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<o Pox  we howe studied owxo\\\{-\-i(m\ miAheds  fer  selvimg ODES .

page 2 Sumwmarizes  tha  wain omalyqica)  meAhods

The diagyam  en
fov  Aiff evewmy types  of ope's .

Vi e vanable
tn  wmany  Cases foc example whem the 6DE cooffr ciemts o able of

whem e ODE is wonlingaN , i+ 1S eiihen  extemi\y difEicuwlt  ox

tapossible  to fand e exack sdurvan by  om  amalytal wmeaned

: ' s methwods -
n such  caseS, we need to  wse nwameni cal AP .

wmstead of finding om exact expressuon  for olurian  (which way be
eithex veny Complicated or '\W\\)DSSHO\,Q), we fad om  appYoximate  sdudim

n
o a grid of disorete.  pomts {tii e [t t,]
=0

: — eact solutm (¢,

—e— approximate  solutim y.
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W= tn-te h is  called STep size ov grd \engly
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We  wand  our  appre Xwaate solutien to have +wo propertiesy

°  QACCUYALY. : the  extor i approximation \‘3(*;\—‘3;\ 1 swall .

A — . ———

o Owgngine:  the eofex  appreaches zere a5 h—o .
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The dingpram  of m\a«\}r-ﬁm\ wiod s fov solvma, opels -

e ————

mepy  Salar  ODEs

Ist ovder T 2nd order
o= fit9) \ S+ P 09=
|
PR
CENSHONT.
line
w Y r paTYi crlov -]’-aqev\cwﬂ‘
types of PRY ‘iﬂ-—-
! methed of 3‘%:}0*“
povier sene im?ossi‘o\e

factor

weihod |
?n?egmf?ng L @ @

¥ w{t
dificult Ploption 1) ansatZ : k)= [ vaation o paramneter

| \mmgosﬁ\,le\
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option 2) tramsferm Wit a spstewm of Ast ordex ODEs

lingor  Ast-order systems
Y= p@ 9+ 3O |

vaviable

\K(
l$gum+

wapossible

=0 = ansatz : yro=Ye

94#0 = variatiem of paameters
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Erm\éf’s N\Q‘W\odk

Eulens  medhod 16 e swplect  numenical  wedhed oo selvinoy S

Qs based m Tw?lﬂ QXPMSW omd i€ m #he class of ngdw methods

considexr e VP %‘l‘—‘ Ft, %) te[t,,T]

Y () = 9,

amd assume that f omd 9%130 are  Confinuous aweund (t.;9) -

This  assin ;M?a‘mfn will  gquowantee  that thure exists wnique solut tan

ovound to

71
Ta,‘étloffs theavem =5 g({'-f',n) = Y () +h ‘4,(—(:) + % U t{c{t+h

2 . v,

e hois small, then ko5 very small - Moveover, if | 4] s bounddd,
PR

Hhen we wm neglc’Cf Hae Ferm _1?,—\_?4'(6) ond writé

2R m g+ ko FlE ge)| 6

Now, f we disoretize [to, T] wto n+l  evenly distributed gmd powts

£ £ &y £ By L 55 ¢ T Eh

omd let 4 be an approximatim For the exact solutum Y (t;) :

‘gc o ‘E(Ctt) p L= % PR R R L

te  Euler’s at(gmrifhm:

=

Tham wWe €cam wse (#) and  wri

- e T
e e o

%;"H = ‘3,; +h - F(t 8‘; ) for (=0,1,2,-,N-1
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EX1 Aﬂol«;,( Eulers method  to e VP : Y=tY+t |, tero]

Y(o)= 1|
with  sigp size  h= 0.2 .
h ~ bz B = ﬂ:bea‘: -0 =5 P(f,%):’t’%-;—tg
n h 0-2
gtep i 4; ‘ 4 "Rt ug) l Y= % h £t/ 40)
0 0o | I 0 ‘ |
} 0.2 | 0.2080 <0416
- 0.4 I‘~0"”6\ 0-4800b 11577
3 0.6 | (.1377| o0-3986 bo B FE
. 0% | 13175 | h5660 1.6306
3 | !\6‘306§ \

