Bilinear pseudodifferential operators:
the Coifman-Meyer class and beyond

Arpad Bényi

Department of Mathematics
Western Washington University
Bellingham, WA 98225

12th New Mexico Analysis Seminar
April 23-25, 2009



A toy example

Consider

T(f,9)=1f-g

o bilinear...T'(af1 + bf2,9) = aT(f1,9) +bT(f2,9)

e translation invariant...T (1, f, Th9) (x) = 7, T(f, 9)(x),
where 7, f(x) = f(xz — h)

By Holder’s inequality

1f - gller < [fllellgll e
withl/r=1/p+1/q,1<p,q < 00S0..T : LP x L9 — L"



Write now the product f - g in multiplier form

(f-9)(@) = @m) 2" [ F(©)e™ dg- [ gn)e™dn
— (21) " 2n £ YA eifﬂ'(f‘F )
= (@m) 2" [ F©3me™ N dedn

= |5, m(&mF©am)e™ D dedn,

where m (&, n)= (27)~2" is independent of x



Bilinear multipliers

In general, any translation invariant operator T' can be represented as
T(f,9)(@) = [ m(&m)FOFm)e™ €T deay,

where m = m(&,n) is its multiplier... T = Ty,

Equivalently, if its kernel K (u,v) = F5 1 (m(-,-))(u,v),

T(f,9)(@) = [ K(z—y,2 — 2)f (1)g(2) dydz

Question: What conditions are needed for 7, : LP x L9 — L"?



Simple remarks
e Scaling/HomogeneityAssume T;, also commutes with simultaneous di-
lations,equivalently, m is homogenous of degree 0,
m(A§, An) = m(€,n),A >0
Then (p, g, r) satisfies the Holder condition

1/p+1/g=1/r,p,qg>1



e Necessary condition (Coifman-Meyer?):

im(&,n)| < C, forallg, n

e But not sufficient! Form(&,n) = sgn (£+n), &, n1 € R,we easily compute

Tm(f,9) = H(f - 9),
where H(f) = p.v.(z~1 % f) is the Hilbert transform

Itis known that H : L1 4 L1
.80 T 1 L2 x L2 4 L1



Coifman-Meyer bilinear multipliers

Let ' be bounded such that

020 m(&,m)| < Cop(l€] + |y~ led =18l

We have

[T (f, 9lLr < Cllfl ellgll La

forl/p+1/g = 1/r,1 < p,g < cocand 1/2 < r < oo (as well as
appropriate end-point results)

e Coifman-Meyer (1978): r > 1

e Grafakos-Torres, Kenig-Stein (1999): » > 1/2 (optimal)



Application to fractional differentiation

Define

[VISF(€) = I€I*f(€),5 > 0

VI 9)(@) = en [ 1€+ nl*F©gn)e™ €7 dedn

— €401 s 7eeya i-(§4+1) geg
en /Wn| e IEF©ge Edn

+on / : + n|sf(£)|n|3§(n)em ) dgan
[€1<In]



If we do the split in a smooth way, we actually get

IVIP(f - 9) (@) = T, (IVI°F, 9) + Tmo (f, [V[79)

with m1 and m» Coifman-Meyer bilinear multipliers.

Then Leibniz’s rule for fractional derivatives follows:

VPG Dler S NIVESfleeliglice + 1oV gl e



Another example

The Riesz transforms in R2 can be seen as bilinear multipliers on R x R,
e.g.

Ri(f.9)(@) =pv. [ Ki(e —y,2 = 2)f(u)g(2) dydz.

where

Yy

Klv2) =10 8

Note that K is a Calderén-Zygmund kernel
0508 K1 (y, 2)| < Cap(ly| +|2) 727 lel=18

R4 corresponds to a Coifman-Meyer bilinear multiplier; R{ : LPx LY — L"
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Variable coefficient bilinear operator

...0r non-translation invariant bilinear operator ...associated to an z-dependent
symbol o (x, €,7), or a kernel K (z,u,v) = Fy5 (o (-, -)) (u,v)

