(A H Lineay TrmsﬁvMaW

L. | Definitim K Etamples

Dee. A linear +rmsfd_rqug€f§ (wa lirueeur M“FF""“?) L s =«

m;bloprzﬁg fom a  vector space \ wte a vector spau W

(weMi-fe LV —s W) that has Foitoww‘\g property :

Liay, + pva) = «L(v) + B L(Vv2) V"u"zé\/ ond ¥ o,pelR

We Sad that the mappuAd) L. preserves the opevatims of additton amd  scalor

tmui'HFl((ﬂ*!vfﬁ_ In FMHCMIM, wWe haves

(2) L(xv) = «. L(v) (pnt v, =V, p=0)

We then have : L ois a linear tansfrmatum J‘FF L satisfies (1) amd (2).

n the ase when V=W, fthe linear transpacwmation L V— \V s

reffered 0 as a linear operatsr eon V. n other words, a linear

operatar 15 a linear 4ramsfoematim  thot maps A Vecrar space V wito rtselp

2,

[Ex. 1] Gonsider the mapping | (x) = 2 x Vxe R .

2
L is a linear operatsr on IR , beaause : a2
" @ a -w=R)
1) L maps V=R te W=R (v=w =
2) L satisfres (1) and (2) : 2
L{x+ ¥) = 2 [ x4 Y) = 2X + 2Y¥Y = LfX)'i"LCY) ‘V[xf)(:!ﬁ
Lixx) = 2(xx) = o (2x) =& Lx) V¥ XxeER, VxeR,



2

"y 9 T 2
@E_] consider  1he mappin‘g L(x)= (~%z,%) Vx:(x,,ngrezﬁ_

2
L 4!5 a [1near rﬁpc’/t“ﬂ't"ﬂ' 24 fR, becawsé ;

2 2 ) 2
7 L maps V=IR iate W=IR (V-—-W = iR )

2) L satisfres (1) and (2) :
7
L(x+y) = [ '("2‘*7’1)] = [‘XZ] % ["71] by +teyy VxyeR

Xy +Y, X 4

Zz
L (ax) = [‘(""‘2) :m[‘x‘] = L) VxeR, YueR.
A X, X1

e

NOTE :

In item 2 above, wmstead of Show'piag. P?’O)’WTL"“ (1) and (2), we

com  directly. show L (xx +BY)= xl(x)+p Liy) , as follows .

Lxx+ p ¥) = ['(“Xaf-ﬁ)’z)] :[_oc¥2il+[4p—;é1 -
XX, + F y' &K X} PY,

D(["XZ] + [“77-] -« Lexy + B LD

K 7 3
I VX yER , Ve pER

1]

e —— -

Geometric :'nh.vﬂpre-mnmh, op EX.2 :

2 A T o
The (inear opexator L :R— R rotates  vectw X=(X;,x2) by 9o

- 5 3 - T
wm the counterclock wise directim amd g.BﬂMafES VEec tor L(x): (-Xa,X,) .

. = 2w




B3|

Consider Ha mapping  L(x) = x; + x, V' X = (X, Xz;rél;.

Z
s a linear +romsfoomatm frem V=R wmte W=R , because:

Lo x *PY) = (cxxf+f3yf) - (:xx’z-f,Gy,_)
= A (Xt X)) + P (Yt+Ye)
= o L(X) -+ B L(}’)

2.
Vx,yeiR NMepeR
. 2
we wrire: L. R — IR,

S —

[BCH | Comsider e mapping-  L(x) = Suc(x; +X2)

————

T A
vx :(X,/Xz) 6’R. .

Z
Although L maps R wte IR, ;4 is not a lineaw +ransfoymatim , becavise

O ——

L(xx) = Sm (xx; +%Xy) £ & Se(x+X2)y = & L(x) -

L(x+yy= S ( Rty + Xz+Y;) 74 Sw(x +Xz) + S (¥ +Y,) =L %)+ L(Y) .

: mxn
iE’f~5l Consider the mapping L (x)= A x Y xefR" wher Ae R
n ”
L is a lineaww framsformation  from V=R wmte W=R , pecause .