152/2 7
Note : The exact sduttm is | B(+)= Z3e ~t -2

iy following  Pgwre  Shows the exadt soluttom Y(&) o telol]

; |
and  He approxemate solufumns ohtaed by Eulers mithod il
2 T T ] ! i I
h= 0.2, h=0.1, h=0.05. ~—exact soluion
181 |- Euler (h=1/5)

——Euler (n=1110)
161 |~ Euler (h=1/20)

wWe observe that as h decreases
Hua carraogpwdf'”g Approxmuﬁen
12+

converges 1o the exact selu+io I

08 | i i | i 1 i I
See Ha matlab wde MNumeis Extom 0 01 02 03 04 05 06 07 08 03 |
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Accnracy  of Culor’s oethod \
[ A S

C'ms!d;m The F'r?\/x'cus e/\fclm/plﬂ " Since ﬂu eiact selutiem 1S Known, we

Can  compute 1he  exvey i the approxvmate solutims  obtauid

wrth  different  step Sizts e ot us compute the envor at t=1:

oxact solufem at  t=lo: Y1) = 3 -3
s’

Denote #hu approxumate solutim at =1 obtawud with step size h by 4 0).

= exyoy ok t=1 - Eh(l) :‘ g(l) — lé.k(nl R

Tae  followung, Ligure  shows 6}\(\3 fov  differemt W valwes .

T

T T

A
// ‘|
A - "
- , A ‘|
O bsexvation : A _,‘
~ i i /2-",' |
: av reporhonal to h. oo A .;
ﬂneewv ts F P h : 1; A |
5 1! /ﬁ/’_‘f “
4 A
10+ A 1
(6 (1) = O(h) A
1U"E‘i syl AR L_d 1 -J‘“S 1 oaged s danal
4 & ] 2
¢ 1. . 10 10 10 10
The evrov decreases linearly with b L 0 ,
Th s

SM%.?}E’S’J@ ff\ﬂ'f EM[Q’YJS W-H1.GQ’ ::5 a F‘tYS‘f—C?YCLQY accnrate W”flod‘

We  will next de prror analysis G Eulers mithed o wnderstand why

+Hha exrey I Fm/amrﬁzmal o b



Evrov Analysis For _Eulers method
Consider e st TP of Euler’s method whin solving %b},:}f(t,g,) . e[ ,T]

lé'é“ F exact sofwtion Wit) } VAR B« =4

©
g — pr?(om;fni\ﬁe ol ton %i

£2
R
v B i

\ 5w _
|t Yy 4, - - “{n—* t

M s

Ist step

YD %
- =R, teltoty)
(ts) € = ‘d’\ ‘ﬁ‘(tl)‘
M %&’4. | W(to) = Y,

e, s A local exvey , iie th exvox made w ouly eng siep

of  the a\\oc}m‘r\\m~ It is 4he local etvex for step 1 of 4k algerithm,

T
BY Tﬂ‘[\"“fs o - Y(t) = 3-(’%*’“) = W)+ \}I(’Cﬂ + —%— W(G) where tdedy
W‘D 'F({ui"é’(kbj) == ?(to i \*o.)

= l*(’tﬂ = % + I f(’t‘,f‘ﬁa‘) & ‘”";; Lg(c,‘) ('1')
Now, by Eulex's method - %, = Y, + 1 R (%7 Yo) {2)
i i T ecl(}:g,ﬂ)%\gflﬂh\@ﬂ 2
(N &(2) —~_—7e‘:( W, - %(kﬁ\ - %’“ '\tg(d\ % > e < E‘q.: N

\ 2
Henw, the local oy wn step A is ‘?To‘m‘f”f"\ﬁ“ﬂ‘ fo W .



