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ihzq-i-C‘Z-\'ﬁcfS: o D Gefowatne Azl g | = dk(®=0
B¢y +BC2+TC3=0 2 B9 L

the pu\}lnumia\s oW \W\EM\Y AQ,{?..

whot abownt functiams ?
Censidogg n ‘?V\Y\C“’MW‘!\S 2 5“"; £, /-, S:n

Se ¢ S $10 4 Co 5,00+ --- + Cn §,(¥) =0

Need M-l moe equatns. We chtaw thum by takwg dqu::m

¢
= CL S0+ 0 800+ ~-- +Cn SO0 = ©
Y p P
C, &((X} 4+ Cz ‘};(x) 4 ----+Cn ?:(x) = 6

: {n-1) (n-i) i
C § O+, Or o o 5,00 =0



= We get+ Hha systew

P:\Cx) SRR NN AR Vol
gloo o sfee |92 | °
-1
L‘}“‘n SP ’?:n wi{en ) e

We wad to chee  deteaminamt of Ha el iciemt matr , whick s called
e WxenskKiom of  $i/+, S
\N[_f‘;-w?n] (7()‘_' L‘LQ"‘

Pl xy --- {:‘“(X)

md -y
G“ lx) _ ? Xy "

t

Nate  foxr () dexwvatwes of Sl‘;ww?“ L owe nad §ef,e C([ﬂ;bl)

e

-\
mQ&TQm LQ"‘ P.;“‘;fn € Cn:[o‘fb] . lP 3 a ?ob\‘f\" Xuél:a/‘o] S“"- W[_Sl\rmfgn](’%)#@,

a0, 80 o Liveanly. \Fv\é\b‘:w&m’v.

e & and & ot lnemly  adependont over (%) -

IR

whay  if W=0 7 Tw cnverse of d abwe Hugrem is ot valid .

g —————————

1§ by ot linealy dependent WP - 510

e A
EX. et i&m: R on [-4,1] . & V xeli
£,00 = x|x\ 2 1| TRETE. s heds \?“ L1
XX We chms{-
W['?\!f?.] (D = A'H( ) = le\x —€ x‘x‘ = _> Conclundr  fyom
o 21xy Has amY -ﬂnmca,l

7
, Set C X 4+ Cz X lx\ j: Q : o xe -y 1__\ F.(0\ _ 1') L Cheddc 1@ thes?
ThiniK of Hi{x) as & Nector wn - §\ (“wh ( \ am 4 ie_ (_’fv‘,h(q} =1-X] ™F Ve CHIY S VR

i'«":\ﬁ; C\*Cl:é =2 (1 -t)(cq.)t(o) = Aﬁ“'(i lq:-q‘?:#—-o

Xz=l = ¢, —-C2=0

= 4w ealy sd. 15 G=Cz=0 = f R, s lxMtM\va. \mdﬁ,? evem thaughy
NOTE - £, 5,00 aat Lingenl, 420, W& T nona28e €t €4 CiaB@ e+ L.00=0 Vxelabwl o 7}{\[;&19{3‘ ]




B4 Basis X Dimem sien S

L amesans

W Sec. BH we  Showed Mot a spavniney et for o vetker spa 1

wanimal & ids elewmemis axe liveadvy ondep.

The elememts 68 o wminimal spavviiney. sey farm B basic building, blocks
G‘U‘( ‘\‘\l\-ﬂ W\I\D\Q Ne CAox EPALQ—-. We sotva\ ‘\\I\RV&_\ g'u*(m e N bﬁsis {25‘ WV?C\ 'S?!M.Q,

Deg. The wvetdms. Vi« , Vi  foomv oo boasis  fov gl ve CoN spac \/ IGP
(Y Ve, NV, anve \\'MM(U} uff\d.b\\

Ww) \flf---lvy\ S‘)G\m V\

D
e e e

\ o 1 00
=X . Let Q= i En/ Biz, Bay € 7 Whaeve én:L p :en_‘:(o o)fel\'- | O)Iez.f(g?

Q ©

2RT

Let V=R

(i’) o E’-“ / é’\‘LI é-;_., G-;_?_ ‘\V\@N\‘a- Vhd.?,? '?-

CEBy+ ¢, €y +C3 &t Cq €2 =0 == Seg W& C1=C=C3=Cu=0
‘ g S=f =4S 01 : (== Cyz20 =5 lin. w
"5[.*:3 Cq]'r—e o = fE-uRE # W Aﬂ?

