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A new methodology is presented for interfacing atomistic molecular dynamics simulations with
continuum dynamics, and the approach is then applied to a model lipid bilayer system. The
technique relies on a closed feedback loop in which atomistic level simulations are coupled with
continuum level modeling. This approach allows for the examination of thetrans-temporal and
trans-spatial phenomena that occur in many biological systems, and nonequilibrium molecular
dynamics are used to calculate the relevant transport coefficients that are required at the continuum
level. It is found that for the membrane system there is significant information transfer across
disparate spatial and temporal regimes, resulting in significant nonlinear behavior. ©2001
American Institute of Physics.@DOI: 10.1063/1.1356001#
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I. INTRODUCTION

There are currently a number of computer simulat
techniques employed in the modeling of biological system
ranging from molecular-level simulations~see, e.g., Refs. 1
and 2!, to parameterized and phenomenological nonlin
differential equation models, to models based
bioinformatics.3 The diversity of the techniques arises par
from the disparate time- and length-scales that are often
served in biological assemblies. There are many example
biostructures, for example DNA strands, that must in pr
ciple be modeled at both the atomistic and continuum le
in order to fully examine the system with computer simu
tion. The ‘‘width’’ of the DNA strand exists in a microscopi
temporal/spatial regime, whereas the ‘‘length’’ is macr
scopic in both length- and time-scale. Other biostructu
for example cell membranes, exhibit similar characteristi

A drawback of using these simulation techniques se
rately is the absence of any direct micro-to-macro interfac
where molecular level events can interact with cellular-le
‘‘macroscale’’ phenomena and vice versa. Even the larg
atomistic level simulations, taking months of computation
time, do not begin to approach the time scales required
model cellular-level processes. Furthermore, the most
tailed nonlinear equation cannot explicitly model molecul
level interactions if the information from such interactions
not properly incorporated. In order to completely descr
such systems, some sort of linkage, or information trans
between these disparate length and time scales is requir

In this paper we report a simulation method that has
6910021-9606/2001/114(15)/6913/12/$18.00
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capability of spanning micro-to-macro time/length regime
which in essence provides a direct interface between mole
lar dynamics and continuum mechanics. Molecular dynam
simulations presently can model systems on the order o
to 105 atoms for time scales on the order of nanosecon
Continuum level simulations that are traditionally used
engineering fields operate in macroscopic time- and leng
scales or larger, but usually do so at the expense of exp
molecular level detail and structure. As shown in the pres
work, these two techniques can be interfaced into a clo
feedback loop that essentially ‘‘links’’ the two time/spac
regimes.

Briefly, many of the parameters and coefficients that
pear in the continuum level equations of motion~known as
constitutive coefficientsor transport coefficients! are aver-
ages of complex microscopic scale interactions and con
all the information of the properties of the material. Thus t
micro-to-macro dynamical ‘‘link’’ can in principle be en
tirely contained within the transport coefficients themselv
If the relevant transport coefficients required for a continu
level simulation are calculated from a detailed atomis
model, one can essentially ‘‘jump’’ from the atomic spatia
temporal regime to the macroscale. Conversely, quant
like the density are inherentlymacroscopicin nature. Thus,
if the density for an atomistic scale simulation is obtain
from the calculated density in a corresponding continu
level simulation, we can essentially perform the reverse tim
space ‘‘jump.’’ The combination of these two input–outp
sets results in a closed feedback loop between the micros
and macroscale temporal and spatial regimes.
3 © 2001 American Institute of Physics
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Significant micro-to-macro feedback seems necessar
the context of cell membranes. For example, there is sig
cant evidence1,2 that the material properties of a membra
can be altered by small concentrations of nonmembrane
ticles ~for example cholesterol!. Also, in an earlier
communication,4 it was found that the material properties
even simple model microscopic membranes are very se
tive to changes in density, and that significant informat
transfer across micro-to-macro time- and length-scales
be observed.

For the present paper, we will both more fully elabora
and extend our methodology~as presented in a preliminar
fashion in Ref. 4! and then apply it to a reductionist mod
for a lipid bilayer. In the preliminary work in Ref. 4 a mem-
brane was modeled at the microscopic level using a ‘‘to
model where a random solid of Lennard-Jones atoms
linked by a network of random harmonic ‘‘spring-bonds
With this simple model, solvent effects, membrane ruptu
and possible density induced phase transitions, all applic
to real membrane systems, were not possible. For the pre
paper, we have developed a significantly more realistic,
still computationally efficient, bilayer model that is com
posed of the membrane as well as solvent particles. The
bility of the membrane is thermodynamic, and it is best d
scribed as a lyotropic~concentration dependent! liquid
crystal. Applications of the methodology to realistic mem
branes are presently underway.

The paper will be divided into several sections. In Sec
the computational methodology including the continuu
level simulation technique known as the Material Po
Method ~MPM! as well as the microscopic method of no
equilibrium molecular dynamics~NEMD! will be described.
Also in this section the description of how NEMD and MP
are interfaced into a unified micro-to-macro simulation me
odology will be presented. In Sec. III, details of the applic
tion to a microscopic membrane bilayer will be discuss
and in Sec. IV results of the NEMD/MPM simulation inte
face will be presented. Conclusions are given in Sec. V.

II. COMPUTATIONAL METHODOLOGY

A. Continuum level simulation and the material point
method

For those more familiar with microscopic level simul
tions~molecular dynamics!, some aspects of continuum lev
simulation may seem similar; however, one must keep
mind that there are no independent ‘‘particles’’ and likew
the kinetic energy at some region is not to be directly as
ciated with temperature. In a continuum level simulation,
motion of any point is given by a continuous function d
fined throughout the computational domain. For a numer
solution, the material is discretized into a finite number
connected regions. The continuum level simulation te
nique known as MPM, a numerical technique for solvi
large-deformation problems in continuum mechanics,5–7 is
now described.

