COMPUTER ALGEBRA APPLIED TO MATHEMATICAL CARTOGRAPHY.

A study of the angular distorsion in the UTM projection.

Carlos Enr�quez Turiæo. Dpto. de Ingenier�a CartogrÆfica, GeodØsica y Fotogrametr�a. Universidad de JaØn.

C/ Virgen de la Cabeza, 2. 23071 JA�N. Espaæa. email: cenrique@ujaen.es

ABSTRACT It’s a well known fact that the conformal Gauss-Kr�ger projection, and its variant the UTM, are not strictly conformal because of the truncation of the terms and then none of the Cauchy-Riemann conditions are satisfied. In this work we prove this fact and we evaluate the angular distorsion for the Hayford ellipsoid, proving that the projection is practically conformal. In order to evaluate the maximum angular distorsion we use the semiaxes of the Tissot indicatrix ellipse, according to the procedure described in [1], p 103 ss or [3], p. 23 ss. The third part of this work, which is under construction, is a package with useful functions for the UTM projection, including:

Direct and Inverse transformation. Grid Convergence. Local scale-factor. Correct to a line of finite length. The chord to arc correction.

KEYWORDS Geodesy, Cartography

SOURCES [1] Coordinate Systems and Map Projections. 2“ Ed. D. H. Maling. Pergamon Press. Oxford, 1992. [2] La proyecci�n UTM. J. L. Rossignoli Just. Servicio GeogrÆfico del Ejercito. Madrid, 1976. [3] Map Projections. A Reference Manual. L. M. Bugayevskiy and J. P. Snyder. Taylor & Francis. London, 1995 [4] Programming in Mathematica. Second Edition. R. Maeder. Addison and Wesley. Redwood City, 1991. [5] An Introduction to Programming with Mathematica. Second Edition. R. J. Gaylord, S. M. Kamin, P. R. Wellin. Springer-Telos. New York, 1996.

In[1]:= timeinit = AbsoluteTime @D;

� Non Verification of the Cauchy-Riemman Conditions

� We begin with the definition of some auxiliary functions

The auxiliary functions that we are going to use are: Mradius, Nradius, h[j ] and b[j ]. Mradius, the meridional radius of the ellipsoid, is defined as

M =^{a H1-e2L}

�

" ###########################
  H1-e^2 sin^2 jL^3

Nradius, the transversal radius of the ellipsoid, is defined as:

   N =^a

      �

         �!!!!!!!!!!!!!!!!!!!!!!!!!!
           H1-e^2 sin^2 jL

h^2 =^N�_M - 1 =^{e2}�_{1-e2}  cos^2 j

b[j ], the length of an arc of meridian of latitude j , is defined as db = M dj . e2, e^2, is the eccentricity of the ellipsoid.

In[2]:= Mradius[j_] := Nradius[j] /(1+h[j]^2);
       Nradius’[j_]:= Tan[j] Nradius[j] h[j]^2/(1+h[j]^2)
       h’[j_] := - h[j] Tan[j];
       b’[j_] := Mradius[j];

� Definition of the transformation equations for the UTM

We take the formulae from [2].

In[6]:= formulaII[j_] := Nradius[j] Cos[j]^2 Tan[j] /2;
       formulaIII[j_] := Nradius[j] Cos[j]^4 Tan[j] (5 - Tan[j]^2 + 9 h[j]^2 + 4 h[j]^4)/24;
       formulaIV[j_] := Nradius[j] Cos[j];
       formulaV[j_] := Nradius[j] Cos[j]^3 (1 - Tan[j]^2 + h[j]^2)/6;
       restA6[j_] := Nradius[j] Cos[j]^6 Tan[j] (61 - 58 Tan[j]^2 + Tan[j]^4 + 270 h[j]^2 - 330 Tan[j]^2 h[j]^2)/720;
       restB5[j_] := Nradius[j] Cos[j]^5 (5 - 18 Tan[j]^2 + Tan[j]^4 + 14 h[j]^2 - 58 Tan[j]^2 h[j]^2)/120;

In[12]:= yUTM[j_, l_] := k0 (b[j] + formulaII[ j] l^2 + formulaIII[ j] l^4 + restA6[j] l^6);
        xUTM[j_, l_] :=  500000 + k0 (formulaIV[ j] l + formulaV[j] l^3 + restB5[j] l^5);

� Calculus of the partial derivatives

� Partials derivatives for the x function

In[14]:= dxj = D@xUTM@j, lD, jD;

In[15]:= dxl = D@xUTM@j, lD, lD;

