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Abstract

Random Fourier Neural Networks (rFNNs) are trained by repeatedly solving overdetermined least
squares problems to find amplitudes corresponding to sampled frequencies. Because these solves
comprise the majority of the cost of training, this thesis investigates whether randomized sketching-
based methods can reduce runtime while preserving sufficient accuracy for training rFNNs. We
study the regularized least squares problem produced from one training iteration of an rFNN with
one layer and compare Householder QR against three sketching-based solvers: Sketch-and-Solve,
Sketch-and-Precondition, and Iterative Sketching. Using Clarkson-Woodruff sketching for these
methods, we summarize the relevant subspace embedding guarantees and experimentally evaluate
the methods in terms of conditioning, embedding distortion, and runtime, as well as forward,
residual, and backward error. The results show that Sketch-and-Solve can provide substantial
speedups but is not sufficiently accurate for this application. In contrast, Sketch-and-Precondition
and lterative Sketching achieve errors consistent with the Tikhonov regularization level across a
broad range of sketch dimensions while also outperforming Householder QR in runtime for many
problem sizes. Sketch-and-Precondition is the fastest among the tested methods, while lterative

Sketching is marginally slower and more sensitive to poor subspace embeddings.
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Glossary

W Width (number of neurons) of the first layer of a Random Fourier Neural Network, half the
width of all later layers. Also an important parameter for the dimension of the least squares

problem.
L Depth (number of layers) in a Random Fourier Neural Network.

N Number of samples from the target function for training. The most important parameter

determining the number of rows in the least squares problem.

A Tikhonov regularization parameter. Used in the regularized least squares problem to improve

stability.
0 Scalar input variable for the target function. In our example, 6 € [—1,1].
(Q)(0) Target function being evaluated at point 6.
A Overdetermined matrix for the least squares problem.
A Augmented / regularized least squares matrix in R™*",
16 Least squares unknown / coefficient vector of Fourier amplitudes or weights in R™.
£*  Exact minimizer of the unsketched least squares problem.

By Initial guess used to start iterative methods. Often 5y = R71QT(Sy).



Glossary

(B;  lteration ¢ approximation of (3 in iterative solvers.

Y Vector of target function evaluations; right-hand side of the unaugmented least squares

problem.
Y Augmented / regularized right-hand side of least squares problem.
r(f) Residual as a function of 5. Defined as r(8) = y — Ap for a generalized system A = y.
S Clarkson-Woodruff sparse sketching matrix. We take S € R%*™.

d Number of rows of the sketching matrix S. Also called the sketch dimension or embedding

dimension.
m  Number of rows of A and number of columns of S.
n Number of columns of A, and dimension of 5. Thus A € R™*" and g € R"™.
¢ Number of nonzeros per column in the sketching matrix. Sketch sparsity parameter.
k(+) Condition number of a matrix.
Omax(+) Largest singular value.
Omin(-) Smallest singular value.
i Residual at iteration 7 in iterative sketching.
¢ Normal-equation residual (gradient-like vector), typically ¢; < ATr;.
Di Intermediate vector from a triangular solve, typically solving R'p; = ¢;.
q; Correction step, typically obtained from Rq; = p;, then used in 8,11 = 3; + ¢;.
€ Accuracy parameter also called embedding distortion. Distortion is usually bounded by

(1+e).

Xi



Glossary

Or1  Probability sketching fails to reach an embedding distortion. An embedding holds with
probability at least 1 — dga1.

gis  Convergence factor for iterative sketching. Typically one requires gis < 1 for convergence.

7 Target relative residual accuracy bound, for Sketch-and-Solve ||7(5;)|| < (1 + 7)||r(8*)].

Xii



Chapter 1

Introduction

Random Fourier Neural Networks (rFNNs) are neural network architectures designed to approx-
imate target functions using complex exponential activation functions. In this setting, a target
function is represented using sampled Fourier modes, and the contribution of each sampled mode
is determined by an amplitude parameter. This gives rFNNs a natural connection to Fourier
analysis and makes them well suited for representing oscillatory, high-frequency, and multiscale

structure [2].

The central computational problem considered in this thesis is the least squares problem that
arises when computing these amplitude parameters. Once a set of frequencies has been sampled,
the remaining task is to determine the amplitudes that best fit the target function values at a
given set of sample points. This leads to an overdetermined least squares problem, typically with
Tikhonov regularization. Since this type of least squares problem can be large, ill-conditioned,
and repeatedly encountered in rFNN computations, solving it efficiently is an important numerical

task.

The goal of this thesis is to study randomized sketching methods for this least squares problem.
In particular, we compare Sketch-and-Solve, Sketch-and-Precondition, and lterative Sketching

against Householder QR. We summarize the relevant subspace embedding theory for Clarkson-
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Woodruff sketching and evaluate these methods experimentally in terms of conditioning, em-
bedding distortion, runtime, forward error, residual error, and backward error. For controlled
analysis, we restrict attention to the least squares problem arising from one approximation step
of a one-layer rENN. The same least squares structure, however, appears more broadly in rFNN

computations.

The main contribution of this thesis is a focused analysis of sketching methods for the specific
least squares problems that arise in rFNNs. We formulate the rFNN amplitude-fitting problem in a
way that allows direct comparison of the solvers, and we evaluate these methods both theoretically
and experimentally in the context of randomized Fourier feature approximation. This provides

application-specific evidence for when sketching is effective and when it is not.

Section [1.1] introduces the regularized least squares problem and augmented system studied
throughout the thesis. Section derives the connection between this problem and rFNNs. The

remainder of the thesis studies randomized least squares solvers for that system.