Now con sy e 2nd gf?F of éMiP/’Y; m,{"f“‘!ecl:

M N l&f"—“ }(f’%) ¢t e['&'; ftl]

Uit) = 4,

& = 2 4 o
This twme,  thae lacal error  Por step 2 s 9&’ e different between

He exact amd opproxemale solutwms of  thy above ont-step VP,

Similow to Step 1, we can show fhat €, ¢ Lk Trpre tu

<

local erroy w Step 2 is  also Fra;?offwwaf o l«z
However, €, o ot dh dotal erroy in step Z-
:i}lofoai exyor

_ o step 2
~ P

The Aotal evrov wm Sfep 2 s e = ( Y(te) - !47_( — [1tis also calkd)
eq_:’lg.(fz) *"l‘ﬂ"z,i = EQ_ + € 7

o

’ how e = C..‘ 6. :
g ? findous , tam we an S |
e JC WAC] (ag' e (whﬁ-ve 04‘31400)
T 7
> e, = Qr,; +¢ & % M h + My b (wheve o<y, N\g_(m)
= = L

| al /4lob [ eAvr
¢ we comtime until 1 last step (the n-th step) , tha tol /globa

T

{S: Ilﬂ,"t) '#ﬂl < lf\-q-Mg_If\ﬂ-i-*“‘rMnl’\
A 2 T—toNi_ T Nl«:@(k
% i‘P M‘;MM(M1,M'L;---, n)} S n M l(\ = T N\ (T to.)M )
w £
Lonclusem:  Altheugh tha local exvor (o ong - Step €470) o each smgle Step
- of EuleA's method 15 O(K), th Jotal Wov(ﬂﬁ\f@l obal exrer)

is (W) Thare frre, Eul or’s mathed 5 a {ot-ordtr accurate
At Hod TLHS Pmﬂoﬂlﬂmoh 05 ealled  exrvor mf('t,{mula-h;.q :

—
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’Rmn&a(e_Km#a (RK) Methods

RK methods are Pofwlwr oamd Fowe/rfwl numerical methods for
\ /
Solvmg  IVP's - y'(t) = £(t,90) te[t,,T]

J(t) = 4,

/ -
Euler's method 15 e sim,vies-r and least accuyate RK method.

Move accuwrate RK meHuds are obtawned Mfm;xg hr‘ghe/r oyder

y oy

gher derivatives of such as Y, 9r

Tw«g]w PXFMSM;’IS v;/t\/o(vp:mg hi

wWe will study twe RK methods

[m o Znd -ovdr accurate nmmwf'm( me+hod
(ET{'Z‘"\ 5 x H‘H’\-—Wd&’r accurate nam MI‘M{ m,e-f—h,od

B s

Remark . Eu(e«’s m-Hhocl,, which cam be considered os e Ast-evder

accurate RK ruthed, (s Sometimes yeferred to s l RKA|.




Recall +he devivatum of RK1, wheve we +ake only two fexms n
nglov’s ex pon St

Y (++h) = g(ﬂ.fh qte) L O

ISP

T‘-wa +erms

& / )
T, derwve RK2Z, we +ake +three terms wm Taylov's expomscm

V4
Y(t+h) = 4+ h v &) +

—

tHhvee terms

E S + OO )
Z

.
b

y
But, how o fund ‘3[#(1‘) ? we cm'g Know 4 (t)

Lot ws write a two—torm Taylovs expansiot for 9 ¢

2.
- g’(ﬂ + h tg//cf) + OR)

%/(t—rm
:_ﬁhy.//(t) = «4’(’”1«) —y' )+ o)
O / i / 3
=y _“{ ‘él(ﬂ = 3‘{ Y (e - 9@ &+ O(h)

Them (%) cam be wridften as:

3
Y(t+h) = Y& + '—"7_- fg/(ﬂ +.;‘:5\/(t~+m + O(W)

w here ';,L’(‘H = f(t, go)
ﬁ!(t—ﬂﬂ = P(trh, GlEel)

= :F('t/ ?(t)) ~

/s



%)

This meams :

g(teh) = Yo + _‘% Plt, 4@®) + %‘: Plteh, Y+eh)) -+ O('«g)

We aim Qt Ptmdmg o fﬂYMM{& tha+ ?ives‘ (é[-t—.(.fn) pwL Fexms of Y(t) .
The above fomula  cmtams Y (++h) e Ya‘@kf_kmé-sfdz.

