§h~ - Ortho %onafr'fzg_ \' |

n
3. Scalar f?radMC*f wm IR

C&’ﬂSrd&’f two ve (tors 1 X '—‘(Xu 'Xz_/“-/xn)Té lR

n
= (Vs Yas ) e R

Det. The scalar product of X omd y s

! Y -
X Y = (Xl K, comis Xn) (Yq_) = )(l)/|+ XzY7_+"-+><n‘/n
%

| -1
Ex-1 It X= z) and >‘=(o) , then  the sealax [b‘mdu_ff op X and y is:
3 2
.
Kyz 1x () +2x0 +3%2 = S

Def. The é&ch‘dmm length (o the ?——Hofm) oF X = (XisXarers xn;r (s defined by

T 2 R
I x|l -:\jxx :\/x‘+xf+m+x,f’

n
2(’_& £ X,y R, 1 w_ between +Ha veCtsrs is ”y—x”.

, -
X2 e x:(z) omd y:(el] , thon the distance between X omd y (s :

Uyoxl = Op ot s (-rey = (=1-7% (0-21 = Jaei =\F.

We alse  have ;

5 2.
“X”:\( XIfL+ X ‘:\/1‘2_{- '21

Iyl :\{ v+ yf = ,/ il g

)\
<
N

il

=
¥ ¥ E (mddy s 24X = ~|



Zz

a, .
Theoyem Let+ x,ye R or R be Hwo nen-zevo ve(tors

’ ‘ Y
Let 6 be e angle between x and y . ‘ ée . @
T

Them B G = et : 046 <T.
IRYRY 4
>
o &
X
EX.3 e x:(;) and y:[?), Pnd  the amgle & berweon  thom
xy- kB XY B 5

[[x!l-\/ F
YR =y 354 (*

— - x ¥ 5 a Is S C oz
= Ceso = XY el e e
{lo o 2

Wxl -yl {5 . {®

:37 BZL\S’ Al 6:1.1_

o B 2
Covollaxy, (Caux\c\f\\g ~Schwarz \;\AN\U\O‘“M) g X,yeR o« R thew

Ix'y| < Wxi-uri
The qu&a\i'\'\g. hold (HE  ome of the vectoys (3 O or o vected (s

the W\\A\-’r'\t)\e of At othex .

=X.4 Vexifty that Canchy - Schwarz vi\equﬂli-ha vold poc vettars wa EX.3
2 1_ :
:\xTy\ < Ixlayl = V50 (%5(@1% qsﬁj

z 2 g iLd
Def-  the veciors X,¥ elR o R axe sad 4o be OHMOO}DM\ XY =0.

n this case  Cos €=0 = e:f;___ : We wate  x L y.



n
pef.  Any vectsr unelR with length 4 s cafed a unit  vectar |

——

T n
Foy o wnit vector W= (U, Lo, -, y) €IR, we threfre have .

([ w ] :\/ME'Z* B |

Fex EX&IMFIQ e = (1’0/“,/0 R 1S & unit vectoy

S e - = R — el
e e ———— e ——————————————— e r—————— ——————

Griven a nen-zere Ve x - (X,, -, Xn) €R , we can fond @ wnit  vectoy

Correspnding to X by ﬂﬁma[l"?-wﬁt} X (diw’de x by s !cmgﬂ«)_-

A= —— . X
i
Then it is clear that . HW”I—I-—--HXN = 4
Ry
2 3 Y
Remork  Let x,y eR or R . Let u:ﬁﬁ and VS el Them ,
T
T
cose=27Y - uv.

uxit- v




N
Oi’.fhog_om?‘ Fre}em'm |

Tha projecitm vectsr P ef X onto y

s obtawud by drawing  a line from

X UY"",/\U?_U'YIO\I 1o y b See ‘f‘f/Lﬂ F{?Mre\

To fumd p, we notice that x-p L p
Le+ w= “'ILT be #he unit vectsy w the divectim of Y-
[yl

