
MATH 412 — HOMEWORK # 8 Due : Friday, April 10, 2009.

TOPICS COVERED

6. Phase Plane (nonlinear systems)

Conservative systems
Energy contours and trajectories.
Attracting and repelling fixed points: are they possible? Why not?
Effect of a nonconstant conserved quantity

Gradient systems
Pendulum: no damping, underdamped, critically damped, overdamped.

Reading : Strogatz, Sections 6.5-6.7 (up to the top of page 171 only)

1. Problem 6.5.1

2. Problem 6.5.2

3. Problem 6.5.8

4. Problem 6.5.9

5. Problem 6.5.19. Replace (c) by: show that the quantity H(x, y) = y − ln y + µ(x − ln x) is
conserved along trajectories. Hint: show that dH/dt = 0 along trajectories.

6. Problem 7.2.7

7. The underdamped and overdamped pendulum. A pendulum subject to damping (and no
torque) is governed by the equation

θ̈ + βθ̇ + sin θ = 0

(after nondimensionalizing). Here, the damping coefficient β > 0.
(a) Find all equilibrium points for this system.
(b) Show that there are saddle points at (kπ, 0), for all odd integers k, no matter what β is.
(c) Now consider the equilibria (kπ, 0) for all even integers k. Show that if β < βc, then they

are stable spirals (this is the “underdamped” case), and if β > βc, they are stable nodes
(this is the “overdamped” case). What is βc?

(d) The attached Figure 1 shows a typical phaseportrait for the underdamped pendulum. As
you see, there are trajectories that start high up (that is, with θ̇ large) and come down,
eventually spiraling into a stable fixed point. Which sort of motion of the pendulum do
such trajectories correspond to ? (Describe it in words.) How often does the pendulum
oscillate?

(e) There are also some exceptional trajectories that start high up and come down, ending up
precisely at a saddle points. Which sort of motion of the pendulum do such trajectories
correspond to? (Describe it in words.)

(f) The attached Figure 2 shows a typical phase portrait of the overdamped pendulum. De-
scribe the motion of the pendulum along one of the nonexceptional trajectories ending up
in the stable node.
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