1.1 Least Squares Problem

The least squares problem that we are studying can be expressed as the following unconstrained

convex optimization problem:

i — AB|I3 + MBI
min [ly — AB[l; + A B];

Here, A € RU™"™)*" is 3 given design matrix, y € R™ ™ is a given right-hand-side vector, 3 € R"
is the unknown vector of parameters, and A > 0 is a (small) Tikhonov regularization parameter,

with m > 2n. This can be equivalently expressed as

- - A
in ||y — AB|?, A= e R™*™, = e R™. 1.1.1
min [[j— A AL = (1.1.1)

In practice, this least squares problem is highly overdetermined, meaning that the number of rows

m is much greater than the number of columns n (i.e., m > n).
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Challenges. There are three main numerical challenges associated with problems of the form
(1.1.1)). First, the problems we are interested in are of large scale, where m may be on the order
of millions, while n may be on the order of tens or hundreds. Second, although the augmented

design matrix A € R™*" is assumed to be full rank, it may have a large condition number

ﬂ(ﬁ):M@»l,

where omas(A) and omin(A) are the largest and smallest singular values of A, respectively [12].
Generally, Tikhonov regularization is used to improve the conditioning of this least squares problem
[1], but it also introduces a small amount of bias depending on the value of the regularization
constant. This means that the least squares problem needs to be solved within an error tolerance
on the order of the chosen A > 0. Third, in some randomized machine learning applications such
as rFNNs (discussed in section , we may need to repeatedly solve least squares problems of
the form ((1.1.1)) with different constructions of the design matrix.

Goal. The goal of this thesis is to solve least squares problems of the form (1.1.1)) efficiently
and accurately. Standard direct methods can compute accurate solutions, but they become
prohibitively expensive for solving many very tall systems. The methods studied in this thesis seek
to reduce this cost by replacing the original problem with smaller or better-conditioned randomized

least squares problems.

1.2 Motivation from rFNNs

Random Fourier Neural Networks are designed to approximate a target function ) = Q(6),
for 0 € R, from a given training data set {6;, Q(6;)}, using complex exponential activation
functions. One way to motivate this choice of activation function is through the Fourier integral

representation of a function. Precisely, we assume that the target function () is continuous and
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has the integral representation

Q(6) = % / O(w)e™ du,

where Q is the Fourier transform of Q [4]. By Euler's formula,
¥ = cos(w - 0) +isin(w - 0),

which expresses the target function as a continuous superposition of sinusoidal modes. In this
interpretation, w is a frequency variable and @(w) describes the contribution of that frequency to

the target function.

This integral representation also motivates the sampling viewpoint used in randomized Fourier
methods. In such methods, we view the frequency w as a random variable following a probability
distribution p(w). By importance Monte Carlo sampling [9], and assuming p(w) is a probability
density that is positive wherever @(w) is nonzero, the Fourier integral can be rewritten as an
expectation:

By [8], a Monte Carlo approximation of this expectation using W > 1 independent sampled

frequencies wy, ..., wy ~ p(w) gives

Z zwj9

V 27rp wj)
Thus, a finite set of sampled frequencies gives a finite Fourier feature approximation of the target
function. In practice, the Fourier transform @ and an optimal sampling density p are generally
not known exactly. The rFNN training procedure therefore samples frequencies and then solves

for amplitudes that best fit the target data. This leads to the finite model

w
R [Z Bjeiou]ﬂ] ’
j=1
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where the sampled frequencies w; determine the Fourier modes available to the model, and the
amplitudes 3; determine how strongly those modes contribute. To visualize the architecture of
these networks and how they use this finite model, a diagram representing a depth-1 rFNN with

W neurons is provided in figure [1.1]

Figure 1.1: Depth-1 rFNN with W neurons.

For each sampled frequency w;, the corresponding complex exponential feature is

eiwj-H'

Write the corresponding complex amplitude as
53' = Clj + iCj,

where a;, c; € R. Since the target function is real-valued, the contribution of this feature is taken

to be the real part:

§R(5jei“’j'e) = R((a; +ic;)(cos(w; - 0) +isin(w; - 0))) = a;j cos(w; - §) — ¢;sin(w; - 6).
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Thus, each frequency contributes two real-valued features: a cosine feature and a negative sine

feature. The corresponding unknowns are the real and imaginary parts of the complex amplitude.

Evaluating the model at the sampled points 6y, ...,0xN gives a linear least squares problem
for the unknown amplitudes. Specifically, the design matrix contains the cosine and negative sine
features evaluated at the training points, the right-hand side contains the target values Q(6;),
and the unknown vector contains the real and imaginary amplitude components. Figure [1.2] gives

a visual representation of what the unregularized problem looks like.

cos(wibh) —sin(w161) -+ cos(wwbi) —sin(wybq) Zl Q(61)
cos(wifz) —sin(wif2) -+ cos(wwb2) —sin(wybs) _1 B Q(62)
cos(wify) —sin(wiOy) -+ cos(wwly) —sin(wby) ‘C‘:VV Q(Ox)

Figure 1.2: Least squares problem arising from a depth-1 rFNN. The matrix A contains cosine
and negative sine Fourier features evaluated at the training points, y contains the sampled target
function values, and 3 contains the unknown amplitudes. Adding Tikhonov regularization to this
amplitude-fitting problem gives the regularized least squares problem studied in this thesis.

This sampling-and-amplitude-fitting framework is developed in [2]. This thesis does not study
the frequency sampling procedure itself. Instead, it studies numerically solving the least squares

problem that appears once a set of frequencies has been sampled.
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Sketching-Based Least Squares Solvers

for Overdetermined Systems

In a highly overdetermined system, the number of equations is far larger than the number of
unknowns, but the solution depends primarily on the geometry of a low-dimensional subspace
determined by the columns of the system matrix. Randomized sketching methods exploit this
fact by compressing the problem to a smaller number of rows while approximately preserving the

system'’s column space [13].

Sketching methods typically do this by constructing a sketching matrix S that when multiplied
to the left of some system A(S = y, result in a smaller system SAS = Sy where SA has the
same number of columns as A, but many fewer rows. The number of rows in SA depends on the
number of rows in S, sometimes called the sketch dimension, which is taken as a parameter we

will call d.

Clarkson-Woodruff sketching, described in depth in [13], is one sketching method and it
constructs the sketching matrix S with d rows and the same number of columns as A has rows

so that the two matrices can be multiplied. S is taken to have all entries as zero except for a

L

given number per column ¢ which are taken to be either 7

or _\/LE with equal probability. This
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parameter ( is also known as sketch sparsity.

Clarkson-Woodruff sketching is an especially attractive sketching method because it utilizes
sparse matrix multiplication to efficiently compute a smaller problem that retains most of the
essential information of the original problem with high probability. For this reason, we will be
using Clarkson-Woodruff sketching as our sketching method of choice, although it is not the only

sketching technique.

Sketching can be used in a variety of methods, including least squares solvers for similar
problems to the one we are studying. The sketching-based methods we study in this thesis, which
we describe through the rest of this section, are Sketch-and-Solve, Sketch-and-Precondition, and

Iterative Sketching.