AV doey S Span N2 ;
Awn ﬂ\z) e e

C‘ZJY\S"l&.QN o M\O\HM‘} Ve (1o (2‘7“?‘ Y\r\ﬁﬁ-ﬁi) V;A V" A:(all v 7]

See if We @ wyite A as o lntan Combwakuen SR ey, &y

O(i e“ -{-0(7_ en_ -+ 0(3 eZl “+ D(“ o(g_q_ = A .
SOy =6
I o, Kz A an.] - i:‘ =) Yes S spoms V.
[{xg mq_j T la o Az =222

y 4

X
TL\M.S, 6;,/*";911 )me a basis ﬁ( IR

LY




M IR L= % Vi Vi } 5PﬁMS \f ; thewn ony C&”Pcfwx;\ oL m> n
vectors w Vs linvarly dependent,
M ,P bO“H(\ Sl: 3\/',“-, \fn} al/V'l(J ,Sz:gbi',«-‘, Vlm} are bﬁS@S

@W \/; tHhn iEm

v s (8) (DT =4 i) (53 o o8

Any basis vy IR must haw &actly 3 efements,

Def.  Ler V be a veckw spaw.
18 V has a basis Cemsisfwlg} of n vectws, we say \/ has dimension 1 .

V s said 70 be finite dimensimal f thave is a finite set ¢f Vettors Tt
spams N ; oflwrwise, we say that V is mfinite climen sumal |
Thae wbslaaa fo} of V s said © have dimensin zevo.

ten i dea V:[R?‘s
: . 3
® Let x,y,2 be 3 lingan [y wdep. vectovs wmn R, .
Tham  spam (X7, %) = & ond $x.v,23 form a basis fx R .

@ Let x,y be 2 linearly wmdep. vectors m IR3.
Then  cpam (x,y) = fax +PY { oé,;séR} C I'R3
\—7 a  Awo -dimensunal subspace of IR

A vector (%)étﬂa will be spam (Xry) # the pownt (a/b,c) lies on T

r}avnc determined ‘9\9\ (0,0, 0) , (')t”'xz,gtg), and (%"31'\'&3) )
Thus, We am Hhink of o 2D 9“'05[5’43“ of R a5 a plome Hhrongh Hhe origim.

@ Le4 x be A& nonzevo vectoy vn IR . 5
Tan spon (x) = fax | xeR§ & R> a 1D subspace of R o
A vector (g)étﬂg will be wn span (x) I e poirt (b,c) is 2 #u lone detemindd  spomté

(%1% K 3)

by (0,6,0) amd (X, X2, %3) - 2 E
Wwe QW\, ;eprosem A /1p %be{:ﬂ&? of R b?. a line -fhmmgi. . i Gim



An cample of am wifinite dinunsumal  Vecir space:

Let V= the vectar spate of alf Folynomiacls \

V is wmpinife dimemsumal.

has dimmsion N .= \/ has a basis of n vectors
= oy set of nH

Assume

vectors wonld be ll'MCtA[g. dz/f
Howevexr L%, x5, Y Y (ineanly, wd&f’ ; Since W[Hi%, xi,.-ﬁ,x"] >0.
= comtradictm | = W assumfﬁ&n was  Wrome. .

Sivilmly, we am show that CLasb] is wfinite dimensimal,

Thm 1PV is a vectow spAce of dimemsim nM>o, Thewn

(i) amy, set of 7 Jineanly. wmdep. vectirs Spams V.
Ul) amy n vectoys that spam V ae lineanly urdep.

t ~Z | ) _ 3
Ex. Show +Hat ,S’:i(z),( 1),(10)} is a basis fov R .
2 v

wey T . we shew m+%

e

30 |
@ the Hree vectors span IR

wap L. Sinck dim(ﬂ{?’) =3, we only need o show fhad e ﬁ_____ug_e_e VeCHaYS

o liemly  wdep. , becawse by M above theorem tuy will alse
S pomn :RS i +i/u;<3\ ol m}\d,ap.

Thm itV is a vectw spaw of dimgusiom n»0 , Hum
(1)

No set of fewexr fhom N VRS an spam \/
WY amvy swoser of  Pewen om m Lin. un \
- e
e & iy B N dof vectors Cam e extemded 4o
)

oy Spavainoy Set condaw mete Ao W v
e e st pe B woy eCtey cam Voo

waéc\. dowm
T &tondoad Bases

\ 0 0 3
Wwe Yefev to A sed ief(g\,el:t;} e;,:(*e)} 78 U Fiomdmtal bonsts Fog W
(because & s

A0Sk .;1-:,“?\@33, K wosy ewwon ong Qec tepresemting Velrors we ERB)
The stomdand basis for W' i A VAY €2} -
T stamdoad  basis fec B s AN, Wyg

NOTE : Stomdond bases aal not mcnssm‘\a(} the wost mFPYg‘M(m bases. Te choie 99%

boasis dcpemds o
eardiculon apaliCation |

P~z
() the Huee vectors ant l«“nmét(gl Wdﬂzf\%dﬂ(?- | o)=2+o



3-S Clw/ngi of basis Q

T  stamdamd basis  for i‘Rﬁ i S:ie,,ez} whare e,-.(é) oamd 92—_(?).