. & om
1) it faxes a vectrr X wm iR amd generates a vector Ax m IR .

n
2) L(ax+py)=A(ox+py) = xAx+ Ay = L)+ BLIY) VxyeR , Ve

NeTE. 1f n=m, tham L will be an

R4
oFeﬂa-\-af , Sink V=W-= R .
Sometimes, L. is demotred by LA.

7 m
e wnte L: R — R .

———

-

'n L;v.’j, what happens when X=0 e[R”’{‘

m

Lixy= Le)= Ao = 0 =IR

=



p A~

Def.  The idemhty apc’/rafJYIﬁn a vecty spau s defmed o

e

T (v) =V VveV .

’L‘ FAKES VS :,mpvt‘f' amd g—wefrafes v as output . .

[ ——

I+ is emsy Ao show that I \/__5. V s & linecr e[De,mfzw

T (ayepy) = xv+p¥a =T+ pTon) Vv, v, eV .

N S S

S
P

b
E Consider tha rﬂaﬁaiﬂ% L(j?) -_-_—J £(x) d % VfGCEl/foJ

a

L ois a linear fmnsfwmah&n from \/'= Cla,b] wte W=IR , because

bo
L(ocﬁ+fsgl):j [acﬁ(ac)+pgm)] d=z
- =
fbocfm)chc +f [3#[9:)47(.
ov

&

o(fbﬁm)a")t + pf: gon) da
o

& Lif) + p L) V' f,deClab] - VeapeR.

I

i’

i

I?

b, . 2 \
[Bxercise]  what about L(f):f l)a (")f dx v fe Clab]
y 3

—T T 3

Consider the mapping.  D(f) = F
| 1

| is o linew tfransfomation frem \/ = C [2/b]  pure W= Cla b], because:

1
V fe C[arb]

/ / /7
D(afepg) = (afepg) = (<F)+(p9)=af+p 4= «DE)+pD
v £,9eCIab], VotupeR.
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Iwmge and Kernel

DR Ler L: VoW be & lineay tramsfoymatim .

The Kemnel op L s Ker (L) = % veV ‘ L(v) =0, }
NoTE: @, means Hu zero vector e vectsr space W
o e, Ip W /R/L then (") and 1 W mﬂu 00
For exﬂlfﬂf’e, i = = 0w: )’ IF :IR y; 1 OW:(O 0)\

Dot Let L:V—>W be a livuory tromsfor matim, and let S loe a
Subspact of (VA
The image of S s L(S) = iw(eW IW:L(V) L, veS }
The mage of e enfire vechr spac /s —called—the —ramge—opL—
we  write L(V) = yrange (L)

Theevem IF L: VW s a (inear #a,mﬁfrmam i M I & ,m[qs/mcz a{l\/ then

@ Ker (L) s &« subspace of V.

@ L(/S‘) s a snb.vfma af WL
® L(v) s a subspac of W.

prooft  fov &) 7
1)  Ker(L) is &« subseft op V.
2)  ker(L) (s non-empty because @ & ker (L) .
3)  ker(l) is  closed wunder scalar mu!ﬁpb‘mfw;n :
Let ve ker(l) and x€iR. Thumn Lixv) =X L(v) =, ow =0, = x v e ker(L).
5) ker(Ly 15 closed wmder additim -

Let v ve—kzv(L) mﬂ L(V-H/) L(v, )+L(Vz)-0 *9,=4, =-9V-+vékw(L)~

———

FTOOF‘ OPO is  Simcilowr .
@ is a S‘Pc’CM{ case of ).



/e

. . . 2
B8] Consider the mapping. L: R —> R
Ldx) = (x,o)T ¥ x = (x /X2 e R
1 s L a linear trans f-ey matfion 2

2) Fwd  ker (L) -

3) Fwid  ramge of L .

2% -
'f) L s a linear -Tmn}"ﬁ'rmtl'fbﬁ ']cfem \/:JR wto W = IR y because

compn- (2] (5] (0] ] ) e

a
\fx,}léiﬂ, VN’PGR‘
7
2y Ker(Ll) = E(xeﬂ% \ L(x)-:o}

For LX) = (’;‘) to  be (%), we reed X =0.
This meoms Ker (L) = ?x;(f(;_) l X;:O} .
Hence, Ker (L) contams all  vectors op form {20_) )

2
In other words, Ker(L) is a subleaCL of IR S-f)anm(f b‘j e, - (?) \

s 2.
3)  range (L) = ivé W=!T\’]-V-:L<x) . xeV=R }
ftence, yomgpe (L) contamns  vectors  of  form (’;I)..