Consider a material with spatial dimensions that
macroscopic~e.g., mm! and with dynamics existing in a
macroscale temporal regime~e.g., ms!. At any point in the
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material at any time, at the continuum level, the equation
motion solved via MPM is given by

¹•s= 1nF5ra, ~1!

wheres= is the stress tensor,F is an external force,r is the
mass density,n is the number density, anda5 v̇ is the accel-
eration. In order to solve these dynamics, aconstitutive re-
lation is required that relates the stresss= to the strain, or the
gradient of the material displacement, at that point. For m
terials that exhibit elasticlike behavior, the incremental co
stitutive relation can be given by the relation,

ṡ= 5T: ė= , ~2!

where the strain rateė= is given by the symmetric part of th
velocity ~or flow! gradient

ė=5 1
2@~¹v!1~¹v!T#. ~3!

Here,T is the modulus tensor, andv is the flow, or velocity,
at that point.

The MPM algorithm involves ‘‘mapping’’ material poin
velocities and masses to a regular gridv→vg , m→mg at
each time step. With the material point velocities and mas
evaluated in this new representation, new lab fixed mome
are found,pg5mgvg , and then integrated in time,

pg~ t1dt !5p~ t !1dtf, ~4!

where the force at the grid node is related to the stress,
therefore to the strain, where the strain is a function of
displacement. Once the grid momenta are found, they
‘‘mapped’’ back to the materials points, and new masses
positions of the material points are calculated.

The mapping of properties such as mass and mom
from the material points to the lab fixed grid enables co
plete spatial freedom of material points. For dense flui
liquid crystals, or gels this extension is necessary, sinc
material point can essentially move about the entire reg
The MPM has also been recently generalized to treat
membranes8 by employing a constitutive relation as in Eq
~2!. In the case of membranes with microscopic thickness
is not immediately clear whether the system should be
scribed by a solid~elastic! or fluid ~viscous! constitutive re-
lation. In the case of a fluid, the time derivative of the stre
tensor does not appear in the constitutive relation, rather
the stress tensor itself. This results from the fact that a fl
cannot support a shear and, under the appropriate boun
conditions, can relax to equilibrium after a stress is appli
Extensions to viscous, or viscoelastic, responses are
possible.

For this paper, we will restrict our study to membran
whose bulk behavior can be reasonably modeled with
elastic constitutive model. However, within the elastic r
gime one has considerable freedom of choice for the
posed strain rates. The exact form ofė= is largely determined
by the chosen boundary conditions at the continuum le
For example, uniform stretching of a membrane requi
equal strain-rates in thex and y directions. Conversely
stretching the membrane only in one direction~for example
the x direction! requires explicitly specifying the boundar
conditions in they and z directions. One choice is to con
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6915J. Chem. Phys., Vol. 114, No. 15, 15 April 2001 Interfacing continuum and molecular dynamics
strain they and z directions to remain constant~constant
length!. This means that as the membrane undergoes ex
sion in thex direction, it does not contract in other direction
A more realistic boundary condition for they and z direc-
tions is one of zero stress. With these boundary conditio
the membrane is free to contract or expand as extensions
contractions occur in thex direction. Both sets of boundar
conditions are easily implemented. For this paper, the M
simulation will involve a membrane extending in one dire
tion ~the x direction!, with all other dimensions held fixed
Other more advanced simulations are of course possible,
are currently being implemented.

With the above simplified model we can examine sm
linear deformations in a membrane that is uniform in they
direction, infinitely thin in thez direction, and undergoe
only stretching and compression in thex direction. Under the
constraint of constant length in they andz directions, Eq.~2!
reduces to

ṡx5Eė, ~5!

whereė5]vx /]t, vx is the flow field in thex-direction, and
E is the modulus~which could be different from Young’s
Modulus!. It is convenient to use the pressure tensorP rather
than the external stresss= , whereP52s= ; thus the relation-
ship between the time derivative of the pressure compon
and the strain rate is given by

2 Ṗxx5Eė. ~6!

A detailed description of the time integration algorith
that was used for the MPM simulation is presented in
Appendix. The general algorithm can be found in Ref. 5. T
MPM continuum simulation technique as described will
employed to model a membrane bilayer at the continu
level and will be used in Sec. IV C. It should also be not
that the approach is general and, with some effort, can
extended in order to relax the above restrictions. These m
realistic scenarios, in addition to applications to realistic b
logical membranes, will be the subject of future publicatio

B. Nonequilibrium molecular dynamics

Classical molecular dynamics~MD! can be extended to
the nonequilibrium regime by imposing an external fie
force, or flux on the system.9–11 The nonequilibrium dynam-
ics will produce heat, due to the work being performed
the system. However, if this excess heat can be removed
system can, under some circumstances, approach a non
librium steady state. The more subtle aspects of the statis
mechanics of NEMD are discussed in detail in Ref. 9, a
will not be presented here. For our purposes, NEMD is
efficient and elegant method to calculate transport coe
cients, where the transport coefficient of interest is calcula
in the limit that the nonequilibrium perturbation goes to ze
The advantage of this approach over equilibrium techniq
for the calculation of transport coefficients~e.g., Green–
Kubo time correlation functions! is that NEMD does not
usually require either as long or large simulations.
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1. Cyclic compression NEMD

Cyclic compression NEMD has been used to calcul
the bulk viscosity of fluids, and has been very success
compared to traditional methods~e.g., Chapman
Enskog!.12,13 This method can be applied to both elastic a
viscous materials. The idea is to introduce an artificial v
ume oscillation, and then to correspondingly calculate
time derivative of the stress required to generate the osc
tion. The modulus is then calculated in the limit that t
imposed frequency and amplitude of the oscillation a
proaches zero. With cyclic compression NEMD a stea
state nonequilibrium state cannot be reached since the
ume of the system is cyclically changed. Still, transp
coefficients can be calculated as averages over compres
cycles.