2.1 Sketch-and-Solve

The Sketch-and-Solve algorithm is the simplest approach to reduce computational cost of overde-
termined least squares problems using sketching. This method uses sketching to reduce the size
of the least squares problem then solves this smaller system with a standard least squares solver

such as Householder QR.

The performance of this method is heavily dependent on parameter selection. While we discuss
the theoretical guarantees in relation to parameter selection later in section |3.1, it is common
to pick ( = 8 for sketch sparsity because of empirical success according to [3]. The sketch
dimension d can vary substantially depending on the specific problem, but it has to be some
number significantly smaller than the number of rows in A so that the sketched problem is still

quicker to solve than the original when accounting for the time it takes to do the sketching.
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2.2 Sketch-and-Precondition

The second sketching-based method we discuss in this thesis is the sketch-and-precondition al-
gorithm which utilizes sketching to improve the LSQR iterative least squares solver. LSQR is
based on Golub-Kahan bidiagonalization and given a generalized least squares problem AS ~ v, it
constructs approximate solutions using only matrix-vector products with A and A”. This makes
it well suited for large problems where forming a full matrix factorization is computationally ex-
pensive. A detailed derivation of the algorithm is beyond the scope of this thesis; see [7] for the

original development of LSQR.

The convergence of iterative least squares methods is closely tied to the conditioning of the
matrix. Once again, for a full column rank matrix A, the condition number is defined as

Omax(4)

R(d) = )’

where 0y,ax(A) and o (A) are the largest and smallest singular values of A respectively [12]. A
large condition number means that the columns of A are nearly linearly dependent, or equivalently
that the least squares problem is sensitive to perturbations in the data. In the rENN setting, this
can occur when sampled frequencies are close together, producing nearly dependent columns in

the feature matrix.

Conditioning is important for LSQR because poorly conditioned systems generally require
more iterations to reach a given accuracy. Although LSQR avoids explicitly forming the normal
equations AT A, and therefore avoids directly squaring the condition number, its convergence
behavior is still strongly affected by the singular value distribution of A. As a result, LSQR can
be efficient for well-conditioned least squares problems but slow for ill-conditioned ones. This
motivates the use of sketch-and-precondition, where a randomized sketch is used to construct a

preconditioner that improves the conditioning of the system before applying LSQR.

To construct this preconditioner for some system AS & y, we take the reduced Q)R factor-

ization of A and form AR™!. For A € R™*" the QR factorization gives R € R™ " which is
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upper triangular and Q € R™*™ which has orthonormal columns. For an overdetermined system
where m > n, computing AR™! is very efficient because R is an n X n matrix so it is small, and
it is upper triangular so computing its inverse is cheap. The resulting matrix AR~! then has a

condition number of 1 because of the following.

A=QR
ATA = (QR)"QR = RTQTQR

and since () has orthonormal columns, QTQ = I
ATA=RTR
now take 3 = R~'z and our system becomes ARz =y

(ARVYT(AR™Y) = R-TATAR!
— RT(RTR)R™!
—1

This shows that (AR™)T(AR™) = I thus AR™! has orthonormal columns so it has a condition
number of 1. This means that if you substitute 5 = Rz into the system to get (AR 1)z ~ y,
LSQR will converge quickly to give us the solution to the preconditioned system z. Then we can
solve the triangular system 3 = R~'z to get our final solution 3. The problem with forming
this preconditioner is that forming QR is very expensive, so the runtime of this algorithm ends
up being slower than directly solving the problem with QR factorization. This is where sketching
comes in. If you use sketching to get SA = @R, you are factoring a much smaller system and
you still maintain the size of R. Since this factorization is substituted in for preconditioning and
then substituted back out for the final solution, using this sketched factorization means that the
columns of AR~ are approximately orthonormal and AR~ has a condition number near 1, while

the final solution is not significantly impacted. This algorithm is succinctly expressed in algorithm

@

10
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Algorithm 1 Sketch-and-Precondition

1:
2:

3:

S<dxm (sketching matrix)
(Q, R) < QR(SA) (economy QR)
20 + QT(Sy) (LSQR initial condition)
Rz« 1

- solve (AR Yz =y (preconditioned LSQR)
B+ Rz

This algorithm iterates until a desired stopping tolerance is met as described in [10]. This

algorithm has shown potential in the literature [3] 5] to significantly decrease the runtime of solving

least squares problems while maintaining accuracy. With that being said, its numerical stability is

still in question. This algorithm is shown to be possibly unstable with an initial condition of zero,

but has improved stability with the initial condition zy < Q7 (Sy).

2.3 lterative Sketching

Similarly to the sketch-and-precondition algorithm, iterative sketching uses a sketching matrix

to economically form a QR factorization and uses this to find an initial condition. From here,

the algorithm iteratively approximates [ by taking the residual r; of the current solution to get

¢; < ATr;. Then the algorithm does two triangular solves to get ¢; such that Bi.1 < 3 + ¢i.
This is described in algorithm 2]

11
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Algorithm 2 Iterative Sketching

1. S<dxm (sketching matrix)
2: (Q, R) + QR(SA) (economy QR)
3: fo <+ R(Q"(Sy)) (initial condition)
4: for i =0,1,...,iter 1im — 1 do

5 riy—Ap;

6: c; +— Alr,

7. if ||ri]|2 < atoll||All2||Bill2 + btolly||2 then
8: break

9: endif

10: if ||¢illa < atoll||Alla||7s]|2 then

11: break

12:  end if

13:  solve RTp; = ¢;

14:  solve Rg; = p; (two triangular solves)
150 S < fit+a
16: end for

We iterate until the same stopping condition as sketch-and-precondition is met. This algorithm
has shown similar potential in literature to decrease the runtime of solving least squares prob-
lems while maintaining accuracy. Compared to the sketch-and-precondition algorithm, literature

suggests slower convergence, but stronger theoretical guarantees [3].

12
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Theoretical Guarantees

Here we will look at the theoretical guarantees of each of these methods. The core assumption
behind all three methods is that S is an [ subspace embedding for the column space of A [13].

For a target distortion factor €, we have:

(1— o) ||Azlls < |SAz]s < (1+¢)||Azls,  VzeR™ (3.0.1)

It is typical to assume the same embedding holds for the slightly larger space range([A y]) [13, 16].