We wamt 1o fund xeIR  s.t. P=otW . (/\/O‘f‘f’ the P is un A directom of u)

we Know Hhad X_ otk | o« This meams i Hha right riangle we have
l (K . | Wi
CDS 8 = ” P I — _ﬂf___l_[__ — Sp—— - ,fi_
Ix i =t (4] fLxil
i T
= %= x| e = |fxW. XY - XY
Ix 1yt Wy i
o T
HEMUL', P =W = 4 ._2’.__ o XV Y
Wyl lyi YT)’
T
X is  Hu  scalar Fraal‘ecm}\ of X onfo Y : ol = T‘YY“
s the  vector proj W of X ontfo ; X'y
p s projéctum of Y P = - y
Y

EXS  Fid the projectin vectw p op x:(ﬂl) o to yz(.

g L

P X y %3 4+ 4 x\ 3\ _ 1(‘3)_{21/\0)_(
Ve 11(1)_\0'qf}no_‘

-
- L

o P



/N

Cross Pmducf op two vectovs

3 ‘ o
Givem two Vectos X,y elR, theiy cCross Fradmc+ I daz)ﬁwu_d as:

XZYS - 71 X3
Ty, 2% — 5% Yo

Xy Y'l - Yl X2

X KXY =

(g x and y are lineawly Vhdszdemt them X XY s mrH/\ogmﬂﬁl to
both x onmd 'y and therefore novmal o f plane  containing them -

If x and y haw e same direchon  ( not linearly Md@f&ndfer) or (f either one

has zero lemgth, 4hun X xy =zo .

3
Fy any vectws x,y e R, we haw [ xxyll = [xI{yll sue

P i

where 6 s Hu amgle  between X and y .

e -

The concepts of amgle  between dwo  Vectsrs, Cauchy - Schwarg inequality , and
"\
ovthogonalits cam be extended o R

"
For omy Vertots X,y elR, we have .

-+

1) Cos © = ..__{‘...._Z—.__. 7 0< 9 i L

Kxil Wyl
T
) Oownel Schwow 2 ineo\v\a\ihf | < iy < |\
2 wehy — OS¢ - -1 < <
Y Ux il iy

3) \(: XT)’ =0, W& say X and ¥ axe o\(—\-\no%o'no\l : X ._L Y .

Rewark Fov X,y eR':  Ixey 17z (x4yY (x47) = (xW+ 2xTy + ayn®.

g x Ly = Xy=¢ = Wx+y \’:L=\1X|\?'+ WYN Ahis is Known &S Pythagovean law,




Applicatim  to  Statistics

e g

we wamt+ 10

on  hemawerK

1) we First collect dasa for  F students .

i

%udg,l how closely — exam scorés Foy a class corvelate with scoves

assignmants.  This may be meﬁd 10 Aund out the leve| op  difpicuby

Scores (out of 200)

student HW assignmeats Midterms fana
1 98 200 16

) 160 l6S 6S

3 IS E {SE (33

4 ISo 1233 al

3 I7S (BZ 51

6 (34 i35 o]

= IS2 136 B0
Average 61 163 i3

2) Next,

we ned v do Some dafa  precessmq

A) Translate the scores +o AVeragn  Zexo .

in each Column, wée subtmet fhw Average sceve Frem eath  column and store

e tfromslated scoves wm  a

( 33 37 65
i z 34
X = L} ) Z
=i 2 ~Yo
i 19 2.0
~27 -2g =30
| -9 -27 =S|

Matny -

Remark 1  Each column vectsr of X has
mean Zeéxo-
Remavk 2. Tha entries of X represemt Hha

deviatims from the averadje for
each of He three sefs of scares.