With cyclic compression NEMD we impose a dilatio
rate given by ė5zv cos(vt), wherez is the dimensionless
amplitude of the oscillation,v52p/l, andl is the wave-
length. The dilation can be applied to one, two, or all three
the Cartesian axes of the system. The Cartesian compon
that are subjected to the dilation depends on the design o
continuum level simulation. The NEMD simulation shou
‘‘match’’ the MPM simulation, thus in the present cas
where the MPM simulation undergoes extensions exc
sively in the x direction, the dilation at the NEMD leve
should also only occur in this direction. The boundary co
ditions at the MPM level~constant length, or zero stres!
should also be consistent with the NEMD simulation. For t
situation where a membrane undergoes stretching in thx
direction with all other directions held fixed, the appropria
equations of motion can be easily formulated. For a mic
scopic system ofN atoms each of massm with positions
r1 ,r2 ,r3 ,...,rN and conjugate momentap1 ,p2 ,p3 ,...pN in a
volume V5LxLyLz , the appropriate equations of motio
thus required to implement this dilation are given by

ṙ i5pi /m1 ėr xi ı̂, ~7!

ṗi5Fi2 ėpxi ı̂2api , ~8!

L̇x~ t !5Lx~ t !ė. ~9!

Here, the force on particlei is Fi52“U, whereU is the
potential of the system. Constant stress conditions in the
rections not subject to the dilation require additional terms
the equations of motion similar in form to the artificial dila
tion terms, but are designed to maintain zero stress in
specified directions. This can be accomplished by stand
constant stress algorithms.9

The term2api is a thermostatting term where the equ
tion of motion for a, the thermostat multiplier, is given b
Nose–Hoover feedback,9

ȧ5
1

Q
~Tk~ t !2T!, ~10!

whereQ is an arbitrary constant,T is the input thermody-
namic temperature given by

Tk~ t !5
1

dN(
i

N

pi~ t !2/m, ~11!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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andd is the dimensionality of the system. Without the dil
tion terms in the equations of motion, these dynamics ge
ate the canonical ensemble at equilibrium.

The above equations of motion result in a dilation of t
box-length in thex direction given by

Lx~ t !5Lx~0!ez sin~vt !, ~12!

which, asz→0, becomes

Lx~ t !5Lx~0!@11z sin~vt !#. ~13!

It is possible to formalize these dynamics such that Eq.~12!
is sinusoidal, but this requires that thet50 value ofLx , as
well as the positions, are included in the equations of mot
for the box length, Eq.~9!. This dependence on the initia
configuration in the equations of motion is not desirable.

A few comments regarding the applicability of this tec
nique to membrane/solvent systems are in order. Cyclic c
pression is a boundary driven form of NEMD~as in the
SLLOD algorithm for shear9! and as a result the entire sy
tem of both membrane and solvent particles are subjecte
the nonequilibrium perturbation. The small layer of solve
particles has purposely been included in the calculation
the modulus. In systems where a membrane is immersed
polar solvent, and the stability of the membrane is direc
linked to membrane/solvent interactions, the exact interf
between the membrane and the solvent is not well defin
For example, solvent particles that randomly percolate i
the region dominated by membrane particles will direc
affect that local region’s structure and correlations. Likewi
membranes particles are free to diffuse into the surround
solvent, and in that case, should not be considered as pa
the ‘‘membrane.’’

For this work, the ‘‘membrane’’ has been defined as
region that exhibits certain mechanical properties, rather t
being defined by its constituent particles. Since the cy
compression NEMD technique implicitly affectsall par-
ticles, this algorithm is particularly suited to this particul
membrane definition. Alternatively, a NEMD technique th
could perturb some particles, and not others, would b
better choice for larger systems where the solvent far fr
the membrane was not to be included in the calculation
the modulus. Techniques in the spirit of the so-called ‘‘sin
soidal transverse field’’~STF! ~Ref. 14! could either directly
affect specific particles, or be applied in a specific region

2. NEMD methodology for calculating the modulus, E

Once the appropriate constitutive relation is chosen~in
this case an elastic constitutive model!, the nonequilibrium
finite frequency modulus can be found from exploiting t
oscillatory behavior of the artificially induced cyclic com
pression. With the dilation of the system in the present c
only occurring along thex direction, the constitutive relation
between the time derivative thexx component of the pressur
tensor Ṗxx and the dilation rateė is given by Eq.~6!, re-
peated here for completeness,2 Ṗxx5Eė. In the weak am-
plitude and frequency regime, a dilation rate given byė

5zv cos(vt) will result in a corresponding oscillation,Ṗxx

5 Ṗ1 cos(vt), and thus
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2 Ṗ1 cos~vt !5Ezv cos~vt !. ~14!

The coefficient,Ṗ1 can be found from a least squares min
mization over the time intervalDt5l by defining the re-
sidualR,

R5E
t

t1Dt

@ Ṗxx2 Ṗ1 cos~vs!#2ds, ~15!

and by the minimization]R/] Ṗ150. The resulting expres
sion, given by

E
t

t1Dt

Ṗxx cos~vs!ds5 Ṗ1E
t

t1Dt

cos2~vs!ds, ~16!

can be expressed in terms ofPxx andnot its time derivative
by integration by parts. This step greatly simplifies the c
culations as, by contrast,Ṗxx contains terms involving the
second derivative of the potential. For all but the simplest
potentials, this calculation is best avoided. The average v
of the coefficient̂ Ṗ1& over a series of compression cycles
then found to be

^Ṗ1&5K v2

p E
t

t1Dt

Pxx ,sin~vs!dsL , ~17!

and thus the modulus is given by

E5 lim
z→0,v→0

2^Ṗ1&
zv

. ~18!

C. Interfacing NEMD and MPM simulation methods

The idea behind interfacing MD and MPM simulation
will be elaborated here. In principle, two concurrent simu
tions of the same system, with one in a microscopic tim
length domain and one in a macroscale domain, excha
information between them such that a closed temporal
spatial feedback loop is constructed. In the context o
membrane/solvent system, the interface can be represe
schematically and is shown in Fig. 1. Initial NEMD simula
tions are performed to find starting values of the transp
coefficients required for the first MPM simulation@image
~1!#. The MPM simulation evolves in time@image~2!#, and
the new predicted densities are used as input for a sec
round of NEMD calculations. New density dependent tra
port coefficients are then calculated@image~3!#, and are sub-
sequently used in another MPM iteration@image ~4!#. This
process is continued in an iterative feedback loop.