The embedding given by the inequality in has a failure probability of ;. This can be

expressed as
[P (embedding holds) = 1 — gy

According to theorem 9 in [13], with ( = 1, a given value of n (the number of columns in A),

and a desired dr,; and ¢, you asymptotically choose d such that it satisfies the following:

d:o("2> (3.0.2)

5faﬂ€2

You can also get somewhat sharper conditions for d given in [6] by increasing the number of

non-zero rows per column of the sketching matrix . Their Theorem 9 gives the condition

PR (n X 10g8<n/6fai|)> with (=0 (M) . (3.0.3)

€2

13
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3.1 Sketch-and-Solve Guarantees
The sketch-and-solve algorithm computes

fo = arg min Sy — (SA)B|l2,

typically with Householder QR on SA. Take * to be the exact minimizer of ming ||AS — y||2
and define r(8) = y — AB. If S is a subspace embedding for range([A y]) with distortion ¢, then

sketch-and-solve satisfies the following guarantee for its residual [3]:

1+e€
1—c¢

lr(Bo)ll2 < (57 ll2-

Fact 2.4 of [3] goes on to prove the following bounds for how close the residual and solution are

to being optimal:

2WE L * 0 )l
Do Il 18 = olls < T w(A) R

l7(87) = r(Bo)ll2 <

So, for a desired relative residual accuracy 7 > 0 (i.e., ||7(Bo)|l2 < (1 + 7)||7(5*)]|2), you should
choose e < 7/(2+7)sothat (1+¢€)/(1—¢€) <1+7.

There are two major components of this runtime: forming the sketched system and solving it.
If ( =1, forming the sketched system can be done by processing each nonzero entry of the original
system once. More generally, for a sparse sign embedding with { nonzeros entries per column,
and the number of nonzero entries in A, nnz(A), forming the sketch costs O(¢ x nnz(A)) which
follows from the embedding structure and sparse matrix multiplication cost [3]. After sketching,
one solves the smaller least squares problem. Using Householder QR on a d x n sketched system

costs O(dn?). Which gives the end-to-end cost,

O(¢nnz(A)) + O(dn?).

14
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3.2 Sketch-and-Precondition Guarantees

The preconditioned system is (AR™!)z ~ v, followed by 3 = R™'z. With the subspace embedding
condition in [3.0.1} the singular values and consequently condition number of AR™! are bounded
by Fact 2.3 of [3] as

1 1 Omax(AR™Y)  1+e¢
—1 < -1 _ max < '
Omax(AR™) < , Omin(AR™Y) > K(AR™) (AR S 1=«

1—¢ 1+¢€
Since the number of iterations LSQR takes to converge is governed by the condition number of

the problem, a small tolerance of € implies rapid convergence to a requested tolerance. In practice,
this method becomes practical for our least squares problem when m > n, since forming SA
and factoring it can be much cheaper than factoring A directly, while still giving a high-quality
preconditioner. In exact arithmetic, the preconditioner primarily changes the convergence rate; in
floating point arithmetic, however, standard sketch-and-precondition may still exhibit numerical

instability for ill-conditioned problems [5].

3.3 lterative Sketching Guarantees

Iterative sketching uses the same sketched QR factorization SA = QR and starts from the
initialization 8y = R7'QT(Sy) [3]. Then it does iterative updates which are described by the
following:

(SA)T(SA)d; = AT (y — AB,), Bit1 = Pi +d;.
In theorem 3.1 of [3], if S is a subspace embedding with distortion 0 < € < 1 — 1//2, then

iterative sketching converges geometrically and the following is true:

18— Blle < B—2v2)ver(A)gis T2 1 syl < (8—2v2)Vegis (8]l

1Al
where the convergence factor is
2 —¢€)e
gis = ( )2 < (24+V2)e < 1.
(1—¢
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Thus,

Ir(Blla < (Bl + Ir(8.) = r(B)lla < (821 + (8 — 2v2) Ve gis ).

So to achieve a target relative residual ||7(3;)]|2 < (14 7)||7(5*)||2, you should choose a number
of iterations 7, where

S log((8 — 2v/2)/2/7)
- log(1/g1s)

This superior theoretical guarantee over the sketch-and-precondition algorithm comes at the cost

of requiring a stronger embedding where ¢ must be small enough such that gig < 1. This means
that ¢ < 1/(2 + v2) =~ 0.293, to ensure good convergence [3]. This means that d has a
higher lower bound according to equation , which if not met, gis > 1 so the term giq grows
exponentially with the number of iteration 7. This also means that the forward and residual error

bounds no longer guarantee convergence.
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Numerical Studies

This section starts by explaining the test design we use and how we measure performance. Next,
we will experimentally study the suitability of the least squares solvers we have mentioned for
our specific problem. Firstly, this includes studying Sketch-and-Solve's behavior by itself across
different embedding dimensions to motivate the use of the other sketching algorithms that build
off of it. Secondly, we compare Sketch-and-Precondition and lterative Sketching to Householder
QR across these same embedding dimensions. Lastly, we study how Sketch-and-Precondition and

Iterative Sketching scale in number of input samples N compared to Householder QR.

4.1 Test Design

In order to study the suitability of each of these least squares solvers for training rFNNs, we will
be looking at the least squares problem that arises from a single training iteration of a network

with a single layer. We will be testing this with the target function
Q(0) = cos(46) + 0.3 cos(700) + 0.05 cos(1500), 6 e [-1,1] (4.1.1)
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because it is a simple example of a multiscale sinusoidal function. All tests were also performed
on

Q(G):Si(g) e 2 Si(x) ::/ SlTntdt, a=10"° 6¢e[-1,1] (4.1.2)
0

a

as the target function because it has a slowly decaying Fourier transform which means the ampli-
tudes corresponding to many frequencies are large [4]. Those results are included in appendix

but not here because they were trivially different.