B) Nomalize each column o mane #hem wunit  veciors and store Hhum m a matx ;

[0-34
~0-0Z
=006
-~0.22
0.28
-0.54
L—-U-fg

0-65 0-627
0-03 ©-33
—0.09 0.02
8.03 ~0.3%
0-33 0-19
-0-49 -0.24
~0.4% -0-49

W X=Xy %2 %37

X\ X%

Xa

"f\MJV\ e A —_— Sl
e [ i Uxall  WXsil
lA| Uy Uz



+
AN
3)  Stahstical omalysis .
To compane two 5e1S ofp Stoves, we compute i cosine of Hu angle befween

Huir wrrppfanding column veetorS . A cosine valuwe rear 1 indicates that

the two sets op scoves ave highly correlated -

cos 6 = X X W w, ~ 04z
For two vectors X, omd Xg s 4 = —— = WW, ¥ oqz.

lxil - i Xl

A peafect covvelatim of 1 would Co‘iﬂ’&fmc\ 4o the case whave g Awo sets

ok Hromsloated woxwalized  vectovs are Fw?m*rw{na\, ot is W= oW
A cocxelatimn  of Zexe  would mwes‘:mc& +o0  Hae  case VL‘__L W, o in s

CASE we 9:?«/\3_ U\\ oamd V\q_ axe UWLCMTE\O\TGA..

U W, Wy ——> U,
negarw el neaatively. G
] "\“&\“\‘L cavse lmi perfectly covtelated |
- IA ' ""—*"_""b’ W Yy
positivelvy. ?0511142\‘3
not wighy cowelated Wighly covelated pecfectly covelated uncovcelated

We can ComFMfe e Correlatim between each pair of  scoves, we computx

; L ] 0.92 0.3
e e C=UU ={pq2 1 0.53

0-g3 083 |
The matne C s referred iv as o carre/af—m}ﬁ matne .

For  wstona, correlatvmm  between w, and uz s 0-83 .
Corelatim  betweeny U, and Uo s 0-927 .
This meams  theve js a higher correlatim  between HW scores X midterm

Ham  between HW scores X Fnal .



S Orﬂaogma/ .Subsfﬂaf

mx n

Let Ae R with the nul|  spac N(A):-:ixefR fo:o} .

Cer\d«M A veltar X = (X, Xn)T e }V[A) = AxX =0

= we  have A- X, + aﬁ?_ Ko + o+ A Xy -0 Por (21,0,

o i1

Hemw , X is m’v‘ko%wnaf o any o-th row of A .

AT

J‘r’ﬂw@.mal tve any i-th  Glumn of
T
of the column vectovs of A

Hentt , x IS

of—fkngmal o any livar Combinadum

Hentl x s
T

: “T
Henw X 1\5 GY‘H’\O%.GWQI 1o Mg veclfoy Y ] 'f‘i/\l Columy] SPﬂCE oF A: XY =0
. T
Thus each vecrsr im N(A) s 0f+hogcma{ fo every Vects CAY .
-
w CIN . = we wite N(A)_L C(A).

We say  N(A) 13 srthogamal

- e

Two subspaus X and Y of R are said o be ovthogamal i

Dot

xTy:a , v xe X Vyel .

wWe write X ___L_ Y

3
Ex.b X = subspaw of R spanned by je,,ez§ -

e

_ =
Y = subspa op R S{Darm@d by. ¢3-

-
P xeX | it must be of dw fam  x= (X, X2/, 0)

- 1
I YQY/ it must be of thu form y=(0,0, Ys) -

ﬂw‘“‘, XTY: X, x0 + X, x0 + Ox Y3 =0 = X,_L_Y .



‘De”F-

Let X be a sabspace of IR .

o
The _O‘r'H/\ongqaf @m/afemmf of X , denoted by X, (s defrud as:
- n
>< = i z¢ R

T

xz:O,VXeX}\

Ex. Consider X = spam ()  and

(1) Are X and Y orthogonal 2

Y: ) Ao (37.)

3
fwo subxfmces of R~

(2) Are X omd Y mﬂl—f/\oc&ma[ Cﬁmﬂf?mﬁ?