B i
in other wovds, romge(L) is & subspacenf W=R spanned bv} 3‘:((‘))\

| RemarK . This is am exawur(e whare mmg,e(L) =,¢= W,




- 5
= 2 . . N
@ LG+ L:R— R be a lineawr trom S fey ma-fuon d@qud focg.

, T S
L(K) = (X +X2, Xa+X3) v K:(X,,Xz,x3) € R .

1) Fead Ker (L),

3 ‘ |
2) If 8 is a subspacc of R spanncd by e, and ez, Fmd the image of &.
3) fond  romge (L) .

o

1) Ker (L) = {xetig[ L(x):o} |

X +Xp =0 free variable x3=a.¢R
_._.____.__,._—%\_ X=

Hema, ¢ xe ker(L), then i

3=

X +X3 =0

| . |
Therefove, Ker(L) is a subspace of R spanned by, (,i,) '

2) IR Xé,S, then  x must be oF#fw form (?) , and  hence L(x):(i).
b
2

Henee, L(ﬁ):iYéWl Y:(%)} = IR

2

2
3) Sinw HAﬁ image of /S is ‘H/Le Who!e !'R, 1%@, Vamge of L s a!so R

3 Zz
L(RY) =R =W, | | .
Rumank-  whanevex  Yamgr (L) =W, we say. . Hansformatean L1 oMio.

'
{B(e»w:‘se | Censider tha mapping, D_—'Pg-e-}?z with D (px) = P® Y pe Tg :

1) Show that D is a linear 4rams for matim

2) Find  rer (D).
3) Fwmd ramge (D) -

Answers : 2) ker(D) = {_;:‘

3) rmge(D) = P



. X

N i)
=X .o Let L(v)= Ay be a linar fransfowmation from R mto R

1) Fud o basis for  Ker (L) .

2) Fiud a basis for  ramge (L) .

- Z
1) Ker(L) = T xe R ( L(x);o}
Thic means that we newd o fumd x:(ii) such that Ax =0 .

This means we ned to fud Hu  nall spac of matnx A .

=:3 = I 3]0\ eliwinotien (! 3|
e et etr————— 16 ptol =7 A 3% =0
G a10 Q alo
RE foxm
‘ ' -3 3
Syee vaviable: r O Rt Xy = — 3K - x:( M\!‘*(‘)

= Ke(L) = N(A) = span( (-3,0) -
2)  range () = § YeR | y=Ax, xeR |

\ i BY s i 3
Hence , mmg(i.) Con tams vectors of  ferm Y':('p_ é)(b):a(2)+b(£,).

3 9 At 9
This means that e columns op A S pam rAn?{(L).

is 3 times Hw farst clumn.

that the cecond  column
ong of them

GIMYYW]S one I(MM{% wdﬁf@md@m-ﬁ and onfg
Hener, ramge (LY = C(A) = SﬁﬁﬂC (!/?-/37 )

_Re Swn e W= I’R Hen s emw\ple shows that mn%»z(i_) is not
is <
«—-’Titi— ne ce ssani g equa fo W. Here, dinemsion of Yomge ( (L) is one, while
dimemsien of W= R> s three. Seo, we have range(l) C W -
NOT entTe

Heni, Hu tramsformafim L m Bel0 s

1+ 1s  clear
Hemce , the WO

contributes .




4.7 Matrx rg:preswﬁvfwh of lineowr trams foymot

= mxv
In preveious — secfum,  we  Saw that o« mairx Ae R defines a linear
_ " m n
trom sfox matm LA Prom R 1o R, whexre L,'c\(x): Ax ,  V xeR .

n m
n this  sectem, we will see that  fox cach lincar transfomatn L:R—R
mxn

there is a matnx AeR cuch that  L(x)= AX .
n m . ) mxn
Theovem 1F LR >R s a linear framsfov matfm , thave 15 a matrx AelR

"
such  that: Lexy= Ax , ¢ xelR.
The gth column o A is A = L(e)) por Jel,-m .