However, in practice, this feedback loop could be co
putationally costly, and many redundant calculations~espe-
cially at the microscopic level! would be performed. De-
pending on the complexity of the continuum model and
required constitutive relation, significant simplification to th
feedback algorithm is possible. For this particular mod
where we are interested in only the modulusE, the iterative
loop as previously described can be replaced by a prec
structed interpolative table ofE vs densityr. A series of
NEMD calculations can be performed, and the density
pendence ofE can be found before any MPM calculation
are initialized. This method will work as long as the prelim
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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nary set of NEMD simulations to determine the density d
pendence ofE spans the accessible densities sampled
MPM. For more complex systems and geometries, a m
dynamic, though not directly ‘‘on-the-fly’’ feedback loo
will be required where the simulation ‘‘learns’’ with tim
through the iterative feedback mechanism.

Also, when dealing with microscopic systems samp
over large density regimes, the possibility of a density
duced phase transition must be considered. For example
critical low density, a stable membrane bilayer will under
a phase transition to an isotropic mixture. Likewise at
upper density bound, the membrane may go through a liq
crystalline to solid~or gel! transition. If at the continuum
level the system samples a density where a phase trans
occurs ~as predicted by the microscopic model!, then this
phase change must somehow be incorporated into the f
back mechanism. Thus a series ofequilibrium microscopic
level simulations should also be performed in order to m
out those regions of the phase diagram where the memb
can be considered to be thermodynamically stable.

III. MICROSCOPIC MEMBRANE MODELS

There are various atomistic models for biological me
branes ranging from very detailed atomic models of lip
bilayer systems,1,2 to greatly simplified models~hard sphero-
cylinders, ellipsoids of revolution! used in liquid crystal

FIG. 1. A diagrammatic representation of the NEMD/MPM interface.
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studies.15–17 In this section we will discuss in detail the m
croscopic model used for our membrane bilayer. A bilay
immersed in a polar solvent, in principle, can be construc
by using models currently employed in liquid crystal com
puter simulations. The idea is to find a simple parameter
such that the membrane forms a stable bilayer phase, an
gous to finding simple liquid crystal models that exhib
nematic or smectic phases. The choice of parameters~which
includes particle shapes/sizes and charge distributions! can
be selected from a reductionist examination of real bila
membranes, and then selecting those robust interactions
lieved to stabilize the membrane bilayer phase. Some gen
characteristics that should be included in the model are:

~1! The hydrophobic–hydrophilic interactions that occurs
real lipid membranes;

~2! The elongation of the membrane molecules themselv
as well as the polar head groups.

A stable bilayer membrane surrounded by a polar s
vent can be constructed using the Gay–Berne~GB!
potential18–20 generalized to a mixture formulation,21 where
mixtures of differently shaped particles can easily be m
eled. The Gay–Berne potential has the ability to model p
ticles as ellipsoids of revolution with aspect ratio,l /d, where
l is the length of the particle, andd is the diameter, with a
potential similar in spirit to a Lennard-Jones potential. T
potential has been parameterized such that the attractive
depth varies with the orientationandposition of the particle.
The current parameterization18 results in low energy configu
rations that favor side-by-side parallel configurations, sim
to the behavior of a site model of Lennard-Jones atoms
sulting in the same aspect ratio.

A Gay–Berne membrane/solvent model: In this section
the computational details associated with the lipid bilay
model will be discussed. In microscopic molecular dynam
simulations, the total energy of the systemU is usually ex-
pressed as a sum of pair potentialsUi j over theN particles in
the system,U5S i , j

N Ui j . The interaction energy betwee
two moleculesi and j can be written as

Ui j 5UGB~ r̂ i j ,ûi ,ûj !1Uqq , ~19!

whereUGB( r̂ i j ,ûi ,ûj ) is the Gay–Berne potential,18 andUqq

represents electrostatic interactions. The Gay–Berne po
tial is a convenient potential capable of modeling partic
with spherical or ellipsoidal shapes, and can be written a

UGB~ r̂ i j ,ûi ,ûj !54e~ r̂ i j ,ûi ,ûj !@z i j
122z i j

6 #, ~20!

z i j 5
s0

r i j 2s~ r̂ i j ,ûi ,ûj !1s0
, ~21!

where the orientation of moleculei is given by the unit vec-
tor ûi and the intermolecular distance between the center
mass of particlei and j is given by r i j 5ur i2r j u. The unit
vector r̂ i j is given byr̂ i j 5(r i2r j )/r i j . The range parameter
s( r̂ i j ,ûi ,ûj ) is approximately the distance of closest a
proach for two identical ellipsoidsi and j with aspect ratio
l /d and orientations given byûi and ûj . This parameter is
given by
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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s~ r̂ i j ,ûi ,ûj !5s0F12
x

2 F ~ r̂ i j •ûi1 r̂ i j •ûj !
2

11xûi•ûj

1
~ r̂ i j •ûi2 r̂ i j •ûj !

2

12xûi•ûj
G G21/2

. ~22!

In this expressionx is given by

x5
~ l /d!221

~ l /d!211
. ~23!

The well-depth strength anisotropy parameter is given by

e~ r̂ i j ,ûi ,ûj !5e0e1
m~ ûi ,ûj !e2

n~ ûi ,ûj , r̂ i j !, ~24!

wherem52, n51,18 ande2(ûi ,ûj , r̂ i j ) is given by

«2~ ûi ,ûj , r̂ i j !5F12
x8

2 F ~ r̂ i j •ûi1 r̂ i j •ûj !
2

11x8ûi•ûj

1
~ r̂ i j •ûi2 r̂ i j •ûj !

2

12x8ûi•ûj
G G , ~25!

where

x85
12~«E /«S!1/m

11~«E /«S!1/m , ~26!

and the ratio of end-to-end and side-to-side well depth
given by«E /«S .

In this form, systems of identical ellipsoidal particles c
be modeled. For mixtures, it is possible to extend
model,21 and in the case of a mixture of ellipsoidal an
spherical particles, Eq.~22! has to be modified. In the cas
that, for example, thei th particle is spherical, thenl i5di

5d and the appropriate range parameter is given by

s~ r̂ i j ,ûj !5s0F12
x

a2 ~ r̂ i j •ûj !
2G21/2

, ~27!

where

x

a2 5
l j
22dj

2

l j
21d2 . ~28!