-
/ 3 e = '
1 P oxeX=spm(e) =5 x (x,/o/o)T = XTY:XixO-l-OK‘[?_-i'O*O:O
It ¥ e Y=spom (ea) =y Y =(°Y2,0) )}
X LY.
i 8 3 ¥
'2) x = % 'Lel'R. ( XTZ :O/ Vx:(x,,o,o) }

)
—AN
N
™
>

X, Zi+0x22+0xz3:0}

X3 =0, ¥ XM:—I'R}

i
PV,

N

[

1
—
N
[

\ EI:O} = 3 z2=(9, 21/%3‘)—§ = S?M(elfezv—) %Y

Y - izéfﬁl YZ =0, VY':(O/‘/?JQ)Ti

=  m=p = SP@M(QUG’-’—) £ &

Hemae , X omd Y oNe  net cs\c-\\maa,ma\ Cmm‘b\tw\ﬁmﬂ.

ReraaiKs . LT_\' g XY C

—— e

K oad XLY = X0Y-=go3

proof . 1F xeX\Y and XLY, Hham XX 0 = XV 20 = X=0.
L n
2 & XCR, tww X CR.




L 10
Fundamental g’“bgf‘f‘a“‘ N

mxn

Comsider  A€elR . .
vectr b émm o A column spat of A b-Ax for some xelR .

n m
I we fhink of Aas a Lirwar *{TMS[%YMﬁW L(xy-Ax :R— R, then e
Column  spack op A 15 Hhe Same AS Hu romge of A

C(A)

Colwmn SPAY

range (A) = fbéiﬁm{ b-Ax , X€R } =
rongs (A= §C€R | c=Ry, 4R 5 = C(A)
C(A) s the Same as R(AT)/ except that C(A) comtaws x| vectors

and R(A) contaws Axm vectws. Hemw,  be((A) i be R -

Smilanly, ¢ ¢ C(AT) i ce R(r) -

-
Recall (fome page 3) that  C(A) L N(A)  Similaly, C(A)LNAY-
T fellowimg  theovem states that MN(A) is actually fre W%?onﬂ{ mplement of CA)

Thegrom  ( Fundamsnal Sbspaces heaem) L

i AeiR s Hen N(A) = C(AT) amd  N(R) = C(A) .

proof. 1) Sine  O(A) L N(A) = {M’A) < C(A) |

= | L i ] EA
2) if xe O(AT) = x_L coiumms of A=>AX=0 =5 xe N(A) => | C(A )T N
1 L . - L
Henwe, l N(A) = C(AT) i Simrfmf;g,weﬂ com  show | N(A) :C(A) =
BB consider A=(3 9) - = aT=(} 2) o
C(A) = span( (1,2)) C(AT) = span(e)
R(A) = span(€i) R(ATy = spon((i2))

2 T T ;
f’amg (A) :zg bé (R’L! b - A‘X/ Xe= (X, X'Z')TG [sz = fbek [ b :(XH'ZXF‘):X“ (i/'l)/ KIEHR_} ?5Pﬂﬂ((ﬁ;2§l‘)
N(A) = fxeﬁa {Ax:aj = fxéﬂtﬂif X=0§ = spam(e2)
N(AT) = $xe e (Ax =03 = §xeiRE | X\ +2X2203 = Spowm € (-2 1))



{
| ClA) = SPM( (Q) &jires (?‘_) 1 ('f’) =5 eveny veetsr i C(A) L every Vecmmﬂ(;{)
N = spon () Lo
C) L N(A)
N 2

moveover, C(F) = iz.e !RZ l Xz =0 ., Y o xe C(M}

= ize !R@l (o, 20%) (i’z) = X(Z(t22, “:0} & SP"‘”‘(("'L/‘{):N(PT)

.
> = Spom (e .
CIRY = SEm &) e, L ey = every vessmin C(Ry L evesy wcher in NTR)

N
c(A) L MA)

N(A) = Spam (€2)

E
Mwewezr, C(AT) - fz_é ;g—( XTZ:I!? , ¥ xe C(f{r)}

<fref (o )()em e = pce) = we)