Our initial studies in sections and sweep sketch dimensions from d = 1,000 to d =
50,000 with intervals of 1,000. Later on in section [4.4] we fix a sketch dimension and sweep
problem sizes by increasing the number of input samples from N = 50,000 to N = 10° with
intervals of 50, 000. For our initial studies, we take the number of samples to be N = 50, 000 and
the width of the network to be W = 50, so the matrix A has 50, 100 rows and 100 columns. The

metrics that we are primarily looking at are computational efficiency and error. Further discussion

of these metrics is done later in sections [4.1.1] and [4.1.2

We also take our Tikhonov regularization parameter to be A = 107%. It is important to
note that once the least squares solve is accurate below the effect introduced by A, further
numerical accuracy is unlikely to change the rFNN training behavior meaningfully. This means
the convergence we are looking for is to this constant, not machine precision. We take the number
of non-zero entries per column in our sketching matrices to be ( = 8 by the recommendation and

experimental results of [3].

To account for randomness from frequency sampling, we form five different least squares
problems from each given problem and test on each of them. The most significant way randomness
can skew the results in practice is by giving a problem with an outlier condition number so we
discuss problem conditioning for each of our studies. Additionally, to account for randomness
in the Sketch-and-Precondition and lIterative Sketching algorithms, we run five trials on each
problem. The most significant way randomness can skew the results here is by giving better or

worse embeddings from sketching which is one of the most important factors for the accuracy of
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Sketch-and-Solve as well as convergence rates of Sketch-and-Precondition and Iterative Sketching.
We measure this by the embedding distortion of each sketch which we discuss for each study. We

accumulate all these results to get median results along with upper and lower bounds.

Since both Sketch-and-Precondition and Iterative Sketching use iterative methods, they require
stopping conditions. For the LSQR solve in Sketch-and-Precondition, we use SciPy's implemen-
tation which takes two tolerances: atol and btol, as well as an iteration cap iter_lim. These

conditions terminate when either the residual is sufficiently small such that
[7[l2 < atol||Alla[| 812 + btol|[y]2,

or when the normal-equations residual is sufficiently small such that
1A 2 < atol]| Allz]|rl2.

where r =y — AS. For Iterative Sketching, we use the same two stopping conditions to maintain
consistency between the methods. SciPy states in their documentation that these tolerances are
best interpreted as estimates of the relative error in the entries of A and y (using our notation)
[10]. For example, if the entries of A have 7 correct digits, set the tolerances to 10~7. For all our
tests, we take both these tolerances to be 107 to allow some leeway for all our error metrics to

get sufficiently small.

All of these tests are done in Python version 3.13.9 with an Intel(R) Core(TM) i9-14900HX
processor and 31.7GB of memory. Since some Python libraries such as NumPy use implicit
parallelization, which can potentially skew results, we explicitly use single-threading for all our

studies.

4.1.1 Error Analysis

To study the accuracy of different algorithms, we will be looking at forward, residual, and backward

errors which are taken from [3]. Here, forward error is measuring the normalized difference in the
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solution /3, residual error is measuring the normalized difference in the residual (r(5) =y — ZB)
and backward error is measuring how close our problem is to the problem that our solution is

exact for. These errors are respectively given by

FE(3) := % (4.1.3)
RE(S) := ”r(f'?(ﬁ_*;n(f)”?, (4.1.4)
BE(j) := min {% = argmin [~ (A+ Aﬁ)vuz} : (4.1.5)

An important note is forward and residual errors measure distance from the optimal solution which
in our tests is taken to be the solution using QR and thus it doesn’t make sense to track the

forward or residual errors of QR since they are defined as zero.

The forward error is most directly studying the difference in the amplitude between an optimal
least squares solution and the one we get. This solution 3 is what changes the contribution of
each frequency. Despite this, backward error is typically considered the "gold standard” because

it bounds the forward and residual errors as discussed in [3].

4.1.2 Computational Efficiency

To study the computational efficiency of different algorithms, we will look at their runtimes on
the same sets of problems. We accumulate the results from all these problems to get median
runtimes as well as upper and lower bounds to show variance. Each method is timed from its
start to the finish as it would run in practice, including the algorithms that have sketching as
well as other operations. For each of the sketching methods, we independently create a random
number generator and use it to create the sketching matrix, then complete the rest of each method.

Because each of these sketching matrices are formed separately but with identically formed random
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number generators and parameters, the resulting sketches and embedding distortion factors are
identical. This is not because of reuse of the sketching matrices throughout the methods, rather

because of the operations being standardized across methods.

Our implementation of Householder QR is given by NumPy which has been heavily opti-
mized over many years to have close to the lowest computational cost that is possible with the
method. Our high-level implementations of Sketch-and-Solve, Sketch-and-Precondition, and It-
erative Sketching are all done by us and utilize NumPy and SciPy functions for the required
computations. Because of this, Householder QR likely has a more efficient implementation which
gives it an advantage in numerical experiments. To make our implementations as efficient as

possible, we take the following steps.

e For sketching to be efficient, the sketching matrix S must be stored and applied as a sparse
matrix. We first construct S in coordinate format (COQO), which stores a sparse matrix
as a list of (row, column,value) triples. This is convenient because the Clarkson-Woodruff
sketch is generated by choosing the nonzero entries of each column. That being said, COO
is mainly useful for constructing sparse matrices, not for multiplying them. Before applying
the sketch, we convert S to compressed sparse row format (CSR), which stores the nonzero
entries row-by-row and is more efficient for sparse matrix multiplication. COO is used to
build the sketching matrix, while CSR is used to compute SA and Sy since converting

between these formats is very inexpensive [11].

e For our Sketch-and-Precondition algorithm, we do not explicitly form AR™!. Instead, we

solve the triangular system with R~! then multiply by A to reduce work with dense matrices.

e When computing QR factorizations, we used NumPy’s reduced QR factorization instead of

a full one because it saves computation and memory.
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4.2 Sketch-and-Solve

The most simple algorithm we are studying and the one that the others rely on is the Sketch-
and-Solve algorithm. By itself, this algorithm does not have the strong enough theoretical or
experimental results to be used for precise tasks, however it is still important to establish its

efficacy for use in the Sketch-and-Precondition and lterative Sketching algorithms.

4.2.1 Problem Conditioning and Embedding Distortion

As mentioned previously, we create five different least squares problems given the same inputs
to account for randomness in the frequency sampling algorithm. As conditioning is the most
significant factor we are controlling for here, we have the condition numbers of each A used
for this study plotted in figure [4.1] All of these problems are very similarly conditioned with
condition numbers between 1.37 x 10% and 1.44 x 10°. This suggests that these problems give a

representative pool of the behavior we would expect to see out of our specific problem.

