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Abstract

We present an algebraic method designed to deal with with reliability in propositional
logic. Our approach may be regarded as an extension of classical bivalued propositional logics,
in which each propositional formula is assigned a certain degree of unreliability. According
to this approach, each formula will be used in the context of reasoning depending on how
much reliability it is associated with. The more reliable a formula is, the more likely will
it be employed in order to get a logical conclusion. This approach involves a quite different
concept to that of probabilistic logics, since the logical notions of tautological consequence
and consistency of a set of formulae are reformulated on behalf of the foreseen unreliability
values. Here we state a relation between these unreliability values associated to tautological
consequence and the calculation of reduced Groebner bases on an ideal of Boolean polynomials.
In this way, our method for assigning these unreliability values to information and reasoning
turns out to have a straightforward translation into algebraic terms. Thus, any knowledge
system using our model can be implemented in a mathematical program, like Maple, CoCoA
or specialized software on Boolean polynomials like Polybori. This work is related to the
algebraic approaches used for multivalued logics. However, these algebraic approaches result to
be impractical since they deal with polynomials of high degree. Otherwise, since our approach
involves only Boolean polynomials, we think that this may be interesting for implementing
expert system managing uncertainty information.
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1 Introduction

This paper presents an algebraic method for considering uncertainty on knowledge described by
Boolean propositional logic. This may be regarded as an refinement of the model presented in
[15]. Unlike the algebraic model presented previously, we here present an algebraic model which
involves only Boolean polynomials. This fact implies an important advantage above the previous
one, since we improve the efficiency of inference under uncertainty by means of specialized software
on Boolean polynomials (like Polybori) which runs much faster than a non-specialized computer
algebra system.

This work may be related to the algebraic approaches used for multivalued logics. Neverthe-
less, these algebraic approaches are impractical since they deal with polynomials of high degree.
Otherwise, since our approach involves only Boolean polynomials, we think that this may be in-
teresting for implementing expert systems managing uncertainty information. As an example, we
have implemented our approach using the CAS CoCoA.

2 Reasoning with unreliability

In this section, we will consider formal definitions involved in our model, which were presented in
[15].

Definition 1 (Formula). Let X1, ..., X,, be variables. A formula is defined recursively as follows:

e X;, where X; € Xy, ..., X,, is a variable (also usually called a proposition)



e — B, where B is a formula
e BV (C, where B and C are formulae

Each formula in our model is associated to a certain unreliability degree, indicating how dubious
the information contained in that formula is to the knowledge system. This unreliability degree
can go from 0 to 2™ — 1, where n is any natural number. Throughout this paper, we will use letter
q referring to 2™, being the number of possible unreliability degrees we can assign to any formula.
In this way, the definition of an unreliable formula runs as follows:

Definition 2 (Unreliable formula). Let Xy, ..., X,,, be variables. An unreliable formula is a formula
A along with a value g(A) € N, such that 0 < g(A) < gq.

We will make use of C to denote the set of unreliable formulae.

Definition 3 (Valuation). Let A € C. Let a7,...,z%, € {0,1}, a valuation of the formula A,
A(xs,...,z},), is defined recursively as follows:

o If A= X, then A(x],...,z}) = xf
e If A =-B, then we have that

if B(x3,...,z5) =0

. oy 1 m
Ay, ) = { 0 otherwise
[ ] IfAEB\/Cv then
1 if B(z},...,a%) =1
Axy,pap,) =4 1 i O, . 27,) =1

0 otherwise

Remark 1. We will say that a formula A holds for a valuation (z7, ..., z},) if and only if A(z7,...,2},) =
1.

In classic propositional logic, a set of formulae is said to be consistent if it is possible that all
these formulae hold for a valuation. Now, we will generalize this concept for unreliable formulae.
A set of unreliable formulae is said to be consistent to a certain degree, v, (v-consistent) if the
subset of formulae with an unreliability degree equal or lesser than v is consistent in the usual
sense of classical logic.