Lot ws Show Haax (€)= @] Fhrough o example ;

|2
Comsidr  A=12 u
3 -6

' T
T st clumn of A s (1,2,3) . ,
I =2\ 4
we also have L(€) = Ae, :(7_ H)(:)) - (;)
3

Hemae, & = L(&) -

Similarly we  have a =L(e) - |

Thu above Hheorem tells us how fo  cmstruct A from L.

. 3 27 )
lingar ramsfovmatim L:R—> R be defrued b3

EX. 1| Let #hu
' T _ X e
L.dx= (X.+X1 ’ Xz_+><3) ¥ x:(;ﬂeﬁ{ :
Find a matrx A such that L(x)=Ax , ¥ xgn?,
y o 85
we (-‘-\(S’r note Ahat  Ae \‘Rx. Se, A has 3 Celumns A:[a‘ a.?_ Ok;] .

o = L(e :(:3) i L ©
*g = L(eg_): (ll) = A:(O { l)
osn L(esy= ()



(o

hg
So fax, We have seen that watvices n be wsed 4o vepvesemt  linzar
n w
tromsfoxmations  Pem R e ®
Comn WE WwSe moatnies o Yepye Sent \ine o -‘n’msg‘ﬂmﬂkw fromn oy
n _ dimen stonal Ve cAod g‘mu \/ o any m—d{mw‘sicsv\a\ VeCto  spale \N?_
‘ : s o { Agsv\w\Q that ‘;\
Matna Representation B {vi, B, Vn‘é % o basis  fec Voo
T\/\QO‘{{W'\
F = iwi' Wy s - wM‘i ;9 o basis SZLN W ‘
\ L.V W o a lineax '\'famswmﬂw\
WX N
Taen, Covres ponding to L, Hhwre is Ae R swch that
- /
[Lw] = A V] ¥veV
E
: r
We alse ‘(\CW"Q: ﬁ-d = [L(vd‘)]F . j

e
e with Yespecr o e basis E .

[V_] ts  the coovdinate vectoe eof ¥V
s X NV

- F 3 \"2 :
T\ms NLANS Vo= XV o+ Xg ¥, ¥

A odinate vectw of W witla vespeCt o A basis F.

:[_W] s
F
T\Ais MROMS - Y‘Wi 4 Yq_wl“— s ymwm

g we et W=L(v), then dhe  theovom  sTafs that y=Ax .

@'\:\J\l" WO‘{AS;’ ‘\G X s "‘\f\-( CECT(S:\Y\CR’{*Q ve t4of el v WH“I\ YGS{)t’Cﬂ_ Ao Ef \

e coovdinate vectoy of  L(v) with vespect to F s [L(vﬂF: ¥y = Ax.

The focmwla a‘é:[l—w&ﬂ halps ws 4o fiad g clumns  of wmatvx AL
F

To fmd &, we oeed to  vepresemy LQv)) as & Vinea combonatun of W, W
i 1
L(VJ):txlwl+o<2Wz+ A W S Cv‘ (cx”o(,,_, ,rxm\



\
& = | N\
ke LiRh-—3 B be dagmud by

: Xy 3 3 | -
L(x) = X b 4 (x2+%3) b ¥ x:(u eR  with b\:(‘), b,_:(l}

*3

Frnd 4 matv A vepresvating L with vespeck 4o Aha bases E::ie',\,e’,?_,e,_ﬁ?S
OWIA F: { b‘ ) bl?g E

ixS .
We Pivst nete that A€ R . Le+ f\-:["\ a, 1.
, T
" hex e, =(1,0,0)
a'\ — L(el) W i f Z
], %

i
We have L(@ﬁ - l" bl 4+ 0« ‘79_ T=> a.| - [L(el)]F = (0\

_ T
(1‘2'—; [L(ezj]r- W\f\l/fe e ":.(0,'/0)

)
W nave- L(e?_}: Ox bl + = bz = &2 = EL{&;_‘)—_\F = ( \.)
' , T
Aye [Len]  whve  esc(v00)

0

{ &) O
\‘\%L(, A:( ) e

o | |

i EX.l%E Let ‘DIVE —-)Pz be defuwuad by D) :‘P/ ‘v"PGEﬁ :
Fand e manin tepresentadum foc D with vespeck to Hhe boases E=i‘?%, 1 $ond Pt

S . s
we Know Aot Ae R | Let Az a, as’] .