Note that there is no unique form for the energy parame
The simplest option for a sphere–ellipsoid interaction is
simply make the energy parameter a constant. The G
Berne potential reduces to the familiar Lennard-Jones po
tial for fluids of spherical atoms. The cross interaction b
tween ellipsoidal particles and spherical particles w
modified to promote demixing by omitting the attractivez i j

6

term in the potential. An Ewald summation22 was used to
calculate the electrostatic component of the energy,Uqq ,
and the method used is described in detail in Refs. 23 and
along with the relevant expression to calculate the com
nents of the pressure tensorP.

With the model as defined, the membrane bilayer sys
was constructed from the following particles and is shown
Fig. 2. The membrane particles were ellipsoids of revolut
of length 20 Å and diameter 5 Å. A dipolar charge distrib
tion embedded within a sphere of diameter 5 Å was placed at
one end of the GB particle, making one end of the parti
‘‘polar’’ and one end nonpolar. The charge distribution w
constructed by placing a positive chargeq150.705 esu and
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a corresponding negative chargeq2520.705 esu at a dis-
tance ofl 50.5 Å from the center of the terminal sphere su
that the resulting dipole momentm5ql was perpendicular to
the long axis of the ellipsoid. The solvent particles we
modeled with a Lennard-Jones potential~or equivalently GB
particles with aspect ratio equal to 1! with a charge distribu-
tion identical to the membrane particles’.

IV. RESULTS

The results will be divided into two sections: equilibriu
MD results and nonequilibrium NEMD results. The equili
rium simulations were used to establish the densities wh
the membrane bilayer was thermodynamically stable w
respect to isotropic, gel, and solid phases. The NEMD r
were then used to calculate the density dependent mod
E.

A. MD simulation

A series of equilibrium runs were performed to find th
high density and low density bounds where the membr
was stable. Above the high density bound, the membr
was in a gel, or solid phase. Below the low density bou
the membrane decomposed into a phase that appears to
isotropic mixture of solvent and membrane particles. T
results are presented first with three simulation snapshot
the membrane. The highest density system is shown in
3~a! at a density ofr* 5Ns3/V50.4622. Here,N is thetotal
number of particles, both solvent and membrane,V is the
volume of the simulation box, ands5d55 Å is the diam-
eter of the particles~the same for both solvent and mem
brane!. For clarity, the membrane particles are drawn
spherocylinders with a diameter of 0.25 Å and likewise t
solvent particles are also not drawn to scale. With the sha
caps on the membrane particles designating the locatio
the terminal dipole, one can see that the polar tips of
membrane particles are in direct contact with the polar s
vent. Likewise, the opposing nonpolar end of the membr
particles tend to point away from the solvent. Simulati
runs of 100 ps were performed to ensure that the memb
remained thermodynamically stable. A careful look at F
3~a! shows that some membrane particles are not bo
within the membrane but reside in the polar solvent. Ther
no fundamental reason that membrane particles must rem
bound within the bilayer. An indication of the stability of th
bilayer membrane phase relative to the isotropic mixt

FIG. 2. The geometry and charge distributions for the two types of parti
used in the Gay–Berne membrane bilayer/solvent simulations.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6919J. Chem. Phys., Vol. 114, No. 15, 15 April 2001 Interfacing continuum and molecular dynamics
FIG. 3. Panel~a! is a computer simulation snapshot of the membrane bila
at the highest density,r* 5Ns3/V50.4622. For clarity the membrane pa
ticles have been represented as spherocylinders of length 20 Å and wid
Å. The shaded tip of the membrane particle designates the location o
dipolar charge distribution. Also for clarity, the solvent~Lennard-Jones at-
oms! are not drawn to scale. In this image the membrane bilayer is ther
dynamically stable, but is also not frozen. Panel~b! is a snapshot at a lowe
density,r* 5Ns3/V50.4388, and the orientational order of the membra
is not as strong. Panel~c! is a snapshot at a low density,r* 5Ns3/V
50.4188, where the system is approaching an isotropic mixture of m
brane and solvent particles.
Downloaded 08 Jan 2002 to 131.215.119.30. Redistribution subject to A
phase can be found by calculating theP2 order parameter for
theNM membrane particles. The time-averagedP2 order pa-
rameter is defined as25

P25
1

NM
K (

i 51

NM 1

2
~3 cos2 u i21!L

t

, ~29!

whereu i5ûi•d,d the director associated with the membra
particles,ûi is a unit vector along the symmetry axis of th
membrane particle, and̂̄ & represents a time average. F
this system, an isotropic fluid mixture of membrane partic
immersed in the solvent would correspond toP2;0, while
an ordered membrane bilayer will haveP2;0.8 allowing for
fluctuations in particle orientations with respect to the dire
tor. TheP2 order parameter, as defined, gives no structu
information; that is it cannot describe the degree of spa
order of the membrane bilayers. However, since the deg
of orientational order of the particles is directly correlated
the degree of spatial order, theP2 order parameter is an
adequate measurement of membrane stability relative to
isotropic mixture phase.

A plot of the P2 order parameter versus density is giv
in Fig. 4. For this density,r* 5Ns3/V50.4622,P2;0.81,
indicating a high degree of orientational order in the me
brane bilayer. The mean square displacement perpendic
to the director,^ur xy(t)2r xy(0)u2&, r xy5r xî 1r y ̂ ~in this
case, the director is taken to be fixed and along thez axis! is
shown in Fig. 5, also indicates that the membrane is
frozen, and that there is significant diffusion. For this dens

r

2.5
he

o-

-

FIG. 4. The P2 order parameter for the membrane particles vs redu
density,r* 5Ns3/V.