To(£,9)(@) = [, o(@,&mF©Fme™ T dean

= Jean B @@ —y,z = 2)f(y)g(2) dydz

= Joon K (@9, 2)f(1)9(2) dydz
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Bilinear 7'(1) theorem
Consider a bilinear Calderon-Zygmund operator
T:SxS—8

(T(f1,f2), f3) = (K, f1® f2® f3)

0K (Y0, y1,92)] S O Jy; — i) 7271l ol < 1

e Christ-dJourné (1987): 7' : [? x L? — Ll«= K satisfies a bilinear
W BP and the distributions 7*7(1,1) are in BMO; here T = T*° and
T*1, T*2 are the transposes of T'.

e Grafakos-Torres (2002): 7' : LP x LY — L7, 1/p+1/g = 1/r < 2 <=
supg,, | T* (e, e M)|| gpro < C
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Application: the Coifman-Meyer class

T,(,9)@) = [, o(a,&m e &+ dgan,

where o € BSY , (the Coifman-Meyer class), i.e.,

0202000 (2, &, m)| < Cogr (1 + [€] + [n])~101=1!

Then T, has a Calderén-Zygmund kernel
%K (z,y, 2)| < Collz — y| + |z — 2|)~ (2 Flal)

and

14



T(™, &) (2) = o(w, &, m)e EH)
which is (uniformly in all £, ) in L°°.
The same observations apply to the transposes of T: T*/,j = 1,2, have
Calderon-Zygmund kernels, and they behave well on the elementary ob-
jects e, e'"... this follows from a symbolic calculus for the transposes...
By the bilinear T'(1) theorem

To : LPx L9 —L"1/p4+1/g=1/r <2

Coifman-Meyer essentially proved the same for » > 1 (and multipliers), but
they used Littlewood-Payley theory...1978 result.
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More general bilinear pseudodifferential operators

To(f.9)(@) = [, o, &mF©gme™ T den
ForO < <p< 1andmeR,wesaythata€BS;’%if

020, 00 (x,€,m)| <

Coagy (L 4 [€] 4 |nymtoled=pCUBI+ID)

These are the bilinear analog of the classical Hormander classes in the
linear case.
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Symbolic calculus for the transposes

e Interest: most LP results depend on symmetric properties on the trans-
poses!

If o(x,&,m) = o(&,n) (multiplier), then the transposes of T, are easy to
compute

Til =T .1 and T}? =T, .o

o)

0*1(57 77) — O-(_E — 1, 77)7 0*2(57 77) — 0(&7 _E T 77)

Question: How about z-dependent symbols o(x, &, 1) ?

The situation is more complicated...but the following calculus holds.
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If0<é<p<landoec BS, then o*1 o*2 ¢ B ms and

* O
o 1(3375777) — Zaagaga(xa _f o 77777)

«

in the sense that for every N > 0

* i 5—p)N
o 1(3375777) o Z ja(xlagéo-(xa _g o 77777) € BSZ:LCS—I_( 2
o] <N ¢

and similarly for o*2.

e B.-Torres (2003): = 0,p=1,m =20
¢ B.-Maldonado-Naibo-Okoudjou-Torres (2008): the general case

Question: What about BST*;?
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Relevance of transposition calculus

The class BS? 1 is the largest that produces operators with bilinear Calderon-
Zygmund kernels. But...this class (or BS7'; in general) does not produce
bounded operators on LP spaces because it is not closed by transposition.

Nevertheless, these classes are bounded on Sobolev spaces of positive
smoothness, and there is a pseudodifferential Leibniz rule.

Ifo € BST'{, m > 0, s > O, then I, has a bounded extension from
Ly o x Ll into L. Moreover,

I1To (£, 9Nz S 1Ny, Nl + 1 zollgll

m-s

forall1/p+1/qg=1/r,1 <p,q,7 < o0.
e B.-Torres (2003): m = 0; B.-Nahmod-Torres (2006): general case

e B. (2003): m = 0; boundedness on Lipschitz and Besov spaces
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Bilinear paraproducts and pseudodifferential operators

All of the above results can essentially be recast in terms of bilinear para-
products. For example,

