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In this work, solutions of universal differential equation (see () below, when the solutions exist)
are provided using Volterra expansions for the Chen series. Ultimately, applied to the Knizhnik-
Zamolodchikov (see (§) below) [1], this provides by dévissageﬁ] the unique grouplike solution satis-
fying asymptotic conditions. These solutions use a Picard-Vessiot theory of noncommutative dif-
ferential equations and various factorizations of Chen series over the alphabet 7, := {t;;}1<icj<n
and with coefficients in a commutative rings [2]. In particular, in the ring of holomorphic func-
tions, (H(V), 1)), over the simply connected differentiable manifold of C", V), the coefficients
{(S | w)}wer> of S are holomorphic and {0;(S | w)}1<i<, are well defined. So is the differential
d(S| w) = 01(S| wydzy + - - - + 0,(S | w)dz,. Thus, d can be defined over H(V){(T,)) by

S=> (S|ww,  dS= ) (S| w))w, (1)

we Tk weT*

leading to the following noncommutative differential equation over H(V)({(7,)),

dS = M,S, where M, = Z wijti; € Liegny(Tn)- (2)

1<i<j<n

In particular, to the partition 7,, onto 7,1 and T, := {# ,}1<k<n—1, corresponds the split of M,:
n—1
M, = M, + M,_1, where M, € Liegn)(T,—1) and M, := Z Wi ten € Liegoy(Ty).  (3)
k=1
For N= n(n — 1)/2, the forms {w;}1<;<ny and the alphabet X := {x}1<;<x in bijection with 7,
N
dS= M,S, where M, := Z wix; € Liegn)(X), (4)
i=1
M, = Z Fox. = Z U, dz;, where F, = Z fik dz; and then U, = Z fik xe. (5)

1<k<N 1<I<n 1<I<n 1<k<N

For S # 0 in the integral ring H(V){(T,), if S satisfies (f) then, by (), one might have

dS=M,S= Y () dz;, with 9,S=UsS. (6)

1<IKn

!Le. solutions of KZ,, for n > 3, are obtained using those of KZ,_; and the generating series of hyperlogarithms
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Since 0,0;S = ((0;U;) + U;U;)S and 0,0;S = 0;0;S then ((;U;) — (0;U;) + [U;, U])S = 0 and then
0:U;—0iU; = [U, U],1 <i,j< n. Or equlvalently, dM, = M, A M, inducing a Lie ideal of relators
among {t,;}1<icj<n Ty and (B) are solved over H(V)((T,) and then H(V){(T,))/Tn.

According to Drinfel’d, M, is flat and () is completely integrable [1]. Solution of (), when
exists, can be computed by convergent Picard’s iteration over the topological basis { w},c7+, i.e.

FO(G;Z):lH(V), Fi(gaz): i—1 5’, /M F_ 1 l>1 (7)

and the sequence { F; } >0 admits the limit, called Chen series of the holomorphic forms { ; ; }1<i<j<n
and along a path ¢ ~» z over V, modulo 7, is viewed as the fundamental solution of ().

More generally, by a Ree’s theorem, Chen series is grouplike belonging to e“*#) {7} and can be
put in the MRS factorization form [2] and [4]. Moreover, since the rank of the module of solutions
of (H) is at most equals 1 then, under the action of the Haussdorf group, i.e. e“c{7) playing the
role of the differential Galois group of () [2].

From these, in practice, infinite solutions of () can be computed using convergent iterations of
pointwise convergence over H(V){(T,)) and then H(V){(T,))/Tn. A challenge is to explicitly and
exactly compute these limits of convergent sequences of (not necessarily grouplike) series on the
dual topological ring and over various corresponding dual topological bases.

