
MATH 471 — PROJECT # 3 Due : Wednesday, Dec 3rd, 2008

1. (a) Write a non-parallel (serial) subroutine nlapu(u,nlap) (input: u, output: nlap) that returns the
second order finite difference approximation nlap of −∆u = −(uxx + uyy) at (x, y) in the interior of
D = [a, b] × [c, d]. Discretize the domain by xi = a + i∆x, yj = c + j∆y, for ∆x = 1/(N + 1), ∆y =
1/(M + 1), i = 0, N + 1, j = 0, M + 1.

(b) Apply the routine to approximate −∆u for u(x, y) = cosπx cos πy on [0, 1]× [0, 1], using h = ∆x = ∆y
for N + 1 = 6, 11, 21, 41 intervals. Record the maximal absolute error as a function of h in a table.

(c) Plot the error in (b) as a function of h on a loglog scale. Determine whether the error behaves as Chp

as h decreases, for some p, and if so, determine p from your plot.

2. (a) Implement Jacobi’s method to solve −∆u = f , u = g on ∂D, where D = [a, b] × [c, d], in serial.

(b) Apply the routine to solve ∆u = −2π2 cosπx cos πy on [−1, 1] × [−1, 1], u(±1, y) = − cosπy,
u(x,±1, y) = − cosπx, with initial guess u = 0 in the interior, until the residual is less than 0.001,
using N + 1 = M + 1 = 41. Report (i) the total number of iterations needed, (ii) the total runtime,
(iii) the residual and the actual maximum error after the last iteration.

(c) Apply the routine to solve ∆u = 0 on [0, 1] × [0, 1], u(x, 0) = 1, u = 0 elsewhere on boundary, using
N + 1 = 51 intervals, until the residual is less than 0.005. Plot level curves of your solution using
matlab.

3. (a) Write a parallel subroutine nlapu(u,nlap) (input: u, output: nlap) that returns the second order finite
difference approximation nlap of −∆u = −(uxx + uyy) at (x, y) in the interior of D = [a, b] × [c, d].
Every process will only compute the values of lapu in its domain. To do so it needs to first obtain the
values at the ghostpoints from the neighbouring processors. Use blocking MPI SEND and MPI RECV.

(b) Apply the routine to approximate −∆u for u(x, y) = cosπx cos πy on [0, 1]× [0, 1], using h = ∆x = ∆y
for N + 1 = 11, 21, 41 intervals. Use 4 processes and a 2x2 subdificion of the entire domain. Record
the maximal absolute error as a function of h in a table. Compare with the values in 1b. They should
be identical.

4. Repeat problem 3 using nonblocking sends and receives.

5. (a) Implement Jacobi’s method to solve −∆u = f , u = g on ∂D, where D = [a, b] × [c, d], in parallel.
(b) Repeat problem 2b using 2x2 and 4x4 processes.

6. (a) Implement the conjugate gradient method to solve ∆u = f , u = g on ∂D, where D = [a, b] × [c, d], in
parallel.

(b) Apply the routine to solve the problem in 5(b), on 1x1, 2x2, and 4x4 processors (same value of N as in
5b), until the residual is less than 0.001. In each case, report (i) the total number of iterations needed,
(ii) the total runtime, (iii) the residual and the actual maximum error after the last iteration.

For graduate credit only:
7. (a) Apply von Neumann’s stability analysis to one of (i) the Heat Equation, (ii) the convection equation

with centered differencing, (iii) the convection equation with upwinding, or (iv) the wave equation, to
obtain the CFL condition. For (i-iii) see classnotes. Thoroughly explain your results.

(b) Find a formula for the eigenvalues of the tridiagonal matrix with 2 on on the diagonal and −1 on the
two offdiagonals. See classnotes for one approach to this. Fully explain your results.