T(f,9)(x) =Y 0glQI™Y2(f, op){g, 63 b5 ().
Q

where the sum runs over all dyadic cubes in R", {og} € [*° and the
functions qb?@ are families of wavelets,

s () = |QI7126(|QI ™ (z — @)

e B.-Maldonado-Nahmod-Torres (2007): paraproducts as bilinear
Calderon-Zygmund operators

e Maldonado-Naibo (2008-09): nice connections to more general opera-
tors...Don’t miss Diego’s talk!!!
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Linear vs bilinear pseudodifferential operators
The above results are analogous to the linear ones...
Question: Does everything hold the same in the bilinear setting?
NO! For example, Calderén-Vaillancourt’s theorem fails!

In the linear case, o € S 5 = T, : L? — L?, but

o€ BSQg# To: L? x L* — L*
(orany LP x L9 — L",1 < p,q,r < 00)

o € BSQg < Iaﬁ‘c’??@%a(x,f,n)l < Copy

21



A substitute result

lfo € BSYyandd)o € LZLILY, 00 € L2LELY, then
Ty L? x L? — L1

e B.-Torres (2004): the proof uses a bilinear version of Cotlar’s lemma
Let H be a Hilbert space and 'V a normed space of functions closed under

conjugation. If'T; : V. x H — H,j € 4, Is a sequence of bounded bilinear
operators and {a(j) } ;cz Is a sequence of positive real numbers such that

\Ti(f T2 (Fo gl + T2 T (f o) e < ali = ),
forall f €e V,g € H,||fllv = |lgllg = 1, and for all i, 5 € Z, then

m @)
1> Tl < > Wa@), n,meZn<m
j=n '

1——0CC
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...And a surprising connection

The correct setting for the study of this class is provided by the so-called
modulation spaces MP-4

f € MPY e |Vyf(a, )l ppa < oo
Instructive statement: f € MP4 ~ f e LPand f € LY.
Question: Why these spaces???
1. BS§ 5 € M°>1(R3") and

2. Symbols in M1 should yield operators that behave like pointwise
multiplication both in time and frequency!

23



The following general result holds (and this applies to symbols that lie in a
modulation space...hence can be quite rough!)

Ifo € M°>-1(R3"), then T, extends to a bounded operator from MP1>41 x
MP2:92 jnto MP0-9%0, where1/p1+1/p> = 1/pg,1/q1+1/q> = 1+1/qp.

Consequently
lfo € BSY o, thenT, : L? x L? — M1 D L1,
e B.-Grochenig-Heil-Okoudjou (2005): time-frequency analysis proof

e B.-Okoudjou (2006): more general estimates on modulation spaces
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What have we learned so far?

In terms of multipliers or symbols, the change made from linear to bilinear
is, formally, to replace

]~ &+ |7

Many linear results have bilinear (multilinear) counterparts...but not all...

A more dramatic change occurs if one replaces

]~ & —nl!

25



Composition of pseudodifferential operators

e Interest: boundedness on Sobolev spaces and (pseudodifferential) Leib-
nitz rules!

Let J™ = (I — A)™/? and o € BST}y, m > 0. Then,

TCT(fa g) — TUl(Jmfag) _I_ TUQ(f7 ng)

for some o1 and o in BSY .

In particular, Ty : Ly, x L, — L™, 1/p+1/¢g=1/r, 1 < p,q < oo.
However, if o € BS? g and a € STy, then in general LT ¢ OpBST,
LqTs has a symbol that satisfies estimates in terms of |£ + 7|...

This provides another motivation to look at more general symbols!
26



m
The classes BS $.5:0

090,00 (x,€,m)]| <

Copry (1 + | — € tan g))molal=rBI+hH1)

for 8 € (—n/2,7/2] (with the convention that 6 = = /2 corresponds to
estimates in terms of 1 + |£| only)

In the one-dimensional case

020, 0o (w,€,m)| <

Copy (1 +dist((€,n); Tp))mTolel=,UBI+ND)

where [ Is the line at angle 6 with respect to the axisn = 0

Note that 6 = —x /4, 0, 7 /2 are the degenerate directions of the BHT.
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Symbolic calculus

There exists a calculus for the composition with linear operators and for the
transposes.