We use TM}lw's {—‘wmmld onw  more : Y (t+h) = Y+ h . £(t,90) ~+CQ(!«?-)

Them we get:

Y (£+h) = $(O+ hopee, gea) + Loperh, ytﬂ-rk-fthvfﬂ)wfﬁ) 4+ 0(R)

Sina ]c(t/ Y+ @(l«z‘l) = £l&Y) « O (W) ,  we will obtam :

y(bh) = YO+ ‘L% £t yLe) + %__Jﬁ(ﬁt\, %(f)-{—'/\gc(‘{‘,‘él[t)))-l- @(f)

Thave fore , #he  RKZ mythod  reads s

Y =Given by TC at &, 44— RK2Z  pseudecede
,POY L:O/'t/z./**‘/ n-|

71 = Ja({;';’, 3") <4
Kz= F(t;+h, 13£+L\-K1)

RK?Z2 c‘&l(:a o Ha WA

"ﬂf:ﬂ =4, + %‘— (Kl + K?2)

t; =t +h
&@m}




te local emor wn RKZ is  O(K) , amd henct RKZ has @
gloloaf eNY oY Oflﬂ?—) . Thavefove, Rk2 (s a Ind —ovder accurate
mume/r{ml mi‘f’[/lod . I+ s also

i Fhod .

[RK 4]

y g
: ‘ W gepansim  and
In a similan way , bg takwmé. Five terms m Tmlws F

‘ ' wmes  we cm Show that:
WS mY Taylovs foymualan cevenval| Himes,

q
Y(t+h) = 98 + %[F(f,ym) 5 P[ﬂ% ’ zt(’c+%))+p(m\,g(++m] + O(W)

After some work, we obfam RK4Y  method :

‘ — RKH s eudo e de
Y = given by IC at %, RKA  psevdo

Pﬂr L= 0/1/2-/ s~ |

{-E'l—: £+, B o (_d__\  RKH ('\l%ﬁ\(i Ham

f
K2 = )c(tr.""“;_—\_’/ g"‘f‘%\—-}’(f)

o h h
K3 = ﬁ(t(+ %L‘ —+ _._Z_.Kg_)

-E' rs
K= £Cteh, 9o+l ks)
_ h
L%!;,H = '6(5 it ( K1+ 2K2+ 2K3 + K’-l)
t!:‘—"' tl.. +l/\-
end \
R _

\il

roferred o as Hhe umproved euler’s



*’2_
The local ewor wm RKH s Cﬂ(lf\g) , and hena RK4  has a  global
ervor C)(lf\q)- Thave fve | RKY IS a Hth—ovdex accurate  numen( al
me of Hw wmest Fopwlaw nunen( cal meHiods  for

mi Haod . RKH s

solvimg (Vp's .

Ceometri cal I mr)owol Fern
[RRij wex e diopr W 4¢t) at t 5-/:3‘3&“%\;)

wses  tu slpe of 4lt) ottt omd b

K1 3 slope at &
Ko: slope at t;,

_ . '{:f“f"tEH
RKA4 wses  the slope  of Yty ot tr o Ty amd _t£+.7‘:: e
KA = slope at t;
KZ+K3 . slope at  t..
2
Ky «  Slope ar

Tha move uﬁfwma% about Y(+) o methed uses,  the more accur ate

Hu W‘H/\,UcI will be.



EXZ Considor Hu Same VP as wm o B
/ 3
Yy = ty+t, telo,1]
Y(o) = |
Imf:[enwwf RK2 and RKH m  MATLAB  and numerically gtudy

Hh ovvor at  t=l i texrms  of  Step cize h. Compae and discuss-
e [’

S

See Hu Mat
2 . ‘
With tu same h=z0.1, we ——exact solution
1.8 |~ RK
observe that R ke /
1.6f 7 |
ate move accnrate _
gewe/r | =
nmr}’le/rr‘c‘ﬂ' soluttms Hhan  RKI1. 1.4+
1.2
1t 0.4 t 0.6 0.8 1
The plot verifies that the o .,

——error in RK2

g}[obﬁt[ ey oy o RK1, RK?,
amd RKH s (W), 0(W), "

—-error in RK4 7]

L sehivel . =
amd Q(h') respechveld. : - B
107" f .
B A 77h4
_10~15 . » ‘ l -
16" 107 107" 10°



ODE sYStems

Consider  the general fom ofalst-ovder system of ODE' .