. 2 :
(A withen as a lineay dmb. X=X+ B €y
Any vector X-(xz)é[RGnM be

) -e(pl) =(R) = xexeane

\%’mdmd
The saalars X omd Xy Gam be- thought op as. finecoordinatés of x , or

Ha coordinates of X w.r-t. Hre stomd oand basis Sle,,ez} ,
e k- -
*a_eliz I ;

Ry
X2,

Somotimes, I+ will be easier fo  change He basis o e cordinate sysfem
So, wistead of {e,,ez} we use amother basis , say fu,,u?_} .

Them - X = XUy +f Uz = X B (om be um'o’yf(y deteamined
where Ha scalors o and g owe the coordinates of X W-rt. the basis Ju i, }

(‘We refer o (:é) as the corchinale vector op X w.r-i. ‘iu,,ut?_} )

1 5 -
ey form o basis for IR, because %4 awve bin. Wsd-’/f.

we have

G




2.0

A m:] ication Pepu lafon M ic}’m-lw}. il
e

Suppos€ 30/ of Fcpuf(ﬂnm of @ mwropolrfﬁm omop. lives 1"\164]4&}(71@/
gach year 6/ of the Feclfle lving w a citg. move + g suburbs

amd 2/  move from subbwrbs 1o fhe cirg. .

what will be the peramitagl of population i city 9 subwbs o n years

94y 0.02
( 0\3) ’%2( 0-0k 0-613) 0-GY x 0-3 + 0-02x0F
new : X = > next AN X, =
0.+ ¥, = A X Y ' (moﬂ: X 0.3+ 0-98%0.F
After 2 yearS: Xp= Ax, = AT x,
n
Abter N years: Xz A Xo
After mony. Years ﬂm X, = (‘;';S;) called a sfeaJy-ﬁafe veltor.
n o0 ;

To understand  why fhe  sequence (or the cheSS) X, Coverges o o
Steady Sstate , i+ s hilpfml to ahgmg,q, Hue cordinate SYstem.

1 4 |) o ﬁf-
We choose  the basis _,Szi w, u-,_} whare u,:(a) om ( ~

bASJS §
These +wo YVvechrs have a nice propertyg: éﬂw,: W 0(6)

A Uz= 0-92 Ny

X, cam be written a5 & linwar comb. of W; & Wa:

U
o3 ’ - J 8 ooz u-os
X, = (9_?)3 m(.)-fp( ) = e.-:.'z7.5‘(3).ro\os'(i = 0-25 U
n 14
= Xn= A X, = ,‘\(ozsv\\u-o -0S btq,\ - §.2% A“\‘-" .05 AUy
Sby (3 = 95 Wy - 008 (o. 0\2\ Wo
L s i} £
W X, = 0-1S W = 0—23(3 - (0:‘1‘3




Chmgaﬁg coovdinates %

one we dicide to work with o new basis, Wwé need v fmd Hw Coordmates
w-r-t. that basis.

sappose Mng“d op uls'u'-zg fhu S-m,mdmd basis {8,/81} , we wish fo use

: 3 f
Sometimes we ””“"4@% wse beth bases omd switch back K firth between fium.

we have fwo f?)’abf@mJ:

&

@ Given A VEGHTY Cpuy + (aUy /Pw;ef t4s cowrdinates wrt. @, and €, -

!

we womt to switch From f“c/"(z} te 4{8“82}

we nud to epress Uy and wg  un teums of €, amd €, Wi =38 +2€,

U= € + €,

= -':,l,-;-Czﬂz:(3C;ét+2C;€’z)+(Cze:-tcz?z)

= (gc} +C7_) 6, -+ (2() _’_C?Del

| 2¢,+¢c2) \2 LIV®

A e

e coordinate vecimr of Guy +Cthy Wt fe,e.} s x‘(BCHCL):(B 1)(Cl

U=y u]

‘ ; ! ¢
Coniclu sion Civen @ coordinate vectsy C:(&,) WK f. {w,,u&}

= Ue where  Uz[u, ve]
' tromsitim matnx -me juymag to j€./€2%
O(;Hvefn A wc‘"hn" Xz (Kz) wad (ts Coordinates w.rt. e, amd e, -

U X U 'm:WS/j'LM matrx  from {E’,.«é’zf to f”l/"tt}
S exists becaus€ ts columni ar lin. wd,cf:

X X = (3) w, :(2) y Mz:(:) . Fmd Hu cordinates op x wrt. u g .