1. If T, € OpBS 10andLq e OpST? 'o» then LaT5 € OpBST" 0 /4"

2. {BS 1.0 o}o s closed under transposition.
e B.-Nahmod-Torres (2006)
e Bernicot (2008): extension of the calculus to other classes of symbols

Note also that, in general, the classes BST"s and BS;’%- /4 Q1€ not com-
parable. The calculus for the transposes is crucial for boundedness on LP
spaces...later we will see a nice connection with the T'(1, 1)-theorem!!!
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The symbols of the transposes can be computed explicitly, and it holds that

09 ™ Op«1, 0 gx2

where, for 6 = 0,7 /2, —7 /4,

cotf + coto*l = —1

tan® + tan ™2 = —1

In the degenerate directions
{0,7/2, —m/4}*t = {0, —7/4,7/2}

{0,7/2, —7'('/4}*2 ={—n/4,7/2,0}
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Modulation invariant multiplier operators in 1-dimension
BHT(f,9)(z) = [ sign(¢—n)F(©)g(n)e™™ E+Mdgan
BHT : LP x LY —L", 1/p+1/q=1/r, r>2/3

e Lacey-Thiele (1997-1999); Grafakos-Li (2004, uniform estimates)

Tin(f,9) (@) = [ m(€ =) F(©)am)e=EF M aean
d*m(2)] < Calz| ™
Tm:IPxL9—L", 1/p+1/q=1/r, r>2/3

e Gilbert-Nahmod (2000); Muscalu-Tao-Thiele (2002, multilinear case)
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Modulation invariant variable coefficient operators

Let now

T(f1, f2)@) = [ ,oe.& =m @ fa(me™ T agdn

where o (z,u) € S, i.e.,

090 0(2,& — )| < Cag(L+|€ — )77

These operators satisfy the modulation invariance

(T(f1, f2), f3) = (T(e¥* f1,€"* f2),e % f3)

Question: What do we know about the kernel of such an operator?
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Undoing the Fourier transforms,

— /]R2 k(z,x —y)é(z — 2z + y) f1(y) f2(2) dydz

= [ k@) f1(a = D200 +1) dt

(valid at least for functions with disjoint support)

k(o —y) = (Fy to) (2,2 — y)

Such a k is a (linear) Calderén-Zygmund kernel, but the Schwartz kernel
of T'is

K(x,y,z) = k(x,x —y)é(z — 2z + y)

which is too singular to fall under the scope of the previous multilinear T(1)-
Theorems.

Note that the BHT is obtained with k(z,t) = 1/t.
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The linear to bilinear evolution of symbols

Linear Calderon-Zygmund theory
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The linear to bilinear evolution of symbols

Linear Calderon-Zygmund theory

Hilbert Transform

sign(¢)



The linear to bilinear evolution of symbols

Linear Calderdn-Zygmund theory

Hilbert Transform

sign(¢)

Hormander-Mihlin Multipliers

9%m(&)| < Cale|™1o



The linear to bilinear evolution of symbols

Linear Calderdn-Zygmund theory

Hilbert Transform

sign(¢)

Hormander-Mihlin Multipliers

0%m(€)] < Cale] ™1™
Classical PDOs

82020 (2,8)| < Cy p(141€)) 71



Bil ,
ilinear Calderdn-Zygmundtheory: || ~ €] + |n]
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Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

980 (€)] < Ca(le)) 7l



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

92,0 (€)] < Ca(le)) 1o



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

8¢,0(€,m)] < Ca(lg) ™1



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

98,0 (&,m)| < Ca(le] + )71



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

98,0 (&,m)| < Ca(le] + )71
Bilinear Coifman-Meyer PDOs

|353§‘0(fv,€)| < Cupp(l + )"l



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

98,0 (&,m)| < Ca(le] + )71
Bilinear Coifman-Meyer PDOs

0508, 0 (2,6)] < Cop(1 + [)) 71



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

98,0 (&,m)| < Ca(le] + )71
Bilinear Coifman-Meyer PDOs

8908 0 (x,€,m)| < Cop(1 + €)1



Bilinear Calderdn-Zygmundtheory: |£]| ~ €] + |7

Bilinear Coifman-Meyer multipliers

98,0 (&,m)| < Ca(le] + )71
Bilinear Coifman-Meyer PDOs

050¢ 0(x,&,m)| < Cop(1 1€+ [n)) 1



Modulation invariant bilinear singular integrals: £ ~ £ — n
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Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform

sign(¢)