g,/@b) = ;C' (%, 7] r-09 )

‘g/(t\: fz(t/ '?i/*‘-f ‘Jm) "té[f,/T]

2

v
]

'él’(*): Fm (t/ ‘3,;"-/ tam)

With  the wnital conditien -

g (2= 8,
ga ($o) = ‘6‘20
y‘m (to) = 5‘“

T

-
e we set Gz (9 d)  and  F(6G)=(F s fm) o thon

e IVP reads:
g/({_) = ;C—f'l:, g(t)), te [fng]

g (o) = gc»

Note that f lam be linear o aenlimar wm Y.

We 90155‘;1 extemt RK1, RK2, and RK 4  that we derive d

for  scalor l\/f’is to  Solve lvp systems.



EX3 Consider Hu ﬁ’[uwmg VP SYstem ;

"%(/—u P 4 with P:(_"l’- ') oand  IC: g(oh(i)

4 = 3 4+ 4, = F(t, 97'%)
!/ . '
= —4 -7 9 = Fokts 800 %)

NOTE : We studied and solved this VP b EX\2Z un chapter c
-t/

Lélt(‘i'): (Cost +Sut) €

. -t/2

9, &) = (cast._gw-{:) e

The exact Selutwon is i

PW\ 80\'5‘3‘ a'_Pfrgﬂf;\ to a/FPI‘él RKT, RK'Z, oYy RKL, +tv W ’VP S%ST@W‘S

write them w1 foym -

15 To
—g': £ Lhp 4 whare  hevw, 13:(3'2) and ;5:(3’5;)
g, = 9ven by Ic g = givem by IC g, = givem by IC
R- F(s3,) Ri= (63 Ri= £ 50
-‘gl;ﬂz o+ bk K K2 = £ (ti+h 'gﬁk?*l) :22 f(*l*%’ Go+a K1)
.__L_H: 7. » (F1+%2) K3- f(m%,'ﬁﬁ.’gzq

{
[

h /o) o= e, =0
= Y+ 2(Kay2 ‘
» 4.+ e( +2K2.+2K3+K4)



Qe Hu Matlal code Nuwmenics - EX3.m . N
. 3@
The  Pollowwnmey  Heywre  showsg W exact Solwnteon Y '—Q %, (4

owa A AN WA G\ colnrim  biawred \cw(\r RKA  with  W=0.\.

15 . , | |
——gxactyl
——exact y2
1 - - -numerical y1|
- numerical y2




H g her order equdtem$

]4 5’5#’79[@ ODE olﬁ h,@_kw arder  can be (fan\/é‘/fﬂ’d e @ SL}ST&H’I of

ﬁ(g*fﬁordﬁr ODE’s

g}f-falg/«r bt Y = ¢ )

arte  constomT numbers .

Consider 2 nd - ovder ODE :

Firgt, wWe b;l’fY'ﬂu'vl(Q He new variables 9, and 4,

by set g
% !9] = %r 2)

| ‘92_"‘2 ‘9‘
TL‘@/‘“/ Pmm 2y = ‘y, = ‘32_
And from () => 4 = —ay —bty +c

/
This is a system of two Pirsi-order ODESs .

e —

Ww v . / £y 2 pe
Wrrfe- i algw;-rl/\m Pcf Lulers methed %__:_%f;_ Wy + St
fhat solves +he PeﬂoWW\(Q_ (Vp —————»

l, Dé-({?‘} =1 té[ﬂ,z‘]
NoTE: It is o 3rd order meninear ODE. # (o) =0
(o) =2

First, we convert fia thivd—evder ODE  mio a

et 4= l;}-},; 4, = 9. =1,
9y =

system of three First-oder 0??6_;

Y i .
‘}', {4 ﬁtzin1t~ h. %Q/L

)ﬁ? EM

%3 } lﬂf- {4 Lg = } 2 ““> ‘g':./ C%-J:léq £+L\ . %5’/ .

