the origin in the z plane; the Arctic Circle and the Tropic of Cancer are projections

TBernhard Riemann (1826-1866).
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12. Show that the n points :(I)’ " form the vertices of a regular n-sided polygon inscribed
in the circle of radius ¥/[zo| about the origin.

13. Show thatwy = (=1 + «/gr')/Q and that wy = i. Use these values to verify identity
(5) for the special cases n = 3 and n = 4.

14. Let m and n be positive integers that have no common factor. Prove that the set of
pumbers (2177 is the same as the set of numbers (:’”’)1"”. We denote this common
set of numbers by /", Show that

T s m 5 _.om
AN — W2 | GOR— (5 < 2k +isin —(8 + 2km) (9)
i n
fork=0,1.2.....n—1.

15. Use the result of Prob. 14 to find all the values of (1 — 1372,

16. Show that the real part of any solution of (z + 1)10O =(z— 13199 must be zero.

17. Let m be a fixed positive integer and let [ be an integer that is not divisible by m.
Prove the following generalization of Eq. (5):

2 =
4ol + o+ ol =0.

18. Show that if & and p are nth and mth roots of unity, respectively, then the product
@ is a kth root of unity for some integer k.

19. (Electric Field) A uniformly charged infinite rod, standing perpendicular to the z-
plane at the point zg, generates an electric field at every point in the plane. The
intensity of this field varies inversely as the distance from zo to the point and is
directed along the line from zg to the point.

(a) Show that the (vector) field at the point z is given by the function F(z) =
1/(Z — Zp), in appropriate units. (Recall Fig. 1.13, Sec 1.3.)

(b) If three such rods are located at the points 1 + i, —1 + i, and 0, find the
positions of equilibrium (that is, the points where the vector sum of the fields
1S 7ero).

20. Write a computer program for solving the quadratic equation

azt +bz+c =0, a # 0.
Use as inputs the real and imaginary parts of a. b, ¢ and print the solutions in both
rectangular and polar form.

21. Some complex integer square roots can be abtained by a modification of the poly-

nomial factoring strategy. For example, if 3 + 4i equals (a + bi)?, then 4 = 2ab
and 3 = a® — b*. A little mental experimentation yields the answer a = 2.5 =—="1:
of course —2 — i is the other square root. Use this strategy to find the square roots
of the following numbers:

(c) 24 + 10i

(f) 8 — 61

(b) 5 + 12i
(e) —8 + 6i

(a) 8 + 6
(d)3 —4i

=
=
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1.6 Planar Sets

[‘n the calculus of functions of a real variable, the main theorems are typically stated for
functions defined on an interval (open or closed). For functions of a ComplexL \:"u‘iable
the ba&ﬁc results are formulated for functions defined on sets that are 2—dimc1§<ion'1]
“dgnuuns"’ or “closed regions.” In this section we give the precise definition ofklhe;e
point sets. We begin with the meaning of a “neighborhood™ in the complex plane L
The set of all points that satisty the inequality |

whe;re pisa positive real number, 1s called an open disk or circular neighborhood of
20 .IhIS set consists of all the points that lie inside the circle of radius p about zg In
particular, the solution sets of the inequalities -

lz 41| < =, lz] < 8

Lo =

are circular neighborhoods of the respective points 2, —i, and 0. We shall make fre-
quent reference to the neighborhood |z| < I, which is called the open unir disk.

. A poin.t zo which lies in a set § is called an interior point of S if there is some
c.n'cular neighborhood of zg that is completely contained in S. For example, if 9 is the
right half-plane Re z > 0 and zp = 0.01, then zj is an interior point of Slbec.uukse S
contains the neighborhood |z — zg| < 0.01 (see Fig. 1.18).