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform

sign(§ —n)



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(¢ —n)

Bilinear modulation invariant multipliers

[0%m(§ —n)| < Calé —n|™°



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(§ —n)
Bilinear modulation invariant multipliers
09m(§ —n)| < Cal€ —n[™“

Bilinear modulation invariant PDOs



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(§ —n)
Bilinear modulation invariant multipliers
09m(§ —n)| < Cal€ —n[™“

Bilinear modulation invariant PDOs

|a§a§‘0(w,£)| < Cpp(l + |g|)—la|



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(§ —n)
Bilinear modulation invariant multipliers
09m(§ —n)| < Cal€ —n[™“

Bilinear modulation invariant PDOs

8908 0 (x,6)] < Cop(1 + )71



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(§ —n)
Bilinear modulation invariant multipliers
09m(§ —n)| < Cal€ —n[™“

Bilinear modulation invariant PDOs

8908 0 (x,€ —n)| < Cop(1 + €)1



Modulation invariant bilinear singular integrals: £ ~ £ — n

Bilinear Hilbert Transform
sign(§ —n)
Bilinear modulation invariant multipliers
[09“m(€§ —n)| < Cal§ —n[™“

Bilinear modulation invariant PDOs

9208 0 (2,& —n)| < Cop(1+ 1€ —nl)~1o

Question: Why are these multipliers so much different than the Coifman-
Meyer ones?



Resolving the singularities in the frequency plane

The Coifman-Meyer multipliers just blow up at the origin, i.e., they are sin-
gular only at a point in the &7 frequency plane.

e Littlewood-Paley theory
The latter symbols are singular along a line in the frequency &£n-plane.

e Phase-space analysis (Whitney decomposition)
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Trilinear forms

For symmetry purposes, we will look from now on at the trilinear form

N(f1, f2, f3) = (T'(f1, f2), f3)
= (T*(f3, f2), f1) = (T*?(f1, f3), f2)

For the rest of this talk we will assume that all Calderén-Zygmund kernels
considered satisfy

0% (x,t)| < Clt] 7141 £ 0,]al <1

A\ is said to be associated with a Calderon-Zygmund kernel k if

3
A1 faif2) = [, TL £ + Bit)k(a, ) dedt (1)
j=1

for some 3 = (81, B2,83) and all f1, f2, f3in S(R), N;supp f; =0
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Modulation symmetry

We assume that 31, 8>, 33 are different. Otherwise A reduces to a combi-
nation of a pointwise product and a bilinear form...This follows by a simple
change of variables, and appropriately modifying the constants involved in
the definition of a Calderon-Zygmund kernel.

We also assume 3 to be of unit length and perpendicularto o« = (1,1, 1).
Let v = (~1,7v2,73) be a unit vector perpendicular to o and 3; note that

v; 7 0.

We impose the modulation symmetry along the direction -:

/\(f17 f27 f3) — /\(Mqllgfla M,72£f2, Mfy3§f3)
for all ¢ € R, where My, f(z) = &% f(x).
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From (1), the modulation symmetry holds for functions with disjoint support:

AT f1,e2 fo, €13 f3)

3 .
— /R T s+ B0/ @5 (a, 1) dedt
j=1

3
— /Rz I fi(z + B;t)k(x, t) da dt
j=1
— A1, fa, f3)

However...we want the modulation symmetry to hold for all Schwartz func-
tions, even when the representation formula (1) is not valid as an absolutely
convergent integral!
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Modulation invariant 7°(1, 1)-theorem

Assume N\ is a trilinear form associated with a kernel k as in (1) and with
modulation symmetry in the direction . Then,

3
INCFLs 2, £ S T Il s

j=1
for all exponents 2 < p1,p>,p3 < oo with

1 1 1
—+—+==1
r1 P2 P3

if and only if for all intervals I, all L?-normalized bump functions ¢ and
supportedinl, and all f inS we have the following restricted boundedness
conditions
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~1/2) ¢

A
~

N(or, Y1, f)
N(ér, frr)
/\(fa ¢Ia wf)

Moreover, in such a case T" satisfies

1T (s f2ller S W falleellf1ll e,
forl/p+1/q=1/r,1 <p,q < 0,2/3 < r < oo.