FIG. 5. The mean square displacement of the membrane particles withi
plane of the membrane,^ur xy(t)2r xy(0)u2&, for the highest density system
r* 5Ns3/V50.4622.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the combination of theP2 order parameter and the mea
square displacement within the plane of the membrane
gests that~1! the membrane is stable with respect to t
isotropic mixture and~2! is in a fluid vs solid phase.26

The next simulation snapshot@Fig. 3~b!# corresponds to
a lower density,r* 5Ns3/V50.4399, and a visual inspec
tion of the image shows that the orientational correlatio
between the membrane particles are weaker, and tha
spatial structure of the bilayer is less well defined. Still, t
terminal dipole moments of the particles generally inter
directly with the polar solvent, and the inner core of t
membrane remains nonpolar. TheP2 order parameter for this
density isP2;0.6560.2, consistent with the qualitative ob
servations from Fig. 3~b!. For this finite-sized system, an
without more detailed calculations, it is difficult to determin
the exact location, and thermodynamic order, of the ph
transition between the membrane bilayer and the isotro
mixture of membrane and polar solvent particles. TheP2

order parameter from Fig. 4 suggests that this density co
sponds to the low density stability limit of the membra
bilayer. More detailed constant pressure and tempera
~NPT! calculations with larger system sizes could pinpo
the location of the transition with greater accuracy, but
this study we are only interested in the approximate low
density limit for the membrane bilayer, corresponding
rmin* ;0.44.

The low density near-isotropic mixture is shown in Fi
3~c! (r* 5Ns3/V50.4188), where clearly the structural in
tegrity of the membrane is gone, and the system is appro
ing a random mixture of membrane and solvent partic
There is little or no preferred orientation of the membra
particles (P2;0.4), within finite size effects.

From these preliminary equilibrium calculations, th
density range where the membrane bilayer can be assum
be stable can be roughly determined. The exact order of
transition from membrane bilayer to isotropic mixture is n
known~i.e., whether it is first order, second order, or highe!.
In all likelihood the transition is at best weakly first orde
and possibly higher. At the highest density sampled,
membrane is still fluid, at least in terms of the diffusion
the membrane particles within the plane of the bilayer. T
working density range to be used in subsequent MPM sim
lations was thus taken to bermin* 50.440 tormax* 50.462.

B. NEMD simulation

We will begin the discussion of the NEMD simulation
with Fig. 6, where the instantaneous value ofPxx for the high
density system,r* 5Ns3/V50.4622 vs timet is shown.
Also shown is the dilation rate,de/dt, for the lowest fre-
quency oscillation,v50.1256 ps21. There is no means o
knowing beforehand whether or not the response of
membrane to the artificially imposed dilation rate will b
elastic, viscous, or neither. As previously described, an e
tic response corresponds to a constitutive relation given
Eq. ~5!, whereas a viscous response traditionally associa
with isotropic Newtonian fluids would be given bys5hė,
whereh is a viscosity, since fluids cannot support a strai9

By construction, the boundary conditions chosen for this
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lation correspond to oscillations in thex direction only, and
there is no variation in the perpendiculary direction. In other
words, the membrane is not allowed to contract in they
direction due to extension in thex direction. As previously
mentioned, other boundary conditions could also be e
ployed.

To ensure that the proposed elastic constitutive mo
given by Eq.~6! is valid, the response of thePxx component
of the pressure tensor was monitored along with the impo
oscillation. Clearly, from Fig. 6, with a dilation rate with
cosine behavior,Pxx is sinusoidal with no visible phase shif
indicating that the response is purely elastic with no out
phase components. This is an important point: the cons
tive relation proposed in Sec. II A must be validated by e
amining the natural response of the system before it is
ployed in a continuum level model. Cyclic compressi
NEMD affords a means of monitoring the response of
system to the artificial dilation without assuming the form
the constitutive model. This elastic behavior is typical of
systems studied within the rangermin* to rmax* . The elastic
response of this system can be attributed to its high den
combined with the fact that the bilayer structure induces tw
dimensional spatial correlations. It is well known that flui
of two-dimensional disks25 exhibit strong solidlike finite-
range spatial correlations. Thus even though this phase
nonzero diffusion within the plane of the membrane, it r
tains strong solidlike spatial correlations, and furthermore,
response to changes in area is more indicative of an ela
solid. It is possible that a model that can support a sta
bilayer at lower densities may have a viscous, or viscoelas
response. In that case, a more general constitutive rela
than in Eq.~5! would be required.

The model membrane for this study is as described
Sec. III A. A total of seven different densities were exam
ined: r* 50.4622, 0.4546, 0.4505, 0.4460, 0.4397, 0.42
and 0.4189. Each simulation was started from a lattice of
membrane particles~ellipsoids of revolution with aspect ratio
l /d54! arranged in a bilayer, with 400 solvent particles~di-
polar Lennard-Jones atoms with diameter equal to the s
axis of the membrane particles!. The membrane bilayer wa
initially composed by an array (x3y3z) of 1031032 par-
ticles. As the diameter of the solvent particles was chose
be equal to the width of the membrane ellipsoids, a sim

FIG. 6. The instantaneous value ofPxx for the high density system,r*
5Ns3/V50.4622 vs timet. Also shown is the dilation rate,de/dt for the
lowest frequency oscillation,v50.1256.Pxx exhibits a sinusoidal variation
in time, whilede/dt has the imposed cosine form.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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array of solvent particles was placed above and below
membrane. Briefly, the NEMD simulations were perform
by first running an equilibrium simulation ofN5600 mol-
ecules for a time of 100 ps, and then subjecting the syste
a series of 40–100 nonequilibrium cyclic compressions
the x-direction.

For each density sampled, two different amplitudes c
responding toz50.25 and 0.125, and five different freque
cies ranging fromv50.125 ps21 up to v51.25 ps21 were
used. The magnitude of the amplitudes was less than 5%
the original cell size, and the shortest frequency cor
sponded to a wavelength of 50 000dt, wheredt50.001 ps.
In Fig. 7 the modulusE is plotted vs dilation frequencyv for
three selected densities corresponding tor* 50.4662,
0.4505, and 0.4189. The nonequilibrium values ofE for all
three densities increase linearly with increasingv, with the
highest density runs exhibiting the greatest slope. For e
point, an extrapolation to zero frequency gives a value of
zero frequency modulus.