1f every point of a set § is an interior point of S, we say that S is an open ser. Any
open disk is an open set (Prob. 1). Each of the following inequalitics also describes an
openset: (a) p; < |z=zo0l < p2, ®)|z—=3]>2,(c)Imz > 0,and(d) 1 < Re z < 2
These sets are sketched in Fig. 1.19. Note that the solution set 7" of the inec;ﬁa]il_y;
|z - 3] .3 2 is not an open set since no point on the circle |z — 3| = 2 is an interior
pomtlof T. Note also that an open interval of the real axis is nof an open set since it
contains no open disk.
Let wi, wo, S w41 be n + 1 points in the plane. Foreach & = 1,2....,n,
}clzt }’i deno;e }Tl(])fnl]liiéeg'menl _\gomiﬂg ‘uu\ tQ u.*f{+1. Then the successi.w:: line segments
B TR a continuous chain known as a polygonal path that joins w to w1 .

Figure 1.18 Interior point.
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14, Does De Moivre’s formula hold for negative integers n?

15. (a) Show that the multiplicative law (1) follows from Definition 5.
{(h) Show that the division rule (9) follows from Definition 5.

16. Let z = re'?, (z # 0). Show that exp(Inr 4 i6) =z

17. Show that the function z(r) = ¢'", 0 < 1 =< 2, describes the unit circle |z| = 1
traversed in the counterclockwise direction (as ¢ increases from 0 to 2m). Then
describe each of the following curves.

@z =3¢, 0<t<2r  (b)z(t)=2&"+i, 0<1<2n
©z(t) =262, 0<t<1/2 (dz(t)=3e"+2—i, 0<1<2n

18. Sketch the curves that are given for (0 < ¢ < 2 by

(a) z(1) = e (b) (1) = et1=1
(€) z(r) = e~ 1H (d) z(1) = e(~1=1¥

19. Let n be a positive integer greater than 2. Show that the points g F ), 1,
.. — 1, form the vertices of a regular polygon.

20. Prove thatif z 1, then

Izt + ="
Use this result and De Moivre’s formula to establish the following identities.

i ” 55 4 g 1, sinltn+ Ho)
(a) 1 +cost +cos? coe+cosnt = T @2
si G/2)s1 e /2
(b) sin@ +sin26 4+ -+ +sinnf = sin (n6/ )‘sm (tn + 1)/ ), where
sin (#/2)
0 <@ <2,

21. Prove that if # is a positive integer, then
sin(nt/2
(n6/2) <

0 #£0, 22, 4, ...
sin(6/2) @7 " o)

[HINT: Argue first that if z = ¢' i then the left-hand side equals [(1 —z") /(1 — 2)]]
22. Show that if n 1s an integer, then
. 2m itn =0,

2T 2 i
ind . 1 / sin( = '
]G el = [0 cos(nf) d +1 fo sin(nél) do ! 0 ifn 0.

23. Compute the following integrals by using the representations (11) or (12) together
with the binomial formula.

(a) [ cos® @ do (b) [ sin(20) 6.

T As 4 canvenience in printing we sometimes write exp(z) instead of e*,
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1.5 Powers and Roots

In this section we shall derive formulas for the nth power and the mth roots of a com-
plex number.

Let z = re® = r(cos@ + i sin@) be the polar form of the complex number z. By
taking 7; = 22 = z in Eq. (13) of Sec. 1.4, we obtain the formula

) el
22 =rtd?,
" H:J' - hrL
Since 27 = zz°, we can apply the identily a second time to deduce that
:3 — -"36"39.

Continuing in this manner we arrive at the formula for the nth power of z:

P

S infl
L0

'™ =" (cosnd + i sinnd). (h

Clearly this is just an extension of De Moivre’s formula, discussed in Example 3 of
Sec. 1.4,

Equation (1) is an appealing formula for raising a complex number to a positive
integer power. It is easy to see that the identity is also valid for negative integers n
(see Prob. 2). The question arises whether the formula will work for n = 1/m, so that
¢ =z is an mth root of z satisfying

é.m =z (2)
Certainly if we define
C - i\::/,__{)i{i,’m (3)

(where {/r denotes the customary, positive, mth root), we compute a complex number
¢ satisfying Bq. (2) [as is easily seen by applying Eq. (1)]. But the matter is more
complicated than this; the number 1, for instance, has fwo square roots: 1 and —1,
And each of these has, in turn, two square roots—generating four fourth roots of 1.
namely, 1, —1, i, and —i.