Applying [#)-(@), substituting ¢, by t,;/2iz and specializing w;; to dlog(z; — z;) and then V
to the universal covering of the configuration space of n points on the complex plane C! :=
{z = (z1,...,2,) € C"z # zfori # j}, denoted by @, various expansions of Chen series
over ’H(@)«’ﬁ,» provide solutions of the differential equation dF = Q,F, so-called KZ, equation
and Q, is so-called universal KZ connection form, defined by

3
|
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t _ _
Qu(z) := Z i—’;rdlog(zi —z) =Q+Q,1, where Q,(z):=
1<i<ji<n

5
52 dlog(ze — z,). (8)
in

»
I

1

In particular, let 3, o = {z1,...,2z,-2} U {0} (for z,_; = 0) be the set of singularities and
s = z,. For z, — z, 1, the connection Q, behaves as (2iz)"!'N,_;, where N,_; is nothing but
the connection of the differential equation satisfied by the noncommutative generating series of
hyperlogarithms

ds ds
Noca () 1=t = > bn € Liey iz, (To)- (9)
Let o be the function on 7., mapping words to iterated integrals over the holomorphic 1-forms

{dlog(z; — zj) }1<icj<n along the path ¢ ~» z over Cr. The Chen series of {dlog(z; — Zj) }1<icj<n can
be used to determine solutions of (§) and depends on the differences {z; — 2} 1<;<j<,. Furthermore,
the universal KZ connection form Q, satisfies dQ, — Q, A Q, = 0, inducing the relators associated
to following relations on {#;;}1<i<j<. and generating the Lie ideal J, of Liey)(Tx),

[tix+ Lk, 1) =0 fordistinct i, j,k, 1<i<j<k<n,
R, = [tij+ tik, tix) = 0 for distinct i, j, k, 1 ?i< ]<< I<c <n, (10)
B o <i<j<n,
[tij, try) = 0 for distinct i, j, k, I, {1 Zk<i<n

Then solutions of (§) are expected in #(C?)(7,.))/Tx. .
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For z, — z,_1, grouplike solutions of (§) are of the form h(z,)H(zi, ..., z,_1), where h satisfies
the differential equation df = (2iz) 'N,_fsuch that h(z,) ~, . , (2,1 — 2,)" /%7 and H
satisfies the following differential equation

dS:Qf”_lS, where Qf"_l(z): Z dlog(zi—zj)qﬁflzo’z)(ti’j)/Ziyr (11)

1<i<j<n—1

and §0"9 (1)) ~ourar, €I g mod T,

Let D, (resp. Dr,) denote the diagonal series on the w-bialgebra (Q(7,), conc, 17+, AL,) (resp.
(Q(T,), conc, 17+, A,)) endowed the dual bases {P;}icrynr, and {S;}iczynT, (resp. {Pi}icsynt, and
{Si}iecynt,) indexed by Lyndon words on LynT, (resp. LynT,) [4]. Then solutions of (§) can be

computed by the following recursion

z

Wls. ) =Talsd) Y [ ou9 e Inticils (12

tij€Tno1 S
with Vo(¢, 2) = (aZ ® 1d)Dry,, or with Vy(s, z) = (e ® Id)Dr, mod [Liexw)(Tn), Lienw) (Ta)]-
Finally, there effectively exists {Fs,}ic 2,7, such that the sequence { Vi }1>0 in (L) converges, in the
first case, to the unique solution of () satisfying asymptotic conditions and achieving the dévissage:

e
Fxr,, = H ettt <17’n* + Z Fa(wtl)%...uj a(vite) r(v1 tl) - r(vktk)> (13)
2 2

leLynT, V1yeooy VEE TSt e ik €T 1,k>1

(. J

functional expansion of solution of KZ, ;

N\ N\ N\
- I e 1 sy I e (14
leLynT,—1 I=hl,belLynTp_1,i€ELYNT, leLynT,

while in the second case, it leads to an approximation of ([L3):

Fyy = eX€tn Fft(lwrn* + Z Fa(izltl)uj(...%(a(i/ktk))...)r(vl t)... "(thk)>7 (15)
2 2

Vi, VRE Tt ey g€ T 1,k>1

where w denotes the half-shuffle product [3] and, forany w=t, ... t, € 7,

a(w) = (—=1)"ty... 1y, rlw)=ad,o---o0ad,, | tm, W=1tw...w iy, (16)
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