� Partials derivatives for the y function

In[16]:= dyl = D[yUTM[j,l], l];

In[17]:= dyj = D[yUTM[j, l], j];

� Cauchy - Riemann Conditions

A map projection is conformal if it preserves the angles. The conditions for a conformal mapping, given by the equation: (x, y) = f(j , l ), are the Cauchy - Riemann conditions:

1�
M

   ¶x�
   ¶j

      = - 1

         �
         N cos j

                ¶y�
                ¶l
 1�
 M

   ¶y�
   ¶j

      = 1

        �
        N cos j

                ¶x�
                ¶l

In order to prove the non verification of the Cauchy - Riemann conditions we will take the following steps:

1^{st} STEP: Calculus of the partial derivatives. (Done in the previous epigraph) 2^{nd} STEP: Multiply each partial derivative by its corresponding factor 3^{rd} STEP: Generate a list of coefficients of powers of l in each member of the equation 4^{rd} STEP: Make the difference between the coefficients. If both members are equal then the difference will be zero. Otherwise the members will be different and then the correspondent Cauchy - Riemann condition is not verified.

� First Cauchy - Riemann condition

In[18]:= Simplify[- Nradius[j] Cos[j] dxj]

Out[18]=                 2                     2       4

      (k0 l Nradius[j]  Sin[2 j] (120 + 40 l  + 16 l  +
                2       2                 4
            30 l  (2 + l ) Cos[2 j] + 15 l  Cos[4 j] +
                2       2       2       2               2
            30 l  Cos[j]  (6 - l  + 10 l  Cos[2 j]) h[j]  +
               2       2          2       2               4
            8 l  Cos[j]  (10 - 2 l  + 27 l  Cos[2 j]) h[j] )) /
                      2
        (240 (1 + h[j] ))

In[19]:= coefserieDxj = FullSimplify[CoefficientList[%, l]]

Out[19]=                  2

          k0 Nradius[j]  Sin[2 j]
      {0, -----------------------, 0,

           ----------------------
                          2
                2 + 2 h[j]
                      2
        (k0 Nradius[j]  Sin[2 j] (2 + 3 Cos[2 j] +
                   2     2            2                   2
             Cos[j]  h[j]  (9 + 4 h[j] ))) / (12 (1 + h[j] )), 0,
                      2
        (k0 Nradius[j]  Sin[2 j] (16 + 30 Cos[2 j] + 15 Cos[4 j] +
                     2     2
             2 Cos[j]  h[j]  (-15 + 150 Cos[2 j] +
                                         2                    2
                4 (-2 + 27 Cos[2 j]) h[j] ))) / (240 (1 + h[j] ))}

In[20]:= Simplify[Mradius[j] dyl]

Out[20]=                        2

      (k0 l Cos[j] Nradius[j]  Sin[j]
                  4       4                2         4
          (120 + l  Cos[j]  (61 - 58 Tan[j]  + Tan[j]  +
                                2      2
               (270 - 330 Tan[j] ) h[j] ) +
                2       2            2         2         4
            20 l  Cos[j]  (5 - Tan[j]  + 9 h[j]  + 4 h[j] ))) /
                      2
        (120 (1 + h[j] ))

In[21]:= coefserieDyl = CoefficientList[%, l]

Out[21]=                         2

          k0 Cos[j] Nradius[j]  Sin[j]
      {0, ----------------------------, 0,

           ---------------------------
                           2
                   1 + h[j]
                 3           2                   2         2         4
        k0 Cos[j]  Nradius[j]  Sin[j] (5 - Tan[j]  + 9 h[j]  + 4 h[j] )
        ---------------------------------------------------------------,

         --------------------------------------------------------------
                                            2
                                 6 (1 + h[j] )
                     5           2
        0, (k0 Cos[j]  Nradius[j]  Sin[j]
                          2         4                    2      2
           (61 - 58 Tan[j]  + Tan[j]  + (270 - 330 Tan[j] ) h[j] )) /
                       2
         (120 (1 + h[j] ))}

In[22]:= FullSimplify[coefserieDyl - coefserieDx j]

Out[22]= {0, 0, 0, 0, 0,

                  3           2                               4
         k0 Cos[j]  Nradius[j]  (31 Sin[j] - 27 Sin[3 j]) h[j]
         ------------------------------------------------------}

          -----------------------------------------------------
                                         2
                             30 (1 + h[j] )

� Second Cauchy-Riemann condition

In[23]:= Simplify[Nradius[j] Cos[j] dyj]