Definition 4 (Consistent). Let 0 < v < gq.
Let 1417 ...7A7~ eC.
{A4,..., A} is v-consistent < Jz%, ..., z* € {0,1} such that:
if A; € {A1,..., A} and g(4;) <w, then A;(z7,...,z}) =1

m

Next we will provide a generalization of the notion of tautological consequence in terms of our
model. As was the case with the concept of consistence, we will reach a redefinition of tautological
consequence as applied to unreliable formulae. An unreliable formula, B, is said to be a tautological
consequence to a certain degree, v, of a set of formulae (v-tautological consequence) when B is a
tautological consequence (in the usual sense of classic propositional logic) of the subset of formulae
with an unreliability degree equal or lesser than v.

Definition 5 (Tautological Consequence). Let 0 < v < q.

Let Ay,...,A.,B€C.

B is a v-tautological consequence of {Aj,..., A4, } if and only if Vzi, ...,z € {0,1} the following
holds:

if VA, € {41, ..., Arg(A;) < v} Ai(xr,...,zk) =1, then B(zF,...,x%,) = 1.

m

Remark 2. B is a v-tautological consequence of {4, ..., 4,} independently of the unreliability
degree of B, g(B).



3 Algebraic approach

In this section we will focus on the procedure to translating logical formulae into polynomials, we
will study some properties about the resulting polynomials, while analyzing the relation between
such polynomials and the logical formulae they stand for.

First of all, we will define the ideal (in order to define Boolean polynomials):

Definition 6 (Ideal J). We define the following ideal in Zg[x1, T2, . ., Tm, Y15 - - -, Yql
J = <1'%+I1,I§+$2,...,$En+$m7y%+y1,...,y§+yq>

We will associate a polynomial in Zs[z1, %2, . .., Tm,Y1,- - -, Yq] to each unreliable formula in C.
This will enable us to focus in an algebraic way the problem of determining the consistency degree
of a set of unreliable formulae and the deduction degree of an unreliable formula as derived from
others.

In our translating procedure we make use of a normal form, NF, of the polynomials on the ideal
J. The use of the normal form interests us because it produces ‘simpler’ polynomials. Prior to
translating formulae affected by unreliability values, we will define the translation into polynomials
of single formulae with no associated unreliability degrees.

Definition 7 (polynomial of a formula). Let A € C. The polynomial associated to the formula A,
qa € Zo|xq, ..., T, is recursively defined as follows:

e If A= X,, where X; is a variable, then g4 = x;
e If A=-DB, then g4 = NF(¢qp +1,J)
o If A= BV, then g4 = NF(¢5 - q¢,J)

Remark 3. The polynomial g4 associated to the formula A is defined regardless of the unreliability
degree of the formula A, g(A).

Next, on the basis of Definition 7, we define another kind of polynomials associated to each
unreliable formula, but also taking into account the unreliability degree of the formulae. These
polynomials will be helpful for determining the consistency degree of formulae and the deduction
degree as derived from others.

Definition 8 (polynomial of an unreliable formula). Given an unreliable formula A € C such that
g(A) = v, the polynomial associated to the unreliable formula A, ps € Zo[T1, ..., Ty, Y1, -« - s Y], 1S
defined as follows:

PA=4qA-Y1Y2 - Yo

Remark 4. Since the normal form is here used, the indeterminates x1, ..., Tm, y1, . . . Y4 are never
to a power greater than 1.

Remark 5. When the unreliability degree of a formula A is 0, that is to say, g(4) = 0, then
PA = qa.

Next, we will present the main result of this paper:

Theorem 1. Let Aq,...,A,.,C €C.
We have that:

e B is v-tautological consequence of {A41,... A} © y1...y - q(B) € (q(A1) ... q(A))

o {Ay,..., A} is v-consistent < y1 - ...y, & (q(A1)...q(A;))

According to the previous result, any knowledge system managing uncertainty on Boolean
propositional can be implemented in a computer algebra system, like CoCoA or Polybori.
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4 Conclusions

In this paper we have presented an algebraic model for managing knowledge affected by different
degrees of unreliability. This model may be regarded as an extension on classical propositional
logics, with addition of unreliability values associated to each proposition. The usual logical no-
tions of tautological consequence and consistency of a given set of formulae have been redefined
on behalf of the unreliability values. The main contribution of this work is concerned with the
link between the unreliability values associated to tautological consequence and the calculation of
reduced Groebner bases on an ideal of polynomials.
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