To see how the additional roots fit into the scheme of things, let’s work out the
polar description of the equation ¢* = 1 for each of these numbers:

| — (1(3"0)4 — 1461'0 _— 1‘
+ — {]eiﬂfl)-j: — I-’lei'sz — 1‘

(-1 = (1e™M)* = 1% =1
(73')4 — (1()(‘3}'{/‘2)4 . 14€f('33' — ]

]

It is instructive to trace the umseculwe powe] s of these roots in the Argand diagram.
Thus Fig. 1.16 shows that i, i2, i, and i* complete one revolution before landing on 1;
(=1, (=2, (—1)3, and (-1)4 2o around twice; the powers of (—i) go around three
times counterclockwise, and of course 1, 1", ]’%, and 1% never move.



e ——

Complex Numbers

24
21. If reisé = rycisf) + rcisfh, determine r and @ in terms of r|. ra. 6, and &.
Check your answer by applying the law of cosines.
22. Use mathematical induction to prove the generalized rriangle inequality:
Z | < Z |z |.
| k=1
23. Let my. mo, and m3 be three positive real numbers and let zy, z2. and z3 be three
complex numbers, each of modulus less than or equal to 1. Use the generalized
triangle inequality (Prob. 22) to prove that
miz1 +moaza +mszz3 |
nmy + nip + 3 .
and give a physical interpretation of the inequality.
24. Write computer programs for converting between rectangular and polar coordinates
{using the principal value of the argument).
25. Recall that the dot (scalar) product of two planar vectors v; = (v, vy) and vo =
(x2, yv2) s given by
V1 V2 = XX 1
Show that the dot product of the vectors represented by the complex numbers 7y and
22 is given by
z1-z2 =Re (Z1z2) .
26. Use the formula for the dot product in Prob. 25 to show that the vectors represented
by the (nonzero) complex numbers z; and z; are orthogonal if and only if z; - 77 =
0. [HINT: Recall from the discussion following Eq. (9) that orthogonality holds
precisely when z; = icza for some real ¢.]
27. Recall that in three dimensions the cross (vector) product of two vectors vi =

{(xi, vi, Oy and va = (x2, y2, ) in the xy-plane is given by
vixve = (0, 0, x; Y2 — x2y1) -
(a) Show that the third component of the cross product of vectors in the xy-plane
represented by the complex numbers z; and z2 is given by Im (Zz2) .

(b) Show that the vectors represented by the (nonzero) complex numbers z; and
zp are parallel if and only if Im (z;z2) = 0. [HINT: Observe that these vectors
are parallel precisely when z; = ¢z for some real c.]

28. This problem demonstrates how complex notation can simnplify the kinematic anal-

ysis of planar mechanisms.

Consider the crank-and-piston linkage depicted in Fig. 1.14. The crank arm a ro-
tates about the fixed point O while the piston arm ¢ executes horizontal motion.
(If this were a gasoline engine, combustion forces would drive the piston and the
connecting arm & would transform this energy into a rotation of the crankshaft.)

e NP i T g
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Figure 1.14 Crank-and-piston linkage.

For engineering analysis it is important to be able to relate the crankshaft’s angular
coordinates—position, velocity, and acceleration—to the corresponding linear co-
ordinates for the piston. Although this calculation can be carried out using vector
analysis, the following complex variable technique is more “automatic.”

Let the crankshaft pivot O lie at the origin of the coordinate system, and let z be
the complex number giving the location of the base of the piston rod, as deplcted in
Fig. 1.14,
c=1+id,

where / gives the piston’s (linear) excursion and d is a fixed offset. The crank arm
is described by A = a(cos6; + i sin t) and the connecting arm by B = b(cos#r +
i sin 1) (¢ is negative in Fig. 1.14). Exploit the obvious identity A+B = 7 = [+id
to derive the expression relating the piston position to the crankshaft angle:

[ =acosf + bcos lisin1 (d—_absml)j! ;

Suppose the mechanism in Prob. 28 has the dimensions

b=02m, d=0.1m

a=0.1m,

and the crankshaft rotates at a uniform velocity of 2 rad/s. Compute the position
and velocity of the piston when #; = 7.

