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Familiarizing students with definition of Lebesgue measure
using Mathematica - some examples of calculation directly
from its definition
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“Young man, in mathematics you don’t
understand things. You just get used to
them”

John von Neumann

The following definitions and lemmas we will use in our talk (see [9, [3]]):

Rectangles. A closed rectangle R in R? is given by the product of d one-dimensional
closed and bounded intervals: R = [a1,b1] X [az,b2] X --- X [aq,bq], where a; < b; are real
numbers, j =1,2,...,d. In other words, we have R = {(x1,...,x4) € R?: a; <x; <bj forall
j=1,2,...,d}. We remark that in our definition, a rectangle is closed and has sides parallel
to the coordinate axis. In R, the rectangles are precisely the closed and bounded intervals,
while in R? they are the usual four-sided rectangles. In R? they are the closed parallelepipeds.

An open rectangle is the product of open intervals, and the interior of the rectangle R is
then

(al,bl) X (az,bz) X X (ad,bd).

We say that the lengths of the sides of the rectangle R (open or closed) are by —ay,...,b;—
ag. The volume of the rectangle R (open or closed) is denoted by vol (R), and is defined to be
vol(R) = (b1 —ay) -+ (bg —ay).

A union of rectangles is said to be almost disjoint if the interiors of the rectangles are
disjoint. In this presentation, coverings by rectangles play a major role, so we isolate here
three important lemmas.

Lemma 1. If a closed rectangle is the almost disjoint union of finitely many other closed
rectangles, say R = J}_, Ry, then vol (R) = Y_, vol(Ry).

Lemma 2. IfR,Ry,...,Ry are closed rectangles, and R C Uiv:1 Ry, then
vol(R) < YN, vol(Ry).

Lemma 3. IfRy,...,Ry are almost disjoint closed rectangles, Q1,...,Qpy are some closed
rectangles and \JY_, Ry C U, O, then Y, vol(Ry) < Y&, vol(Qy).

Applying the previous Lemma [3]we can prove:

Lemma 4. If Ry,...,Ry are almost disjoint closed rectangles, Qy, k = 1,2,... are some
closed rectangles and Uivzl Ry C Ui~ Ok, then Zivzl vol(Ry) < Yi; vol(Qy).

Proof. Let A = UQ’:] Ry. For a fixed € > 0 we choose for each k an open rectangle P, which
contains Ry, and such that vol(P;) < (1+ €)vol(Qy). From the open covering J;_; P, of
the compact set A, we may select a finite subcovering which, after possibly renumbering



the rectangles, we may write as A C Uﬁ’lzl P.. Taking the closure of the rectangles P, we
may apply Lemma [3| to conclude that for any € we have: Y vol(R;) < Y2 vol(P) <
(1+&) XM vol(Qx) < (1+¢€) X, vol(Qy). Since € is arbitrary, we find that Y'3'_ vol(R;) <
Yy vol(Qx). O

Definition 1. (see [3| 7,18, 19]]) Let (Rz,i)ﬁ, m) be measure space, where 20t is 6— algebra of
Lebesgue measurable subsets in R?, and m- Lebesgue measure on R?. The measure m for
any A € 9 is defined by the following formula:

= 1nf{ Z vol(R;):A C U R;, R; is closed rectangle in R2,j e N} @)

In this talk we present some examples of calculation the Lebesgue measure of some
subsets of R? directly from definition 1. We will consider the following subsets of R?:
{(x,y)) eR*:0<y<x*0<x <1}, {(x,y) €R?:0 <y <sinx,0 <x<7m/2}, {(x,y) €
R?:0<y<exp(x),0<x<1},{(x,y) ER*:0<y<In(1—2rcosx+7r*),0<x<m},r>1.
We calculate sums, limits and plot graphs and dynamic plots of needed sets and unions of
rectangles sums of which volumes approximate Lebesgue measure of the sets, using Math-
ematica. The title of this talk is very similar to the title of author’s article [1]] which deals
with definition of Lebesgue integral but our talk deals with definition of Lebesgue measure
instead.

Let A be the set in R? bounded by curves: y = X2, y =0, x =1, which means that A =
{(x,y) € R2:0<y<x’0<x< 1}. Let us calculate Lebesgue measure of A using only
formula (I)) from definition 1 and lemmaf4]

For n € N define: R;f = [%,%] X [O,,’;—z}, Jj=12,...nand R} = [%»ﬂ x [0, (,;21)2],
j=12,...n.
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We consider an arbitrary covering A C 7. R; by closed rectangles.
Hence because J]_; R RiCAC U7 R; for any n from lemmal we have:



Yoy vol(R}) < Y7 vol(R)).
Applying the formu]awe have: Y7 vol(R;) > lim, . }}_; vOI(R}) = % Consequently,

m(A) :inf{ Y vol(Rj):AC [ JR), R; is closed rectangle in R?, j € N}
= = “
1
> —.
—3

From inequalities (2) and (4) we have m(A) = % directly from formulafrom deﬁnition
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