2
D(X) = 2n = DiK)= 2o 4 o<1 = [D("}ﬂ;" (o) —a,
D(m) = 1 = DOz %t Xl = [POO] = (?) = By

a
DY = 0 =5 D@= 0xX+ 01 = [D@)]F: (0): @



o n N\
Theorem Let E_:{u\,h-,v\n—‘s be basis fer R

F=$bu/ b, % be lbasis f« \Rm
n LA
LR —>R  be o lincax troms et ko

A be dhe wwesw*ive,. matvk fox L with Yespeck to B amd F,

Than ,
-\
o = B (W) , B=(b,wrB) 3=V, 2
proct: we have LW = *3 b * 2 By -t am[} b, = Bey

; =\
%;Y\(l [B S Y\OY\S\\‘\O&V\\M, "\’\I\J.M aa: 'B L (“3) )

f\FP\ico\ﬂ&v\ Ao Computex Graphics X Awimaw

A _;\_W'O*‘Q‘;W\Q/V\S'\ma‘ -P\:C.-l-uif {3 S‘i‘c"-(ed vV\ wm?m-"-ﬂj{‘ as & sed (}F vextice s

oY v\oc\,LS,- c‘.cv\nec+ec\ \O‘g. lines .

it there axe N vextices, +\M\3 aye Steted in 9 x N ati, whose  fust

Cow contovns A N —CooXdinates ofF veatas amd second  Yow Gentams

Hha \a-cocxémm’res. We will aleo nend omothey wmatnk o dereaming whiicla

nwodes axNe commecied by s-\—ya\‘%h+ lines .

Fox ())((LW\?\Q, 1o gemexate o unit  square | we need N=H vertices

(0,0) , (©V) , (LD, (1, 0)  amd we stowe e i 2xd matnx

¥ - 2 (13 1 1} _ —ﬂ}\mr e raed 4o connect N (—’Q\\c.wiv\oa. ve des:
: N '

:

wede B 1o wode (&)
V\Déﬁ@ 1o wnode @

We cam Store 4hig vn oo ot ke A follawingy

__1'2.'3'%
Z“[ZB 4 \‘l'
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Anivmation

We Cam  tramsfom a fiqure by changmg  sha posihions of 4 vertices
and Mm  diaw the AvamsCormed Siguve. A swecessim off such dvawing g

will produe Hhe effect of AM A& foon

I8 e Avomsformatom s \'\Ma\,\(f I+ com be done by a matnk mulﬁ?\(t’wh;m~

The wmam  gesmet(ic fyoms fomatuons  n Cowpntes oyvaphics  axe:
L(x)

@ yvo fathion
— T

x :(Xl/)(z)

le+ L be a -frmfafmam Hat rotates
A ve ctor about +he mff?lﬂ;t by an wng(e

6 wn the counterclockwise directiamn -

en AS

Such Aroms formatum is lineay and o be wrtt
(22 2

@) dila‘f‘bo:n/cim'f'ram
A“’““” operatos of #e fwm L= Bx  where B._.(: i

i a dilakem ip b>1 and a  Gmtracten if 0<bLI

A dilafem oncreases Hu size of the figure by a factor bl
A o HaCtum  Shrinks e figore by a factey LT .