From Hu 3rd ovdexy ODE ‘4;'—“"’?3 s ’ﬁ, ‘32+Sint = %:5 zl:’j‘,-t-ﬂ = ‘j' +‘n {j ‘311:32 :’5""“‘-')
Inivial condittmy ¥.00) =1 , g, t0)=0, %13 (0)=2

See Numerics .EX4.m



Convevgence  of numeri cal e e d S

(onsidov the  Dahlquist model problem .

o/
Y&y = =A G Ao ,  te[o,T]

3(0) = ‘30

Tha exact soluteom am easily be Found :
9

-2t
Y %('ﬂ == (go [
0 G-ermwnd Va\«\\quxig’\-

lqa2s - 200%

4

WE  NWoW  WSe Ewlex's wmuaed +o fund am a)}s?voxwm’re solntion -

4. = 9.+ h (‘)‘ L‘/’IL) = ('“hk} 31, t=0,1,2,~

For mamF{e, le+ A=30 and Y =1. Take h=061. = I-hA=-2

L= 0 %[“‘*2 '40: -7 '6& K
L=1 %2.- -7 ‘é' - A :.’;
4% ® [

bz Y= -29,= -8 : [

%'1T \ ‘ i

/A \ \ f \

- = = - ,__a\_-—--g—“ 7 B J‘*{ ] Ay
t=73 laq 233 = 16 1 N o DQ\.\\ 03/ o4\ >t
\\ / |

we observe that the numen i cal soluteon  does mnet appyoXumadte
Hu true  solutvm, which @cpmwﬁa([‘é decay s . (nsiead of
evpme/nﬁ'ml decay., Hu pmm&-’n(ﬁ' sufem  has a growmd OSCNMW';,{

behavior



WJ\M went Wmﬂg L;n ﬁu Prév’f}w’ts ﬁanFf(J ?

Every, numerical medhod  sadk as Eules’s method must have two properties.

7 amv‘c%g,e/mL 2) accurate

Let %}h be Ha numerieal golution with step size h .

onvergenal - rells  us that e aumerical  solutim %A approaches 4he
exnct Ssolutim Yoas the step size h gees to zere

s

oo g - f=0

h—o,

tells us how well #ie numerical Solutim tg};\ mffrox?mﬂ"fes +hg

exack  selutim . fov Culers mathod, +he global erver is A(h).

Henee, Eulers methed has accuvacy of ovder 1.

Accnracy s @ necessavy  condifem  for Cmvergen@, but not su fpicient |

For a mtthed 40 be (,amf@rgemff, it must be beth accurate and sable

(‘1:’:0‘!)
In the previeus eample, we  chose a wrong  syep siee” for which  the Eulex's

wethod was not smble. Hence, it did not converge o the correct solutim |

Le+ as consider the é?/mWF'E‘. ‘“}5”"‘"" N %-H = (”— h )‘) 4.
Yot o Yia | L
— : = I-hA et G;—{T} = If"\'}‘\

{

G- s called the i"‘?’l“ﬁf'c‘s‘fW factee ap time step L .

L

For EPI}‘EW; method [C“i‘t' % “"L\}‘ﬂ




\‘20

For Ewm}fb‘ris mithad | Hha amF}fF{m-m;: factor s G, = ! I - L\A' .

T amf/iﬁfﬂ% factee s less than 1, then we are gut aranteed that e

numerical sol. will not grew without bound (%(’l = U, (< ‘V‘ED‘ '

Il this case, we say the numerical sdutwn  will be Stable .

<t = JI-RAE = 1 T-hA ] 0<Mh K2
Conditem  For stability &

This ranslates 1o a sfep size restrictum fv srabilidy 3 We need 0<A<3§--

¥ E.. - _%___ YRR . Z
In the previeus weample T = 30~00667 = h}i_e,»UnStable

For instance, If we take h=0.05, the oipproximate sol. will converge to tha trve sofiton.

h=o0. and

}@M!usmi} Far Dahlquist mode| problem with A0, Euler's method (s stable. only
whon  the step size h satisfies the stability conditean O<A<2—I'

This conditemal stability s referred 4o as partial srability. Thus, Eulers mefhod

!5 me{'}a”y. stable

A mithod s called partially stable ir when applied 1o Dahlguist mode(

Def.
| solwtum s stable only

Fmbie/m with Ao, th {errésfzﬁndm?_ ntmeried

D seme values of h.
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Se far we have  Seen

