
MATH 471 — PROJECT # 1 Due : Mon, September 29, 2008.

TOPICS COVERED

1. ODE solvers

Euler, Runge-Kutta, Leap-Frog methods
Convergence, order of convergence, roundoff error, absolute stability
Timing

2. N-body problem

Exact solution for 2-Body problem, in 1D
Exact solution for 2-Body problem, in 2D
Numerical approximation using Euler and RK4

You will need to write a main program that calls subroutine init, and subroutines euler, rk4, leap, which solve a
system of ODEs x′ = f(t,x). You also need a subroutine f that evaluates the right hand side of the corresponding
system. Ideally, main, euler, rk4, leap will be the same for all of the problems below, only init and f will change.
Your writeup should include all code (but avoid dupliticities), and your makefile.

1. (Convergence rate various methods) Compute the solution to the initial value problem

x′ = tx , x(0) = 2

on t ∈ [0, 2], using h = 0.1/2j, j = 0, 1, . . . , 8 using three methods: Euler, RK4, Leapfrog. Use the exact
answer to compute the errors below.

(a) Record the errors at t = 2 in a table. Also list the factors by which the errors decrease every time h
is halved.

(b) Plot the errors vs h on a log-log scale and include lines with known slope p that indicate the decay
rate of the data.

(c) Explain your results.

2. (Convergence, stability and roundoff of various methods) Compute the solution to

y′ = −1000(y − t2) + 2t , y(0) = 0

on t ∈ [0, 1], using h = 0.1/2j, j = 0, 1, . . . , 8 and three methods: Euler, RK4, Leapfrog. Use the result
with your finest mesh as the “exact” answer.

(a) Record the errors at t = 1 in a table. In the regime of stability, also list the factors by which the errors
decrease every time h is halved.

(b) Plot the errors vs h on a log-log scale (using a reasonable scale that excludes the extraneous values),
and include lines with known slope p that indicate the decay rate of the data.

(c) Explain your results.

3. Solve the 2-body problem for x1(t),x2(t) in the case in which the bodies stay on a line, with initial conditions

x1(0) = (0, 0) , x′
1
(0) = (0, 0) , m1 = 10

x2(0) = (1, 0) , x′
2
(0) = (4.5, 0) , m2 = 1

For simplicity use G = 1. For each time stepping scheme, make several runs for stable values of h, each time
decreasing ∆t by factors of 2 until the calculation becomes too expensive. Define the error E at t = 23.75
by the maximum of E = |xm

1
− x1(1)| and |xm

2
− x2(1)|.

(a) Record the errors in a table, and also the factors by which the error decreases each time.

(b) Plot the error as a function of ∆t on a log-logscale, and also plot functions with y = Cp∆tp for known
p = 1, 2, 4, where the constants Cp are chosen so these lines are near the other functions plotted.

(c) Plot the error E as a function of cpu time. Make this plot also on a log-log scale.



(d) For each time stepping scheme, pick a value of ∆t where the methods have roughly the same cost. For
each of these 3 solutions, plot the error in the total energy, H(t)-H(0), as a function of time.

Discuss your results. Did the error, as a function of ∆, for all the time stepping schemes behave as predicted
by formal analysis we did in class? What is the most efficient time stepping scheme for a given solution
error or given energy conservation error? What is the smallest error you can achieve?

4. Solve the 2-body problem using initial conditions that you will choose, as follows. Find initial conditions
such that the exact solution is an ellipse, and another set such that the exact solution is a hyperbola. Solve
this 2D problem using the Euler, Runge Kutta, and LeapFrog methods, and 2 decreasing value of ∆t, of
your choice, for a time interval of your choice. For the elliptic exact solution, the time should be chosen
so large that the approximate solution goes at least once around the ellipse. Include 3 plots, one for each
method, showing the approximate solution and the exact solution in each case. Discuss your results.

5. We will solve an 8 body problem made up of the Sun, Earth, Moon, asteroid 99942 Apophis (2004 MN4),
Mars, Venus, Jupiter and Saturn. This asteroid, discovered in 2005 will pass very close to the Earth on
Friday, April 13, 2029. The initial position and velocities of all of these bodies, on April 1, 2028, 13:32:36,
is given by

x-position y-position z-position mass
1.0e+09 * 1.0e+09 * 1.0e+09 * 1.0e+30 *
0 0 0 1.988435193352327 Sun

-0.146268831177450 -0.030973893599004 0.000002684921341 0.000005972244526 Earth
-0.146245049719583 -0.030594426282418 0.000020642035868 0.000000073458796 Moon
-0.153244934676784 0.057809996455402 -0.006707765102563 0 Apophis
0.207299456339542 0.028215511666870 -0.004490947657727 0.000000641850000 Mars

-0.095759132515082 0.048524310295254 0.006192154270146 0.000004868500000 Venus
-0.808188009638569 0.089185412283930 0.017712066864126 0.001898168630557 Jupiter
1.202016356750133 0.690487053002718 -0.059872324963607 0.000568300275149 Saturn

The data was obtained from JPL’s Horizon system.
Solve the N-body problem in 3D,

dxj

dt
=

yj

mj

dyj

dt
=

∑

k 6=j

mjmkG
xk − xj

‖xk − xj‖3

with the 4th order Runge Kutta method. Note 1: The initial data is given in MKS units (meters, kilograms,
seconds), so “time” will be given in seconds from April 1, 2028, 13:32:36.

(a) Solve this equation for at least 390 days. Compute the date and time at which the asteroid is closest
to the earth, and the distance from the center of the earth. Compute the minimum distance for several
decreasing values of the timestep option, until you are confident you answer is correct to 3 digits.

(b) Answer the same question but use only the Sun, Earth, Moon and the asteroid. How big is the
neglected effect of Mars, Venus, Jupter and Saturn?