. . il : o
Thesvem 6 S s a subspace of R, then  dim(§) + dim(S ) =n .

k.
I gx,/“‘/ xy} Is a basis 1oy .Ag amd fxr”/h-fxn} s a bass For X’M

fxlr“‘/ XH} 1S a basis 1&57 "R 3

S s

Dee. Let (O omd V  be 5ub5paces op & vectr spaq W.

e V¥ weW can be writfen wniqely as  w v, where wel/ and veV, thoy

Wwée 5‘,,19_ Wa;.S’ a GLlrfc'f Jum Oic U Md \/, M(‘l we V‘J’Y)f“e W:_ U@\/

» n
ﬁLLJYWQ\ ¥4 Sis a éubjpﬂ(l of R, them R = S@ /S;L-

&
Mm fﬁ s a ,mbxpaa v JRn, +hen (,&") = & .



MxN

E—X‘f let AeR . Them N(A) onmd CA) are subspaws  of KRH. \{2

},

) R n
We know that C(A) amd MA) are orthogenal complemenats w R

n

R .

1

Hene , by thevem®, C(A—r) @ N(A

Z 0 0
10 Lﬂf- A:(O 3 0) .
(1) Fad  M#®) and CA) -

(2) Veipy that NA) ® CA) = R
1) N(A):ixe‘ﬁ?! Ax<o{ = 3 xeﬁis‘ (;';1‘)*(%) = (0,0,%3) , X3€RS
‘N(ﬁ):—. span (€3) ‘

T 2 0
(3 3)
2 0

To fud C(R)  we reduce A 10 RE form and fmd the columns covesponling
: : l
1o [ead’/mg ’/5 2 't“(T:.‘<g g) —_— (O cl)) = CKﬂT):S‘FM((E)/(%))

0 o 0 0
= {C(AT): spam (€, , €2)
8

3 NA) ® C(A) = spmm(eirez,035) =R . a5 B




£
5.3 least Squaxes Pioblems \

MO Yivatomn

Assume 4hat we want 7O denve @ formula v 1 ﬁ/lwma’ Cowcfwc'ﬁ\/.‘m

om0 : are T -
of  Stainless stee] [ asa funcion  of femperature

K= K(T)

ol el
we first muaswre Ko at  different Aempermtures T between O +o 600

we colleck #Hw  muasured  date :

L 1 2 3 Y S 6 =3
1 o [00 200 300 H00 Soo0 6oo
K, | M5 17 176 4 22 23.| 242

K.

) loo 200 300 Hoo o0 koo

we then fry 4o Amd  a functum That best  fits the data . For eample

we am  hy fp fd a linge that Fits He F data pomts :

K = « + [&T 7 See g red Ure figure above .

we am Hhenm  wuse Hu formula o pmd K at diffevent T values.

This problem is aled o least squares prblems , and the mithod  foc
Punding X omd B s alled  te wgdhed 0@ least sa\\)\owes_



Now, lot us Cns AN A oywu.nrml case  with m data povnts .

L J 1 7 32 - - - "
X, Lx‘ Xe X3 = g X
Yl: ‘ b 4 £ 73 ST 7m

W e V\{Es\{\ 4o '?W\A o HMW‘( %M“"W\ y: X X 4 F ‘HﬂO\"}‘ \OQQ* “pl‘i*s "'[N.Ldth\

We will  vequive thot e livear  Puntium  passes  through  all data poings,

T\\{g wLoNS , wWe wont - Y( = . FS xX{ L=\, 2 /M

7/

This  gives us M eqwamﬁs with 2 wunknowns (/) :

x + X, B =7 o x V’l\

| wn M Facm | X2 | x ¥
x + Xz o= Y, —~ > ( \ -
_ | = P
X x,lm P = Im l Xm LYW\_\

we Hauve Fove ootams o ovex dgden mingd Sy STew  of ec\ua%s ARUR A

Let’s wyite M systew  al Ax = b
Mx N nx\ wax \
N Ace R ., xeR , belk | Wwita > N -

Swch systems  axe  uswally,  meon sistent . SQo, ia gemeral , we comnet

wx\

Pmd a wvecdsy xe R fo whacly Ax = b . \V\S"\eﬁé/ We tvy 4o fumd a

veokry x Bsr wlich Ax a5 as glese  ac possible  to b |

Hemw, we want Y= Ax-b , which ic aalled vesidual , oo as small as

possible . We fom vy do fund X that wales 4 Gaclideam \engyth of v
as Small as possible .