Condition number of each LS problem

Li]
1.43 x 10°

1.42 x 108

1.41 x 10°

1.4 x 10°

kappa2(A_sys)

1.39 x 10° @ L

1.38 x 10°

1.37 x 108 ®

T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
problem_id (repeat)

Figure 4.1: Condition numbers of sample least squares problems arising from one iteration of
network training.
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We do five trials for each problem and do this for each embedding dimension (d) we study.
This means there are twenty-five sketches for each embedding dimension. To look at how effective
sketching is for this problem, we have plotted the embedding distortion of each sketch in figure
[4.2] This shows that for very small embedding dimensions, the distortion can be excessive, but
quickly decreases below 0.3 and 0.2 in many cases. While this range is far too much for direct use
as done in the Sketch-and-Solve algorithm, this is theoretically adequate for the other algorithms

as discussed in sections [3.2] and 3.3l

Embedding distortion vs d_embed

—— sketch_and_solve

6x 1071

4x10°1

p (range([A yv]))

3x1071

2x1071

Distortion £ em

T T T T T
0 10000 20000 30000 40000 50000
d embed

Figure 4.2: Empirical embedding distortion from Sketch-and-Solve least squares solutions com-
pared to Householder QR across different sketching dimensions.
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4.2.2 Error Analysis

Next, we look at the accuracy of the Sketch-and-Solve algorithm. The forward, residual, and
backward errors we observed from our tests are plotted in figure 4.3l Considering the error
tolerance we are looking for given by our Tikhonov regularization constant is 107°, it is evident
that this method is not sufficiently accurate. While the backward error stays around 1072, the
forward error stays above 1 for the most part, and in the worst cases, gets well into the order of
10%. Error this high, especially in the forward error, would greatly change the contribution of each
frequency in an rFNN, thus the Sketch-and-Solve algorithm is not suitable for our application by
itself.

Forward error vs embedding dimension Residual error vs embedding dimension

—— sketch_and_solve —— sketch_and_solve

H
b3

10-14

Forward Error (FE)
Residual Error (RE)

0 10000 20000 30000 40000 50000 [ 10000 20000 30000 40000 50000
d_embed d_embed

Backward error vs embedding dimension

— ar
sketch_and_solve
1078 4

Backward Error (BE)

10-10 4

10712

0 10000 20000 30000 40000 50000
d_embed

Figure 4.3: Forward, residual, and backward errors from Sketch-and-Solve least squares solutions
compared to Householder QR across different sketching dimensions. The QR forward and residual
errors aren't graphed because they are defined to be zero under this comparison.
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4.2.3 Solve Time Analysis

Even though our previous results suggest that the Sketch-and-Solve algorithm is not accurate
enough to be suitable for our application by itself, we still present its results for computational
efficiency in figure because of their relevance to the other methods. These results show
that sketching can significantly outperform Householder QR in solve time across a wide range of
embedding dimensions. Between d = 1,000 and d =~ 20,000 Sketch-and-Solve takes under half

the time as QR and only becomes slower around d =~ 35, 000.

Solve time vs embedding dimension

sketch_and_solve

2x1071
v
& 1071 A
)
E
=

6x 1072

4x10°2

T

T T T T T
0 10000 20000 30000 40000 50000
d embed

Figure 4.4: Solve time from Sketch-and-Solve least squares solutions compared to Householder
QR across different sketching dimensions.
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4.3 Sketch-and-Precondition & Iterative Sketching Algo-

rithms

While the results in section don't reflect positively on the Sketch-and-Solve algorithm as a
standalone method, they show potential for algorithms that utilize sketching as an intermediate
step such as the Sketch-and-Precondition and lIterative Sketching Algorithms. The theoretical
guarantees we discussed in sections (3.2 and of both of these methods are also more robust
and have had more experimental success in [5 3, I3]. For this section, we use the same test
design as the previous section where N = 50,000 and W = 50 so the least squares problem has

dimension 50, 100 x 100.

4.3.1 Problem Conditioning and Embedding Distortion

While this study is conducted separately, the five least squares problems we solve are identical
because the same code for creating the problems and random seed are used. This means that
these studies are directly comparable. The graph corresponding to the condition number of these
problems is not repeated here as it is the same as[4.1] Once again, all of these problems are very

similarly conditioned with condition numbers between 1.37 x 10% and 1.44 x 10°.

In addition to the conditioning of the problems being the same, the sketches created from all
our sketching related methods are identical and have the same embedding distortion as discussed
in section 4.1.2] We include the graph of the embedding distortion for Sketch-and-Precondition
and lterative Sketching in figure [4.5 even though both methods perfectly overlap to demonstrate

this phenomenon.
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Embedding distortion vs d_embed

—— Iterative_sketching
sketch_precondition

6x 1071

4% 1071

p (range([A y]))

3x107!

2x1071

Distortion £ em

T T T T T
0 10000 20000 30000 40000 50000
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Figure 4.5: Embedding distortion from Sketch-and-Precondition and Iterative Sketching least
squares solutions across different sketching dimensions.

4.3.2 Error Analysis

Now, we will discuss the accuracy of the Sketch-and-Precondition and lterative Sketching algo-
rithms. Once again, the error tolerance we are looking for is given by our Tikhonov regularization
constant of 107%. The results for the forward, residual, and backward errors for both of these

methods are plotted in figure [4.6]

The Sketch-and-Precondition algorithm exhibits all three error metrics below the 107¢ thresh-
old across all embedding dimensions. This makes sense because sketching is only used here for
preconditioning, the final solution is solved for exactly through the substitution of 3 = R~'z that

was used in reverse to create the preconditioned system.
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The Iterative Sketching algorithm exhibits very similar behavior to Sketch-and-Precondition
in all three error metrics, however it does have some peaks just above 10~ in forward error and
a spike in all errors that go well above the plotted region for very small sketch dimensions. We
set the maximum error value on all three of these graphs to be 10!, because that is well above
any reasonable accuracy threshold for our problem, but the spikes at the beginning reach well
above 10°° in some cases for forward and residual errors. These spikes in error are very likely
explained by the embedding distortion shown in figure [4.5] As discussed in section [3.3] Iterative
Sketching has a stricter requirement for embedding distortion that if not met, leads to divergent

error metrics.