The extrapolated values ofE can be plotted vsr*
5Ns3/V. In Fig. 8 the variation of the zero frequenc
modulus E with respect to the density is clearly show
There appears two be two distinct regions correspondin
the regime where the membrane is stable andE is a linear
function of r* ~designated as the region to the right of t
gray line!, and to the regime where the membrane may

FIG. 7. The nonequilibrium modulusE plotted vs dilation frequencyv for
three selected densities corresponding tor* 50.4662, 0.4505, and 0.4189
For each point, an extrapolation to zero frequency gives a value of the
frequency modulus.

FIG. 8. The density dependence of the modulus,E. The region designated
by the dashed line corresponds to the density regime where the mem
was found to be thermodynamically stable. Only this region was emplo
in the continuum level simulations.
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close to a phase transition to an isotropic mixture~to the left
of the gray line!. When this figure is compared to Fig. 4,
appears that the two different branches in Fig. 8 are co
lated to the density dependence of theP2 order parameter. In
the regions whereP2;0.8, E changes rapidly and linearly
with r* . In the regions whereP2,0.8 and the membrane i
becoming thermodynamically unstable, the slope ofE vs r*
is less. The exact density dependence ofE in the region
below rmin* is difficult to determine due to system size e
fects. A detailed analysis of the order, and location, of
membrane to isotropic mixture transition is required in ord
to make definitive conclusions at these lower densities.
that reason, only the high density branch was used for
dynamic feedback regime allowed in the MPM simulation
Above and below these densities, the liquid crystalline int
rity of the membrane was not clear.

C. MPM simulation

The results from Fig. 8 can now be used as initial inp
for a MPM continuum level membrane simulation. Rec
that for this problem the micro-to-macro interface is acco
plished by means of a preconstructedE vs r* table that has
beenuniquelydetermined for the chosen membrane mo
from the atomistic NEMD simulations. The upper and low
density bounds for the MPM simulation were chosen to c
respond to the densities where the membrane bilayer
estimated to be stable.

The MPM simulation was set up to model a macrosco
membrane that was anchored at one end, with a weigh
tached to the other. Under the force of gravity, the membr
extends and the weight bounces. For this experiment, a m
brane of length 0.3 mm and cross-sectional area of 0.
mm2 was chosen. Ten material points and four grid nod
where placed on the membrane, and the tenth material p
~the one at the bottom! was given a mass 5000 times grea
than the other material points to model the weight attache
the end of the membrane. The initial value of the modu
was 8.623104 kg m21 s22 corresponding to a reduced de
sity of r* 50.4622. Further details are summarized in Ta
I, and a diagram of the continuum level model is shown
Fig. 9. This particular model is being studied here as a de
onstration of the NEMD/MPM feedback loop. Other, mo
realistic, continuum level simulations can be constructed,
for the present purposes this continuum problem is attrac
in that it has an analytic solution in the density-independ
case, and it clearly shows the effects of micro-to-macro fe
back ~see below!.

In Fig. 10 is presented the results for the dynamic fe
back interface between a microscopic level simulation w
the continuum-level MPM model. The curves in the pl
track the displacement of the ‘‘heavy’’ material point ov
time. Note that the spatial displacement is now in millim

ro

ne
d

TABLE I. Initial parameters used for the MPM membrane–spring simu
tion. The massM corresponds to the mass of a material point.

L ~mm! A ~mm2! E ~kg m21 s22! M ~mg! g @mm~ms!22#

0.30 0.001 8.623104 0.02788 9.8131023
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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ters, and the time is in milliseconds. Recall that the modu
was originally calculated using a microscopic scale simu
tion on a length-scale on the order of nanometers and t
scales on the order of picoseconds. Thus, not only have
effectively jumped both spatial and temporal scales,
more importantly, we have actuallyinterfacedmicro- and
macroregimes via the density dependence of the modu
An informative calculation is to determine the system si
and computational time, that would be required to model t
simple spring experiment using a detailed microscopic mo
with no bridging to the continuum level MPM simulation. I
order to match the chosen dimensions of the MPM simu
tion, a microscopic simulation of 1.031015 molecules run-
ning for 1.031010ps would be required. Present atomic-lev
simulation capabilities are not anywhere near being cap
of handling such simulations. In contrast, with NEMD/MP
feedback, the MPM calculation takes about a minute o
workstation~SGI 02, R5000, 200 mHz!, while each NEMD
modulus point takes about 10 h to calculate.

The actual point where the microscopic information
transferred to the continuum level simulation occurs with
the time integration component of the MPM algorithm
When the density at a specific material point is updated

FIG. 9. A diagrammatic representation of the continuum level membra

FIG. 10. The MPM simulation for the membrane bilayer system. The s
line represents the gravity induced oscillation without dynamic feedba
while the long-dashed line is the result when micro-to-macro interfac
occurs. The slightly longer extension with micro- macro- dynamic feedb
results from the membranes density dependent modulus. The short-d
line is the result when too much weight is attached to the membrane, an
membrane is no longer stable.
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the time integration, the value ofE, as shown in Fig. 8, is
employed in the constitutive relation,

Ṗxx~ t !52E@r~ t !#ė~ t !. ~30!

As the spring-membrane extends, and its length increa
the density within the membrane decreases. From Fig. 8,
seen that in the sampled density regime,E decreases linearly
with r, meaning that the membrane becomes ‘‘softer’’ as
extends. The result is evident in Fig. 10, where it is seen
the membrane extends slightly farther when micro-to-ma
feedback is included~long-dashed line! vs the constantE
case~solid line!.27

The short-dashed line in Fig. 10 that terminates just
fore t52 ms is the oscillation induced when a weight 80
times the mass of a material point is used. With this weig
the membrane extends such that the density goes belowrmin*
and the membrane enters a regime where a phase trans
to an isotropic mixture occurs. There is no way that the c
tinuum level simulation could know that the membrane w
undergoing a density induced phase transition, so only w
microscopic information is included, can the MPM simul
tion incorporate phase transitions or membrane rupture.
sumably, with more detailed microscopic level NEMD ca
culations, it may be possible to formulate a new constitut
relation for situations belowrmin* , but without further simu-
lations, the MPM simulation cannot be allowed to access t
density regime. Thus, when too much weight is put on
membrane such that it extends pastrmin* , the membrane is
assumed to have gone through a phase transition, and i
either ruptured or broken down.