\lg
Se, we wish 40 find x  such  Hhad \\v“ s as” small as possibole
2
Minimizatuon op |y {}) s eqmm\em *o mm;miz_wb Wil
2

A veckor X that  winimizes W Ax-%l , s ailed tha least Squavves

Solutvm of e Systew Ax =b |

e 45 Did ¥ 2

Let P:A§ ) we know that P e C(A). b,
4”‘:!\);’7
A C(A
We want P bo a vectr m C(A) hat is closest fo b. T}«A/x (A

T shovtest vectr fom b o C(A) is the one which is  ovthogoal fo C@a).

me T T T ~N
Hemt, we wani re C(A) = N(A) = o0=Ar=A(AxX-b)

RN

T, | 0
g=iit \AAX: Rq This &s am nxn systew ) Sinw AN e R

AN

Naoyom W AeR with amgk n e neemal eqmﬂm;n% P—\FP: X :Rb

R -1
have a wniq we ol utvan X = (gf\ﬁ Ab , amd X s

e wnique  least squaxes soludtan  of  dlhae system Ax =b.

. . Sy stem
EX- 1\ Fad 4k least squanes  soluton 4o the  5ys iazx\.\_sxq_: 1
28y —¥e= 2

. . |
We wWOre e systewn  im fPrn A x =k, whaove A:(,Z %) omd b:(?g.

: |
e i s B (3 6 () 23
B 2L

50



4 v ] Considex e ?OL\OW;/V\%. 4 datra FUI»;\‘%S:

vl 2 3y
—“ﬂﬂ to2 3
Y13 2 a 4

1 Fund Ahe  best least squaxes ¢ by a Lineanx ‘}mnc—h,év\,

2) Fond Ho  best  least  squanes i+ by o quadvatic  Funlrum .

— e

A  Consder o lmcar  §anchim Y=ok BX.
‘71; ::DL-\-%X{ y i:l,’L,%IH

Hewe , we obtyam e sy stewm X+ Xy, Bz ¥y

A A+ XQ_F: Y'Z- @

D(+X3FZY3

X+ Xy B =Yy

The least squaves  Solutn s obtavnd by -

W PR—-C

=T

T 'T_11!|l
AR & =Ab :\"[ol 13]‘
i

4 (o o _ 13 R = 2S5 —
ﬁ’{e H]M [22] - i%og

We

wWomk <

L

T Lneay  \east Sct\xwfes §>i+ is \ 7, - 2..§ 5 B X_I

- . 7_
2)  Cons\x A qmc\m’nc fantirm Y = o & X Y ox .

2 y
we  wam4 Y. = 041-{5)4;_ +YX; / Lt=1,2,3, 4.

L

wWe obtawm g systema .




*x+ X B ot X Y o= 7, m X, x. 17(
= _ | et Y
X o+ X, B ot X ¥ =y I Xz x 2
7 = . 8 | =
Ko+ Xy PB4 x;’ ¥ = v, | Xa xa || ¥ Y2
7._1“ - .\/’-1
= = Fg f % o5 88 Y L Xy el

the  least squonves sofufeam s obtawied by

3
T ¥ oo | 0 ©fr« N
AAa A b = o | 2 3 | i [F} =le t 2 3
o | 4 9! & A v ol 4 af[A
b3 9 |
= 2.3S
4 G 4 || 13 L= 2
o , 14 36 P|=] %t = B ~0:25
Iy 36 4% ¥ = = 0.7S5