@

such as a Ruwmge- Kufta (RK)

For on  ODE solver,

method  ((Eulers method (RK1) , RKZ , RK"—[) . we have

o

Cen W.’Afg‘ en L

acchracy, -+ STA bility }

vt ————

s

num ersaa| ODE selver,

In ordor fo vwvestigate the Stabilitg of @

cm sider bahlquist model Frob)&m : %%’(f)h)\ Y telo,T] '
$(o) = Y

we

where  ASo . Wwe fhun obtatn Hu M,Fi;f;caw factor of th

[

numerical  selver .
2 -
%

G it [ g The method will thin

be stable ip ¢ < 1.

maoTé Lommion “o le + )\ be & C/mmf;ex nmvnb%:

¥ = )\R,,(. L AI wii Th AR>0‘

Because, wn practice  we usually solve  systems of obeés , amd A represents

the eigenvalues  of the coefficient ma+nk , which may be complex even if

Hy math (S real -
Jees Te regum v complex Mh - plane
s called ﬁnfu, reqien of S?zf@;f[h“} (m* the vegion  of abshite

e e S

where He  numerical  solvey

s sinble
smb‘r/%-Fg) of solver .




Sy
@FW‘J and skefch The reg.im of abselute  Stability for Enler’s mithed

Dahlguist  model problem . ‘&*!"" )\ Y p Re(A) Do

EM/Q/)”% W‘H/IOJ: %_H s ‘[4}.;- h (._/\(4}) - {f_!qA) g}

} !“L‘(AR*'L)‘I)I

Ui ~
= G}:/*'i"/ '-,I—L\)\f =
= | (=R = ERAL] = SRy (b)Y <

=y The yegem of Stability of Culers method is the regien  nside the civele with

=

74 =
adivs 12 (JohA) + (hAF) =1

m»h)\ﬂ




EX6] Fund awl plot the stability v gtn  fr RKZ-

| Daahfquih‘ model : =X Y
_ - whoe N2 X o+l hg o Ny 0

a k= =X
| ez X (4 -hAY)

sto—

; - . B i LIA;-
%H = %4._)%(_7_)\3}+kA%) = %(i WA+ = ( )

= G- l%—Lk = |- () (0 | <
+
Now, how fo plot tHu sfability regum ?

We want o P/af all Z=hh values w e Cﬂm/P{&Y p/ame for which

[L-z+-;-22(:’|~

This wuans that ¥ @e[o,2n] we nud to fnd all 2 such that

2 L

|- F + Zz = & .

1
turedove, we plot all  solutims to the guadtatic equartiom

7 (P
—’iz -2 pli-E } 50

Thare are two solutians - Zm.: j +
Phi: JI‘!‘PS‘P&{O@(O, Z*FL/ {@303;

M = QJ\’P(75*PEE);

Zl= | + s‘qrf(z *M,g)/_ S
22 = | - sqrt(Z*M_,);

}D]ct(2[>
held om
plot (22)




EX.F Fuond and plot He Stability regum for RK4.
Kiz -
ko= -A(Y4i-ENE) = (D e Lh N ) Y
U TSN SRR PP U A5 S R O
S Y VRN o RS (N OO I 70 B IS YO TR o 1

—

W i 3 | 2 , 2 T n 3 2 43 g
%SH- %a+"&“i.'>~—2)\+lf\>\-’i}\+>\\r\—z P Mﬂ_}%\ NK ]%

= SRR (t>)+-‘-(m..ﬁ_(mﬂﬁ I
= a"mil_ e b *‘“(}\\I

2
We womi to plod z=h) ¢ \\_—L_Jr}{%_
This —rml we take amother Aﬁﬁmacl\: We plot GJ.(%) for all Fossibfe

2 valnes and them plot the T-Contour of Gy -

%47 = mgglqgr}o( (ﬁngpace (-4,4,I000) , linspace (-4 ,4, ;oam)>;

2zt Y ;

lentour (ot,tg, abS(i-z + (1/2) % 2 A2 = (1/6) X Z-A3 4 (1/2H) % 2 . AY) A0 iK_s>
Im(z)