Aside from the initial error, both of these methods converge below the threshold of 10~°
given by our Tikhonov regularization constant. Sketch-and-Precondition achieves a slightly lower
error than Iterative Sketching, but since they are both below 1079, this does not necessarily mean
any less error for our specific problem. This is similar behavior to that seen in the contexts of
[5, 3, I3]. This suggests that both these methods are suitably accurate for application in the

training process of rFNNs.
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Forward error vs embedding dimension . Residual error vs embedding dimension
10
—— iterative_sketching —— iterative_sketching
10° 4 sketch_precondition sketch_precondition
1071 4
1072 4
n g 1073
§ 5
i 10744 &
v = 107°
5 3
g 2
£ &
1076 4 10-7
-9
1078 4 10
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d_embed d_embed

Backward error vs embedding dimension

10° —— iterative_sketching
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Backward Error (BE)
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Figure 4.6: Forward, residual, and backward errors from Sketch-and-Precondition and lterative
Sketching least squares solutions compared to Householder QR across different sketching dimen-

sions. The QR forward and residual errors aren’'t graphed because they are defined to be zero
under this comparison.
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4.3.3 Solve Time Analysis

Now that we have established accuracy for the Sketch-and-Precondition and lterative Sketching
algorithms, we will look at the computational efficiency of these algorithms compared to House-

holder QR. We plot the results of the solve time against embedding dimension in figure [4.7]

Here, the Sketch-and-Precondition algorithm exhibits quicker solve time than Householder QR
across a wide range of embedding dimensions from the smallest we tested d = 1,000, all the way
up to around d ~ 30,000. At the very low end of this range at around d = 1,000, we see a slight
decrease in solve time with increasing embedding dimension, it is likely that this is because of the
poor embedding distortion at very small embedding dimensions as seen in figure [4.5] While this
had a very disruptive impact on lterative Sketching’s ability to converge accurately as discussed in
section [3.3] Sketch-and-Precondition is only affected in how effective the preconditioner is. If this
preconditioner isn't effective, it means that the system is more poorly conditioned so it converges
slower. The slight increase in solve time with excessively low embedding dimension is exactly
what we expect here because while the computational cost of the sketching scales down linearly,

the embedding distortion can grow much more sharply as seen in figure [4.5]

When it comes to solve time of Iterative Sketching, it also exhibits quicker solve time than
Householder QR up to around the same d = 30,000 mark. At the very low end of this range
at around d = 1,000, the solve time well exceeds Householder QR. This matches up with the
large error we see at this dimension which likely reflects the same inability of Iterative Sketching
to converge without a sufficiently good subspace embedding from sketching. From a sketching
dimension of about d =~ 10, 000 all the way to the highest sketching dimension d = 50, 000, ltera-
tive Sketching and Sketch-and-Precondition perform nearly identically in solve time. This suggests
that these solvers have very similar behavior under ideal conditions, but Iterative Sketching is much

more sensitive to poor subspace embeddings.

30



Chapter 4. Numerical Studies

Solve time vs embedding dimension
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Figure 4.7: Solve time from Sketch-and-Precondition and Iterative Sketching least squares solu-
tions compared to Householder QR across different sketching dimensions.

4.4 Scaling in N

The final study we do looks at how the Sketch-and-Precondition and Iterative Sketching algorithms
scale with problem size. Previously in this section, we established suitable accuracy for both
algorithms, along with promising solve times given proper sketch dimension. This section serves
to study how these methods can hold up with larger problem sizes. More specifically, we sweep
values of N (number of input samples) from N = 50,000 to N = 10° with intervals of 50, 000.
These resulting least squares problems have sizes 50, 100 x 100 up to 1,000, 100 x 100. Since N
is the main factor in the number of rows in A, this study looks at how least squares solvers scale

in relation to the number of rows in the problem.
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The previous section shows that both of these methods tend to show sufficient accuracy
across sketch dimensions. In terms of solve time, they tend to show better solve times with smaller
sketch dimensions. That being said, both methods show some instability with very small sketch
dimensions around d = 1,000 to d = 2,000. It then follows that you want to choose the smallest
sketch dimension that does not negatively impact accuracy or solve time. For this study, we
choose d = 5,000 because it is roughly the minimum for solve time for both methods and it gives
a little leeway from the very small sketch dimensions that are highly unstable. When choosing
a sketch dimension, it appears to be a good idea to be on the high side since the runtimes are

much more sensitive to sketch dimensions being too small than too large.

4.4.1 Problem Conditioning and Embedding Distortion

For each problem size, we create five least squares problems. As problem sizes grow, it is expected
that the condition numbers grow in unison. The condition numbers of the problems are plotted in
figure [4.8] Similar to the previous studies, each set of problems made with the same parameters
have very similar condition numbers. The smallest problems where N = 50, 000 have very similar
condition numbers around 1.4 x 10 which makes sense since these problems are made with the
same parameters as those previous studies. As N grows, the condition number of the least squares
problems steadily grows to around 6 x 10°. These condition numbers are fairly closely spaced
together which shows that the Tikhonov regularization is effectively stabilizing the least squares
problems. The consistency between these least squares problems also serves as evidence they are

representative of the problem we are studying and not statistical anomalies.

The embedding distortion in these tests, which is plotted in figure [4.9) remains roughly con-
stant throughout all problem sizes which is the expected behavior because the theory discussed
in section (3| says that the embedding distortion is independent of the number of rows in the least
squares problem. Once again, because of the way the test is designed, the embedding distortions

of sketch-and-precondition and iterative sketching are independent but identical so they perfectly
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overlap in this figure. The embedding distortion also matches up with the embedding distortion
seen for a sketching dimension of d = 5,000 in previous problem given by figure and [4.5]
While this embedding distortion seems high given the theory, especially for Iterative Sketching,

our previous studies suggest that our parameter choices are close to optimal for both methods in

this case.
Embedding distortion vs N
Condition number vs N 5x 1071
—— kappa2(A_sys)

6x10° =
5

T 4x107!
4x10° E
§ 3x 10 ;

A% g 3x107?
a

2x 108
—— iterative_sketching
sketch_precondition
0:2 0.‘4 0.‘6 0.‘8 1.‘0
N (number of samples / rows before ridge augmentation) le6
0.‘2 0.‘4 O:G 0.‘8 l.IO
N (number of samples / rows before ridge augmentation) le6
Figure 4.9: Embedding distortion from
Figure 4.8: Condition number of least Sketch-and-Precondition  and  Iterative

squares problems arising from one iteration
of network training across different numbers
of input samples V.