4
The qmdmﬁa least squares Fit is Y= 2.5 - 0.25 X + 0-25 X ,

The data powts wnd i Awe  least squares  fits  ome  shown below .
AL A

* data points
4.5 +----linear fit
——quadratic f]

P -
Hon

> 3¢




; gf-{ \nnen Ffoe'hkd— %?a(,@g \
Recall - .
The Scalox \Dfuc\wc"t m R
PR n Y n T T
For X:(W.?‘)G'[R o d Y:(Yf" ER , Xy = Yx= X\ Y, +t XYoot + XYy
5 i

n
Based on  scalar prduct v R, we depired  the following -

T T
1) Oi’i’\l\o%,o'y\a\(i"{-‘-&: XLy €& xXy=yxn=o
— s —
2) Cuclidiom lemgth (noom) of x - I xil = \/)?-x 2\ X e+ X
XT)’
3) omey\e botwesn X amd ¥ - Cos 9= 2.0
WX - wyu

Y\_ 4
3CA\_(M Fioé\V\C't‘s wm R e very wse ful . fas wstoml , wWe Could solye

W
least squoues preblems  loy scalovy ?mémc&s m R -

Sealan Pn&mc-\;s oxe ok cm\% defwwd v R . We lanm aenevalize  salay

products o ol vectd spacs | We cell Hhaom  (nex pEedwCES L Ahig s

#ae dopic of tws  sectum .
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Yo eodn paiv of vectws x amd ¥ wm Vo oossigns oo veal  number (x>
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(1) (x.x> >0 wth equm\ﬁy & x=o

(2) <x,¥» = <y x> VY x,¥ eV

(3) (xx+fY,zr =xx,z> +pLy.2y V¥xyzeV, VupeR

Def. A vector spac V  equipped with an wnex product 15 called an immex product

S“Fﬂ(ﬁ .
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1) The o (o0 \ongin) of & veckx v im am waner product spac V.
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2} ottwegenality. . wlv g <w,vy=zo , YwveV.
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Thegrem (Pyﬂnm‘go{em Law) W wlbv  thawm Jw vl = w4 v -

2. .
FTDGQ'. “ \IL-\-V\{L_—_(“,{.V/ \A-t-V>- = QW,“}-{-Z(\&,V) + (V,'V> = l\W\\'t“V“ .
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) \reMHr e P\/-W\a%ofeom law fox 1 amd x -
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Maste abewt nemwms

Novms —cam be defuad  mdependent of  wnner preducts. We havwe seen that

we com  define o nerm based on an inner PVDc\IMC"f ; that is, we an  consider Hu nevm:

I[vi(:J(v,v} , v ve V.

In g&neml, we <o ohf-vr'u, neym 8 im ofhur ways .

Def. A veeror spaw \/ 15 said 40 be a nowmed hivan spalk 1 4 each
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vectss veV ,  a veal number vl caled ML nown of v, is asseciated,

SD\“USF\IW\C& g
) v >0 wak equality. £ V=0
2)  fuavil = U dvlh , VoeR vveV .

3) vV < Awileiv ¥ wveV

L‘? g is called tha angle u&xequokli"r\}. d
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Rowask . 1 PF2, A p-nowa |-l dees mot Coespemd o any inney prodw ¢,
T)

S

———
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k] >
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Compnte uxl\1 p “’““zr and X, -

llxll1= 4L+ 1-s! 413 = AaS+3 = \1
I, = \ \o 425 +4 = S\z
Ikl = mox (1), =S\, 13) = wmak (4,53) = §

Lee. Let % amd y e dwe vectors v a vovwed  limwax spaw
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m‘mf\;e*&ﬁw % ={\,2) and ¥Y=(3,\) in . Md“\\; .

I\ x_y“m = wa\\((ll-':B\ / \2-\\) =wmax (Z,()=2 \\x_yl|1=\1-3\+\z—\\ =2+4\=3