U= L = (31) e A SR TR

TK:BM‘ - L Ko




z
C‘hmg,e From %W‘}r“fz} of IR to %MUV\'L} E

Boneyal ase :
| )
L CIWJ + C2Wo (s ca Fiven) . :(Cz
_ d
fid: x= dyuy 4 dettg ( Puid i, dz) d=(d)

V:EM Wz] r""—'-—':r-—-—
C W, + CeW, = diu +de Uy =Wt - Ud =}‘J:U‘Wc
V=l uz] '

Given :

we have

L 1
Hramsitum matrx © T = U W.

g

chamge o basis foy & geneval Veltw Spae

leq V be anm n-divumsima| vectsy space .

ber
Let §= W, -, Wn§ be a bass frv V.
Any element veV am be written as VI OW, + - +C, W, .
The wnique vects C= (¢ cn;re'IRn s called the coovdinatfe vectrr of V
w.r-t. the besis S, deneted by [V:Is :
The ¢;'s au called Ha coovdinates of v relative 1o A5 .
3
o 8] s s el

{
BN S (1) e (3
T
1) Ewmd #e tramsikon matrix” fom S, +o S,
2) Use T to fond the coordinates of X = 3W, +2W, -Wz  w.r. T Sz.

el 2 -1 o\[! g ,';_ Fa & =@
1) T- U W= (-l | nl)(' o S | Q
I 2 Yy v oo &

o o |
i i -3 3 ¥

2y  [x] -'_—T[x]=(j. =] )(2) r:-(.-g) = X =FWU ~SWUz2 +3U43

Sq SiVioz2 oy )\~ 3

NOTE: W, +2We —W3z = TU -5 W +3Ny



| 23
I gumenal ; Concidory am  w-dimensumal  vecksy st V. N

L S‘:%WI’WZ’W’W“E om d ,S?_:%_m“u\,_,--q,u“} be two lbasts foc V

o nx

W":‘:wi’ W, peey w“] c iR V) ‘:[Ml/\AZf"“/V"v\] c R

G-ivewn oMy Ve ltor vV & V , We oM WYL EE Vo N YeAWmsS e boin \N and YV«

Vo dyWy 4+ d2 Mg + ~---+ dn W
Henww, wWe have

C|W‘+C2_W7__-‘-—.“-\.C,“W“ f:d‘bi\-rdz%z'i‘““f'dﬂ Un

WC = Uc\

| T 5 _

whete ¢z (¢, ) = [Vjs amd  d=(dvrdn) = [V]»Sz
|
W [\"JS' = U [v.],S-;_

Now, 1§ we wish 4o fwmd [V])Sz, we WYite D:\Sz: U W [y]&

-\
e we wish 4o Hind ['_V]S‘ wWe Wiite Lvig = (J‘WX vlg,

. . =Y -\ = -\ o | .
Note that both T=UW oamd T:(UW\ = WU  owe Homsiion moaAYis.



| 24
E!\_'_; Lod V:(Pa " Considex S":i i,fu,&} omd ,S?_=3\,2'X,Lmta}‘ \

z . " _ g
PO = € tex + o x ~ F‘% , Bd e coovdinates op px)
w.y.x. 8, .

Given  amy

we naed to fwmd ['PC’*’]AS 2 d = (didydy) sh P =d;- (1) +dy @AWY rdg ('-\7?(-2)
'S

A X @
we have CLa X+ €3 X = dy-()+d; (2X) & da-(4x-2)
Y
Cl = di-Zég
Cz = '?.dz_,
Cz = L!cig
J
. o o« _ [t © -% i
oV ollel” o = © d2
e o 4ll|ds
c © | 3
e
e -T
8
C
= Lo Y \/a at3
& e = Ad=Tec = (6 Yo © (213 Tl Cali

o pma (6r D)0+ (D)0 2 (F) (42



3.0 Row Spac X column  spau X
™ X ¥
Let Ae R

) e spac spanned by fha Yow vectors of A s alled e row spai
IxnN o

of A. The yow spag is @ Subspace of R

2) T spact sFanrwd by H Column vectors of A s called #h  @lumn spa

op A . Tha (olumn s,mue s a mby/:mc,e op IRM.

B Lot A:(é ? 2)

m—

ix3

1) rw spac of A= R = span( (Lo}, (0,1,0) ) < R

Linear combinatun of dhe  two vew VetoYs .