Sketching least squares solutions compared
to Householder QR across different numbers
of input samples, with fixed d = 5, 000.

4.4.2 Error Analysis

In figure [4.6] we saw that both Sketch-and-Precondition and lterative Sketching reach around the
10~° error tolerance for most embedding dimensions, including d = 5,000 as we use here. The
forward, residual, and backward errors for the scaling of these methods are plotted in figure [4.10]
The behavior shown here is what we would expect, convergence of both methods to below 1075,
except for some peaks of forward error for lterative Sketching just as we saw in figure [4.6] This
demonstrates that the accuracy of these methods is maintained for larger condition numbers and

problem sizes.
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These results also show that our embedding dimension of d = 5,000 is reasonable, and
although the embedding distortion appears to be large, especially for Iterative Sketching, it is still
effective in this context. While the forward error for Iterative Sketching peaks just above 1075, it
stays close to this tolerance and this is more indicative of the stopping conditions than the ability
of the method to converge. The stopping conditions of both methods can be tightened at the
cost of needing more iterations, but we did not deem this necessary for these studies since the

errors are largely below the tolerance of yielding additional accuracy.

Forward error vs N Residual error vs N
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Figure 4.10: Forward, residual, and backward errors from Sketch-and-Precondition and lIterative
Sketching least squares solutions compared to Householder QR across different numbers of input

samples. The QR forward and residual errors aren’'t graphed because they are defined to be zero
under this comparison.
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4.4.3 Solve Time Analysis

The last result we will share is the solve time analysis of our scaling study which we plot in
figure[4.11] Across all studied values of N, both Iterative Sketching and Sketch-and-Precondition
have quicker solve times than Householder QR, except for one peak of Iterative Sketching that

marginally exceeds QR at N = 200, 000.

As N gets larger, the time savings of lterative Sketching grow from taking around 70% as long
as Householder QR at V = 50, 000, to closer to half at N = 10°. We also see this for Sketch-and-
Precondition, but at NV = 50, 000, it already takes around half the time as Householder QR, and
by N = 10, it takes around 30% as long. Both Sketch-and-Precondition and Iterative Sketching
scale at a similar rate which is superior to that of Householder QR, although the runtime of

Iterative Sketching here is much more variable than that of Sketch-and-Precondition.

This shows that both of these methods give real time savings over Householder QR across a
variety of problems. It is also worth remembering that these tests are slightly skewed in the favor
of Householder QR as discussed in section because of its heavily optimized implementation.
Because of the differences in implementation, the scaling properties demonstrated here are espe-
cially indicative of success for these methods. This is especially true since applications of these

methods are for very large problems since that is where Householder QR becomes impractical.
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Chapter 4. Numerical Studies

Solve time vs N
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Figure 4.11: Solve time from Sketch-and-Precondition and lterative Sketching least squares solu-
tions compared to Householder QR across different numbers of input samples.
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Chapter 5

Conclusion

This thesis studies alternative least squares solvers for use in training Random Fourier Neural
Networks (rFNNs). These networks are trained using a frequency sampling algorithm that solves
an overdetermined least squares problem for their corresponding magnitudes in the target function.
Solving this least squares problem takes up the majority of the runtime for training rFNNs. This
motivates us studying whether sketching-based solvers could be practical alternatives to standard

solvers like Householder QR by reducing cost while maintaining sufficient accuracy.

To answer this question, we compared Sketch-and-Solve, Sketch-and-Precondition, and It-
erative Sketching against Householder QR on least squares problems arising from one training
iteration of an rFNN with one layer. The numerical results showed that Sketch-and-Solve algo-
rithm by itself achieves significant speedups over Householder QR but is not accurate enough to
be suitable for this application. In contrast, the Sketch-and-Precondition and Iterative Sketching
algorithms achieved sufficient accuracy across many embedding dimensions, excluding very small
ones. Both of these methods gave significant speedups over QR as well as exhibited superior

scaling behavior in number of samples.

These results show that sketching is most effective here not as a final approximation, but as a

tool for constructing efficient subspace embeddings that support iterative least squares methods.
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Chapter 5. Conclusion

For the class of rFNN least squares problems studied in this thesis, both Sketch-and-Precondition
and lterative Sketching produced suitably low error while taking less time than Householder QR.
Among these two methods, Sketch-and-Precondition performed better empirically in our experi-

ments, giving slightly faster and more consistent results in our implementation.

There are still several limitations to this work. This study only looked at least squares problems
arising from a depth one rFNN which is not identical to the least squares problems from deeper
networks or later training iterations. These computational results are also based on high-level
Python implementations of each of the sketching methods which likely understates their perfor-
mance relative to NumPy’s highly optimized Householder QR solver. Future work should study
least squares solver performance with scaling the width of rENNs (number of columns in the least
squares problem), deeper networks and their full training behavior, the relationship between these

solvers and Tikhonov regularization, and optimization of solver implementations.
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Appendix A

Alternative Target Function Graphs

Here we include the results from the tests in section done with the target function in equation
4.1.2| These were moved to the appendix because they are trivially different from the results with
the target function in equation and give no further insight. The graphs of the conditioning,

embedding distortion, and solve time, as well as forward, residual, and backward errors are below.
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Figure A.1: Alternate target function: Con- Embedding distortion from Sketch-and-

dition numbers of sample least squares prob-  Precondition and lterative Sketching least
lems arising from one iteration of network  squares solutions across different sketching
training. dimensions.
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Appendix A. Alternative Target Function Graphs

Forward error vs embedding dimension . Residual error vs embedding dimension
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Figure A.3: Alternate target function: Forward, residual, and backward errors from Sketch-and-
Precondition and Iterative Sketching least squares solutions compared to Householder QR across
different sketching dimensions. The QR forward and residual errors aren’t graphed because they
are defined to be zero under this comparison.
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Appendix A. Alternative Target Function Graphs

Solve time vs embedding dimension
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Figure A.4: Alternate target function: Solve time from Sketch-and-Precondition and Iterative

Sketching least squares solutions compared to Householder QR across different sketching dimen-
sions.
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