A\

I|=1/2) ¢ 2,

A\

=12 ¢ .

...This is the same range as for the BHT.

e B.-Demeter-Nahmod-Thiele-Torres-Villarroya (2008)
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Reformulation of the 7'(1, 1)-theorem

The Calderon-Zygmund trilinear form N\ with modulation
symmetry in the direction ~ is bounded if and only if

T(1,1),7*1(1,1),7*%(1,1) € BMO
A€ WBP

WBP:
IN(P)| < |I171/2, for ¢(z, y, z) any L2-normalized adapted to I x I x I

L2-normalized bump of order N adapted to interval I:

>\ —N/2
z — c) ) O<a<N

]

0% ()| < C|I|7Y/2e (1 +

42



The T'(1, 1) theorem: sketch of proof

The boundedness of A immediately implies the restricted boundedness
conditions. In fact, T, T*1, T*2 : L4 x L* — L2 are enough to obtain
these conditions.

Conversely, the restricted boundedness conditions are used to show that

T(1,1), 7*1(1,1),7*2(1,1) € BMO
IN(P)| S |1]71/2

for ¢(x,y, z) any L2-normalized and adapted to I x I x I

These conditions imply the boundedness of the form A and so they are
also necessary and sufficient.
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The theorem is then reduced to the case
T(1,1) =7*1(1,1) =T7*%(1,1) =0
IN(@)| S [I]71/2

using some modulation invariant paraproducts. These conditions are used
then to discretize the operator.

The proof of the theorem in the reduced case uses a phase-space analysis
similar to the one used for the BHT... The difference: we use a Whitney de-
composition in frequency in terms of fubes (rectangular boxes with square
cross sections) not in terms of cubes as in the case of the BHT.
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An application

Consider again the variable operator

T(f.9)(@) = [ oz, =mF©atm)e™ g
with o € 59 ; The associated trilinear form is

N(f1, f2, f3) = (T'(f1,f2), f3)

Note that this form has modulation symmetry in the directiony = (1,1, —2)/v/6
for all triples f1, fo, f3, not just the ones with disjoint supports.
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Consider

b1 = 1|7 2¢0((x — 20)/|1)),

where ¢g is adapted to and supported in the unit interval centered at the
origin... so that ¢; is an L2-normalized bump adapted to IThen ¢; is an
L2-normalized bump adapted to an interval of length |I|~1, and

n —1/2y 2 —1/2
b7l 1 = 1172 doll ;1 < clI|71/?,

where ¢ depends only on finitely many derivatives of ¢g.

Let then ¢7, v be two L2-normalized bumps adapted to I and f be sup-
ported in C'I. The estimate above applied to (El and ;ZI provides the fol-
lowing information:
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NGO Y P S il il allfll
< Nbrll palldrll Lo T2 )l 12

<1721l 12

This gives the restricted boundedness condition for T'!To obtain the other
restricted boundedness conditions, write

/\(fa ¢L¢I) — <T*1(¢Ia¢f)7f>

Using the symbolic calculus (B.-Nahmod-Torres, 2006) one gets that 7*1
is a bilinear pseudodifferential operator

TN (g, h) (@) = [, o1(e, & ma©h(me™ EFMdedn
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o1 satisfies the estimates

9402 o1 (x,&,m| S (1 + |6+ 2n)~ 1

The computations done with 7" can be repeated for 7*1 and 7*2...Therefore,
the modulation invariant 7'(1, 1) theorem implies that for our T, € OpBS? 0:1/4°
in which the symbol is assumed to have the form o(x, £ — 1) we have