For the linkage illustrated in Fig. 1.15, use complex variables to outline a scheme
for expressing the angular position, velocity, and acceleration of arm ¢ in terms of
those of arm a. (You needn’t work out the equations.)

Figure 1.15 Linkage in Prob. 30.



For an n by n matrix A = [a,-j] with complex entries, prove the following:

(a) If u'Au = 0 for all n by 1 column vectors u with complex entries, then A is
the zero matrix (thatis, a;; = 0 for all 7, j). [HINT: To show «;; = 0, take u

to be a column vector with all zeros except for its i™ and j™ entries.]

(b) Show by example that the conclusion (A is the zero matrix”) can fail if the
hypothesis for part (a) only holds for vectors u with real number entries.
[HINT: Try to find a 2 by 2 real nonzero matrix A such that ufAu = 0 for
all real 2 by 1 vectors u.]

21. Let A be an n by n matrix with complex entries. We say that A is Hermitean if
AT = A (see Prob. 20).

{a) Show that if A is Hermitean, then u’ Au is real for any n by [ column vector
u with complex entries.

(b) Show that if B is any m by n matrix with complex entries, then B'B is Her-
mitean.

(¢) Show that if B is any n by » matrix and u is any n by 1 column vector (each
with complex entries), then u'B"Bu must be a nonnegative real number,

1.3 Vectors and Polar Forms

With each point z in the complex plane we can associate a vecior, namely, the directed
line segment from the origin to the point z. Recall that vectors are characterized by
length and direction, and that a given vector remains unchanged under translation.
Thus the vector determined by z = 1 + ¢ is the same as the vector from the point
2 4 i to the point 3 + 2i (see Fig. 1.5). Note that every vector parallel to the real axis
corresponds to a real number, while those parallel to the imaginary axis represent pure
imaginary numbers. Observe, also, that the length of the vector associated with z is

|z].

3+

1+i /

2+i

Figure 1.5 Complex numbers as veclors.
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Figure 1.6 Vector addition.

Let v; and v, denote the vectors determined by the points z; and z, respectively.
The vector sum v = v + v is given by the parallelogram law, which is illustrated in
Fig. 1.6. If z; = xy + iy and 22 = x> + iy7, then the terminal point of the vector v
in Fig. 1.6 has the coordinates (x| + x2, y; + y2); that is, it corresponds to the point
21 + z2. Thus we see that the correspondence between complex numbers and planar
vectors carries over to the operation of addition.

Hereafter, the vector determined by the point z will be simply called the vector 7.

Recall the geometric fact that the length of any side of a triangle is less than or
equal to the sum of the lengths of the other two sides. If we apply this theorem to the
triangle in Fig. 1.6 with vertices 0, z1, and z; + 22, we deduce a very important law
relating the magnitudes of complex numbers and their sum:

Triangle Inequality. For any two complex numbers z; and z, we have

|21 + z2] = |z1] + |z2]. (1)

The triangle inequality can easily be extended to more than two complex numbers,
as requested in Prob. 22.

The vector zo — z1, when added to the vector z;, obviously yields the vector z».
Thus 72—z can be represented as the directed line segment from z; to z5 (see Fig. 1.7).
Applying the geometric theorem to the triangle in Fig. 1.7, we deduce another form of
the triangle inequality:

23] = lzil + lea— il
or
lz2| = |z1l = |z2 — z1]. (2)

Inequality (2) states that the difference in the lengths of any two sides of a triangle is
no greater than the length of the third side.

Example 1
Prove that the three distinct points gy, 22, and z3 lie on the same straight line if and
only if 73 — 75 = ¢(z2 — z;) for some real number c.