Out[23]=                      2   2             2       4

      (k0 Cos[j] Nradius[j]  (l  (720 + 120 l  + 17 l ) Cos[2 j] +
                         4               6               6
            15 (96 + 12 l  Cos[4 j] + 4 l  Cos[4 j] + 3 l  Cos[6 j]) +
               2       2             2        4
            2 l  Cos[j]  (360 - 660 l  + 376 l  -
                    2          2                  4               2
               360 l  (-3 + 2 l ) Cos[2 j] + 675 l  Cos[4 j]) h[j]  +
                4       2            2               2
            30 l  Cos[j]  (-51 + 18 l  - 7 (-11 + 5 l ) Cos[2 j] +
                   2               4
               35 l  Cos[4 j]) h[j]  +
                 4       2                       6                    2
            120 l  Cos[j]  (-5 + 7 Cos[2 j]) h[j] )) / (1440 (1 + h[j] ))

In[24]:= coefserieDyj = FullSimplify[CoefficientList[%, l]]

Out[24]=                      2

       k0 Cos[j] Nradius[j]
      {---------------------, 0,

        --------------------
                     2
             1 + h[j]
                             2                   2     2
         k0 Cos[j] Nradius[j]  (Cos[2 j] + Cos[j]  h[j] )
         ------------------------------------------------, 0,

          -----------------------------------------------
                                     2
                          2 (1 + h[j] )
                             2
        (k0 Cos[j] Nradius[j]  (4 Cos[2 j] + 6 Cos[4 j] +
                   2     2
             Cos[j]  h[j]  (-44 + 72 Cos[2 j] +
                                        2                           4
                (-51 + 77 Cos[2 j]) h[j]  + 4 (-5 + 7 Cos[2 j]) h[j] )))\
                         2                            2
          / (48 (1 + h[j] )), 0, (k0 Cos[j] Nradius[j]
           (2 (17 Cos[2 j] + 60 Cos[4 j] + 45 Cos[6 j]) +
                     2                                         2
             4 Cos[j]  (376 - 720 Cos[2 j] + 675 Cos[4 j]) h[j]  +
                                                               4
             15 (1 + Cos[2 j] + 35 Cos[4 j] + 35 Cos[6 j]) h[j] )) /
                        2
         (2880 (1 + h[j] ))}

In[25]:= Simplify[Mradius[j] dxl]

Out[25]=                      2          2       2

      (k0 Cos[j] Nradius[j]  (24 + 2 l  (6 + l ) Cos[2 j] +
               4               2       2          2       2
            3 l  Cos[4 j] + 2 l  Cos[j]  (6 - 11 l  + 18 l  Cos[2 j])
                 2                  2
             h[j] )) / (24 (1 + h[j] ))

In[26]:= coefserieDxl = FullSimplify[Join[CoefficientList[%, l],{0,0}]]

Out[26]=                      2

       k0 Cos[j] Nradius[j]
      {---------------------, 0,

        --------------------
                     2
             1 + h[j]
                             2                   2     2
         k0 Cos[j] Nradius[j]  (Cos[2 j] + Cos[j]  h[j] )
         ------------------------------------------------, 0,

          -----------------------------------------------
                                     2
                          2 (1 + h[j] )
                             2
        (k0 Cos[j] Nradius[j]  (2 Cos[2 j] + 3 Cos[4 j] +
                     2                         2                  2
             2 Cos[j]  (-11 + 18 Cos[2 j]) h[j] )) / (24 (1 + h[j] )), 0,
        0}

In[27]:= FullSimplify[coefserieDyj - coefserieDx l]

Out[27]=                        3           2     4

      {0, 0, 0, 0, (k0 Cos[j]  Nradius[j]  h[j]
                                                        2
           (-51 + 77 Cos[2 j] + 4 (-5 + 7 Cos[2 j]) h[j] )) /
                      2                            2
         (48 (1 + h[j] )), 0, (k0 Cos[j] Nradius[j]
           (2 (17 Cos[2 j] + 60 Cos[4 j] + 45 Cos[6 j]) +
                     2                                         2
             4 Cos[j]  (376 - 720 Cos[2 j] + 675 Cos[4 j]) h[j]  +
                                                               4
             15 (1 + Cos[2 j] + 35 Cos[4 j] + 35 Cos[6 j]) h[j] )) /
                        2
         (2880 (1 + h[j] ))}

The total time, in seconds, for the evaluation of the entire notebook is:

In[28]:= totaltime = AbsoluteTime[]  - timeinit

Out[28]= 133.00000