V. CONCLUSIONS

We have examined the behavior of a membrane bilay
solvent system using a new micro-to-macro dynamical fe
back simulation technique. With this method, two simu
tions at different time and length scales are interfaced int
unified simulation methodology. The interface is acco
plished via an information transfer where selected mate
properties~transport coefficients! and state parameters~den-
sity! are calculated in one spatial/temporal regime and t
used as initial input in another. What results is a closed fe
back loop.

The membrane/solvent system was constructed as a
ductionist model of a biological lipid bilayer system. It wa
found that in the density regime, where the bilayer is th
modynamically stable, the modulus of the system that
scribes extension within the plane of the membrane va
sharply with density. When interfaced with a continuu
level simulation, it was also found that the micro-to-mac
dynamic feedback interface results in significant chan
compared to the case when the feedback is not emplo
Further, when combined with equilibrium results used to d
termine the thermodynamic stability density range of t
membrane, the micro-to-macro interface can be used to
dict membrane rupture.

By employing the present dynamic feedback method
ogy we are able, in essence, to introduce microscopic in
mation into continuum level simulations and, more impo

.
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tantly, we are able to examine systems well beyond the
and time scales currently accessible by atomistic MD sim
lation techniques.
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APPENDIX: THE MATERIAL POINT METHOD
ALGORITHM

In this Appendix we will discuss the MPM numerica
technique, with focus on those aspects that involve
NEMD/MPM interface. In MPM a material is discretize
into a finite number of material points. Additionally a gri
or mesh, is used as a ‘‘scratch pad’’ for the solution of go
erning equations. The material points are free to mo
through the grid and possess the following attributes:

~1! mass;
~2! velocity;
~3! stress (s= in general, or2Pxx in this model!.

In fact, it is the transfer of information between mater
points and grid that is the essence of the method. In 1D,
transformation of quantities between the material poi
~where a material pointp is located atxp!, and the lab fixed
grid nodes~where thei th grid node is located byxi! is
handled by the grid nodal basis functionNi(xp). For the
geometry of interest, where a spring membrane is in
x-direction, we can write the nodal basis function in terms
the grid node spacing,dx as

Ni~xp!512Uxi2xp

dx U, xi2dx,xp,xi1dx

50, otherwise. ~A1!

In general, any function of the material pointsf (xp) can
be transformed to a function of the grid nodes,f (xi). The
transformation can be more easily understood in the con
of more familiar transforms, such as a Fourier transform.9 In
the case where the grid node spacing,dx→0 and the number
of material points becomes large,Np→`, the nodal basis
functions can be represented as densities and the transfo
tion from the material points to the grid representation can
written as

f̃ ~x!5E dx8Ni~x8! f ~x8!, ~A2!

and likewise for the backtransformation. Employing t
nodal basis function means that evaluating gradients off̃ are
handled by the gradients of the nodal basis functions th
selves,

]

]x
f̃ ~x!5E dx8

]

]x
Ni~x8! f ~x8!. ~A3!

Thus gradients of functions under the nodal basis tra
formation requires only the gradient of the nodal basis fu
tion itself. The elegance of the MPM method relies on t
choice of which quantities will be carried in the mater
Downloaded 08 Jan 2002 to 131.215.119.30. Redistribution subject to A
ze
-

f
.

e

-
e

l
e
s

e
f

xt

a-
e

-

s-
-

e

point reference frame, and which ones will be in the g
node frame; a careful separation results in easily handling
derivatives of specific functions.

The algorithm consists of ten steps. A general discuss
can be found in Ref. 5, and here we present the algori
relevant to the problem of a one-dimensional spring m
problem. Consider a system ofNp material points, aligned in
the x-direction, at locationsxp . A series ofNi grid nodes at
locationsxi is superimposed over the material point syste

Step 1: Calculate the momenta of the material points
the grid node space. If we denote the mass of the mate
points asmp , and their corresponding velocity asvp , then
the momenta in the grid node representation is given by

~mv ! i5 (
p51

Np

Ni~xp!mpvp , ~A4!

where the nodal basis function has been previously defin
Step 2: Calculatemi , the mass in the grid node repre

sentation,

mi5 (
p51

Np

Ni~xp!mp . ~A5!

Step 3: Calculatev i , the velocity in the grid node rep
resentation,

v i5~mv ! i /mi . ~A6!

Step 4: Evaluate the forces,f i at the grid nodes. This is
the first application of the derivatives of the nodal basis fu
tion. If the stress at the material points is given bysp , and
the volume associated with each material point~in this ge-
ometry this is simply given by the distance between mate
points! is Vp , then f i is given by

f i52 (
p51

Np

Vp

]Ni~xp!

]xp
sp . ~A7!

Note that to evaluate the forces at the grid nodes, only
derivative of the nodal basis function is required.

Step 5: Calculate the accelerations at the grid nodes,

ai~ t1dt !5
f i

mi
. ~A8!

Step 6: Predict the new velocities at the grid nodes. T
explicit time dependence is now included, and the predic
velocities are denoted by an asterisk,

v i* ~ t1dt !5v i~ t !1ai~ t1dt !dt. ~A9!

Step 7: Calculate the strain-rate at the material poin
using the predicted velocities at the grid nodes,

ėp5
]vp* ~ t1dt !

]xp
5(

i 51

Ni ]Np~xi !

]xp
v i* ~ t1dt !. ~A10!

Step 8: Integrate the stress at the material points by e
ploying the constitutive relation

ṡp~ t !5E~ t !ėp~ t !, ~A11!
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where2Pxxp(t)5sp(t) and we explicitly include the possi
bility of a time dependent modulus,E(t). This is the step
where the microscopic information is included via the de
sity dependence of the modulus.

Step 9: Calculate the velocities and accelerations in
material point representation,

ap* ~ t1dt !5(
i 51

Ni

Np~xi !ai* ~ t1dt !. ~A12!

Step 10: Update the material point positions and velo
ties using

r p~ t1dt !5r p~ t !1vp* ~ t1dt !dt,
~A13!

vp~ t1dt !5vp~ t !1ap* ~ t1dt !dt,

and then return to step 1.
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