@ +rmsfa{'@;;1__
4 —f-ramj)carma'fw:n of the fom  L(x)= X+ ¢

C N
whire c:( !) s &

Ca

tramslatim «  Such  tramsformation is not lingax, because L(xX +pY)EXHRPLY)

Henwe L. cannot be hefn’fw#cf by a 2Zx% matrk . However, we cam
do o +rick , called homogeneous coovdinates as follows :

X . A X,
1) Chanyg x:(X?’) e -’<=(x7,)
‘ : 4 B8 C
2)  Fud Y:CS(\ with 4e 3x3 mabx C :(é { C’J{_)
| o O |
3) Finally thvew the 3vd ety of ¥y . The Rist two entries of Y axe X+cC .




i
This can emi/gl be seen .

e we would ike to perform all three tramsfor mations at the Same
Fmw, if s better to also  change  the 222 matrices A and B
/

mto 3x3 mafrice§ , as Follows =

C
(0s &  —Se-b o b O - f ? C!
= s -10 71
O Q | a O |\
0 0 |
A 'K’f
T'/‘J?Mf _C’ampmfe y = CBAQ w here X:(k;z

Fvvia{f!a( pick e First two emtries of Y as th tram§ foros d pownt

this is what e o class y usmg Hu abeve geametric trans|afims
i i !
M, V*’
B

Al



X

4.3 Similarity

. n m ' 3
Recall : (1*) T lineew fransfoy mateom L:IR—> R  cm be depirud by o matr

M xn 7 R ‘ Ll
Ac R such that Ly =Ax)| , ¥ xeR.

In this case, we have A:[a-, Ay R with ﬁa-:'L(eJ)

(2) Consider a  lineay tromsformatim L:V—oW , whare

E-:i A WELY V“} s a lbasis fox N/
F:%W‘” ....,‘,\N‘m% is & basis 1l W

MmN

Thaw, e s o MY AR cmes‘ame\'\“q Yo L such At

.

\[_Lm] - ALVl v veV.
F E

In Ahis  cast, we hZave A ':‘.Y_au‘ o, ..-asm'_\ Witk o =[L(V<‘,ﬂ ’
¥

-
e ——

Remark4. lrewa (1) s & po Hewan  case o VWew (Z) .

w
n fack, & V=R, we cm always considd At gromdond  basts
™
E:%e\, €, 1~y e«,.\"i-. Sim}\m\v&, ¢ W=®R, we can Cenisidon

'\'\/\L S*M\AGV\A ‘00\5;5 F:%e\( R e;n} 2
— hA}

0 !
Bewwt Qo oy vecryex V-..-:(V”Vg_,-.-, Nin ) GW\, We com WA

vV = \i.‘ Q\--\- \‘261*“*“'\/"\3“ =:_'*y L\I]E: v
Sy, we will have [L(v‘)]F: L(vy -
¥l
Hemee [ron] :P\["]E vedutts o L= AV whaa V=R ond
F

W = w"'\“ . with E:(‘G\,u«,eﬂ-} o d r= ﬁe‘,‘_\,em‘g )

PP

\Ne Savy, A s Ane 1e§>1esw—t0\’d\1e Motk for e Vaa tramsfemmation L.
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Remarw 2 . Sine e basts foc Vo amd e bosts fex Woavre wod wnigqae,

Mat 15, s we wmavy et N amd W oy womy U erent looses

Haeve 15 not oo w\i(»\w; *{ewegﬁfn“raﬁ\le MAt K v L\ —W
For the vest of Awig  sectisn, we only cmsidoxn  \inaa opetors L:V—oV.

. - 2 R 2% x_.x\
EXC ] Gonsidor  L:R — R depud by LOA=(2X N e X=(0)

Ky +Xa
. l .
) 18 we consider Had basis B = e, e, e R, thun A vepresontative

marre will e AIY_”H a,,l NI o\‘___L(eh:Kz\—j ar@ ouq_-_-L(Qg):Ci).
= ~[7 7l

2) W we wse a diffewnt basis \R Say B,z %”‘w“z’% whare W = k) u\_(‘)
Prow we naed fo fond A Rplestatative  marik B =[by B  for L with

fRypect Ae %/ Wq ¢ - How o fvird  watvx B 2
' 2
We  fust netiee et we have V=W =R with basis \j—_?_:%u\‘,u&_

Hewear , e ‘(e?%(‘St’N\‘\‘O\\"\VQ Motk B sanisfies s EL(V)'] :%L\J:\E
E?. 2

- 2
This wuams  Shat \95 —.[L(mé)]E ¥ ve R

B .

In 4o werds, b, s the Gerdnma vettsy op  L(w)) witw xespect

Fo YW basis B, = SlV\\! "‘\9_'73 - Heme, we fivsy fmd L)) omd dhom
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