
MATH 412 — HOMEWORK # 1 Due : Friday, January 30, 2009.

I will hand out a homework set almost every week, due the following week in class. The homework
is supposed to be over the material we covered up to the day it was handed out. Please remember
that I cannot accept late homeworks.

You are strongly encouraged to collaborate with each other on the homework, but you must hand
in each solution in your own handwriting and your own words.

The answers to some of the problems in the book are given in the back. Feel free to look at them,
but explain the solutions in more detail than the book does, to be sure you really understand how
to do them.

All the homeworks will include a reading assignment. I hope this part is more fun than work!

TOPICS COVERED

1. Introduction

Dynamics: how things change in time
Differential equations vs. difference equations
ODE vs PDE, autonomous coupled systems of ODE’s

Nonlinear
Linearity and the Superposition Principle
Linearization of nonlinear problems

Chaos
Long-time behaviour in 1D, 2D, 3D (brief survey)

2. Flows on the line

Exact solutions: separation of variables
Phase Portrait: fixed points and stability

Reading : Strogatz, Sections 1.0-1.3, 2.0-2.2

1. (a) Show that if x = (x1, x2 . . . , xn) and y = (y1, y2, . . . , yn) are solutions to the system of
coupled linear autonomous ordinary differential equations

ẋ1 = a11x1 + a12x2 + . . . a1nxn

ẋ2 = a21x1 + a22x2 + . . . a2nxn

. . .

ẋn = an1x1 + an2x2 + . . . annxn

where aij , i = 1, . . . , n, j = 1, . . . , n are constants, then any linear combination

z = αx + βy = (αx1 + βy1, αx2 + βy2, . . . , αxn + βyn)

is also a solution. This is called the superposition principle. (To show this compactly, you
can either show it for the ith equation, for generic i = 1, . . . , n, or you can show it in
matrix form.)

(b) Show that the statement in (a) does not hold for the nonlinear ODE ẋ = x2 .

(c) Show that the statement in (a) also does not hold for ẋ = ax + b , if b 6= 0. This
ODE is linear, but nonhomogeneous. The superposition principle holds only for linear
homogeneous equations, with b = 0.



2. Determine which of the ODE’s below are not autonomous nth order systems of the form

ẋ1 = f1(x1, x2, . . . , xn)
ẋ2 = f2(x1, x2, . . . , xn)
. . .

ẋn = fn(x1, x2, . . . , xn)

Rewrite the ones that are not and put them in the above form. Here, all variables are functions
of the independent variable t, and all derivatives (denoted by dot) are taken with respect to t.

(a) ẋ = x + y2, ẏ = xy

(b) ẋ = x + t2

(c) ẋ = xt, ẏ = xy − 5t

(d) ẍ + 5ẋ + 3x = sin t

(e) x··· + ẋ = 4

3. (This is problem 2.2.1) For the equation ẋ = 4x2 − 16
(a) Sketch the phase portrait on the real line.
(b) Find all fixed points and classify their stability
(c) Sketch the graph of x(t) for different initial conditions.
(d) Find the analytical solution for x(t). You need to remember how to integrate rational

functions. Be careful about removing the absolute values. Check the limiting behaviour
as t → ±∞ for the 3 regions x > 2, x < −2,−2 < x < 2 to obtain agreement with the
graphs in (a,c). (Convince yourself that it is easier to obtain this information graphically.)

4. Problem 2.2.3

5. Problem 2.2.5

6. Problem 2.2.7.

7. Problem 2.2.8.

8. Problem 2.2.9.

9. Problem 2.2.10.

10. Problem 2.3.2.