T:IPxL9—L"1/p+1/qg=1/r <3/2

The same argument will work fora T, € OpBS? 0-00 With o(z,£ —ntan )
e Bernicot (2008): In general, OpBSY 4., 1 LP x LY — L"; i.e., without

dependence £ — 0 tan 6 in the symbol...like in the work of Gilbert-Nahmod
on multipliers generalizing the BHT!
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A crucial difference

The operators we consider in the modulation invariant 7'(1, 1) theorem
have kernels that satisfy minimal regularity requirements, therefore they
cannot be expressed as smooth bilinear pseudodifferential operators in
OpBS?,O;G

On the other hand, the operators in OpBS?,O;H are not modulation invari-
ant, so they do not have the kernel representation assumed by the T'(1, 1)
theorem. Nevertheless, the symbols are smooth, so it is not surprising that
their boundedness can be achieved without appealing to a 7'(1, 1) theo-
rem (this is the case also for many results on classical linear pseudodif-
ferential operators!!!) Recall also that this boundedness was “predicted” to
hold by the existence of a transposition symbolic calculus for these classes
(B.-Nahmod- Torres, 2006)
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Further application: “antisymmetric” forms

Consider k(xz,t) a Calderon-Zygmund kernel that satisfies the “antisym-
metric” property

kE(x +t,—t) = —k(x,t)

This unconventionally looking symmetry is due to the fact that we chose
the kernel to be singular at ¢t = 0 and not at z = ¢, i.e., we work with the
condition

0%k (, t)| < ¢ 711

instead of the standard (and equivalent after a change of variable) condi-
tion

0% (x, t)| < |o— ¢~
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We can always define

Af1s f2.f3) = pov. [ f1(@+ D fa(e = ) f3(2)k(e, 1) dodt

= %/(fl(iﬁ-l-t)fz(m—t)h(w)—f1($)f2(~%‘+2t)f3(fﬂ+t))k(ﬂ?7t) dzdt

since the integral is absolutely convergent.

It is straightforward to check that A is a well-defined modulation invariant
form (even for functions without disjoint support) that satisfies the W B P!

Now compute

A1, 1, f3) = pov. [ 1) f3(@)ka () do dy,

where k1 (z,y) = k(x,y — x) is antisymmetric in the usual way, i.e.
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kl(ya ZC) — k(ya T — y) —r—y.=—t k(ZC _I_ ta _t)

= —k(z,t) = —k(z,y —x) = —k1(x,y)

If the bilinear form with this kernel is bounded, we immediately get that

A(1,1,)) = —-A(-,1,1) € BMO
Similarly,

AL, f2, f3) = pv. [ F2(9) f3(@)ha(a,y) da dy,

where ko> (xz,y) = k(xz,z — y), and the boundedness of the bilinear form
with this kernel would give us also

A(1,-,1) € BMO

...thus T'(1, 1) = boundedness of “antisymmetric” forms!
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Why are “antisymmetric” forms relevant?

Bilinear Calderén commutators
BC™(f,g,h) =
(A(x +1t) — A(x))™

D.0. / f(x4+t)g(x — t)h(x) prw dtdx

with || A’|| o« < C. Note that

_ (A@+1) — A@)™

k(z, t) poe

satisfies

(A(z) — A@@ £+ )™
(=tym+t

kE(x+t,—t) = = —k(x,t)!
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The bilinear form associated to the kernel k1 (x,y) is the usual Calderén
commutator:

(4 ) — (A(y) — A(x))™
kl(xay) - k( Y ) (’y—ﬂf)m_l_l

A similar operator is obtained for the other kernel
(A(2z —y) — A(z))™
(z —y)m+l
Hence the previous scheme works and we get the boundedness of BC™
through the T°(1, 1) theorem!

kQ(CC,y) — k(:p,w — y) —
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Keeping track of the constants involved and expanding in the usual way in
terms of commutators we also obtain the boundedness of the

Bilinear Cauchy integral

flx+t)g(x —1t) It
t+ i(A(z +t) — A(z))

BC(f,9)(@) = po. |

at least for ||A/|| ;o << 1.

Thank you for attending this talk!!!
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