«(t,0,0) + B (0l0) = (%, .0)

Ix3
the tolloctunn op all Vecinss (x/ p,0) will  porm & subspacw op IR

2.

2)  column spaw of A C (A) = span ( (o), (O,J)T) = IR

lindawr combination of  flgee column vectprs -

«(8)+ (D) +7(9) = ()

. x -
T Gllectm op all vectors (F’) form +he spac IR

T
Note . zevo vettus, sach as  (0,0) do not Contribufe to +he
lirdar combina from .

Thesye m Two TowW @qmiva!m-f moctrices have Hw Same rew SpA -

g B is row equivalent fo A, Hun B awm be obfawiud by pevforming.

row operafims o0 A
Hena, #ha vow vectirs of B are linear combinations op Hhu Yow vecioYs of A,

Fé’aﬂ”:



Def. Tha ramk of & matrix denoted by rank(#), is Huw dimension

of e rew spaw oF A,

To detexrmine romk(A), We can yeduw A 4o RE fym. The nonzere ows

bty RE matrx will porme a basis for the wew Spalt.

| -t 3 eliminatum I -2 3
EX' A‘ = z ) { T - O f S
| . o © 0
4 T fheg,t ave equiv’a[U
b e YIW g

1x3

i ﬂ(ﬂ):fﬁm( (1-2,3), (0, 1S)) < R .

—_:> yam K (A) =
NOTE: The RE Form of A s a ?Aod way, o fond [2(A), beause fhe RE Form OP
o %Q‘fs ws Pind ha vowg et veally Coni‘v\\ovk‘\'e '\‘0 ‘R;(h\
A few  Huorems o livear sy¢Srems AX = :

e —————p

U = — — : L P— o

———
Recall o ‘ﬂuovem ﬁ’om S(-’c 1. 3

A lingar Sg_sfw Ax=b is consistent If b awm be witten as & linear combination
of Hu column vectoys of A. ‘

J

Theovem A linear system Ax=b is cons

isfent IE b is i tha column space of A.

mxn

m
Theovem Loy AelR - T limar system Ax=1b is consistent for every beR

jﬁE_ e cColumn  vectors op A span &Rm-

mxn m
’\_@Iéj) Let AelR . IF the column vectsrs o A span IR, then we must

have n>m , Since no set of Pewer tham m vectors could spom R .

NOTE 2) Lot Ac IR "N R He  olumn vectors op A are lincarly. d,epemdm‘* them
we must have n<m, Sinw every set of more tham m vecfses w IR is linearly dep.



Fr@m netes 13{2, we Canc'l'u\d(‘l:

mxn . m
g the column vectsrs of A€R  fom a basis for R, hin n=m .

we will also obiam the followwicy covpilanies -

NAnN

(orollavy.  AelR is  nonsingula¥ Lfﬁ fhe Clumn vectors of A fom a
7
basis P IR .

nxin

(,‘orollowg, let+ AelR . The lincar sy sfem Ax=b bhas a Mm‘cine solutim

for every be ﬂlﬂ fﬁ the Column vectors of A form a basis formn.

How +to fwd coluwn spaw o KN 1

—— e T e

wmLn

theovemn Lo+ Ace IR

The dimewmsion of T(A) s equal 4o tha dimension of C(R).
Strateqy o fwmd  C(A) =
1) Fwd  Hae RE foom of A, amd  call i+ U,

Z) Detexmine Hae  cslumns of U that correspond to tha \eading 1y

'5) Fumd  4he &YTQSFO“A\V\O&_ columns of A umd  use thewe 4o fwmd C(NY.-

NoTE =

U enly el ws whidh  colwmng af A 4o uge 4o Qund C(A) -

We et wse Hal Column vectsys of U Ao

fvnd  C(A), because
w Gemenal CL Ky & iC iy .

Rcall thoat we always have R (A) = R~



EX. A<l 3T 09 2 072 Fund  C(R) N
{ Z § 13 5
{ ~2 | \ 2.
) Fwd  the RE foewm of A U-=12 Il t 3 o
: 0 o0 o {
Kl ¢ o0 o o]

Column 2

2) debming . column s Ce\‘\(est’wcl\'v\o&_ fo tha leading 1’5; Colurmn 1
column 5

B) fwd  Hhe  Ccorcesponding.  eluwns of A .

o R T
C(N = SF"W‘( (1,-v,0,1) , (~2,3,42), (2 ,~2, q,5) )
we also obiaw that diuumson o C(A) s B .

ma e obove exawple, the axd g 4t Celumns of
fonivibwte o C(A) , because they ave linearly dopendomt with

e other  Awee  columns amd  am be W e as o Wngow Covloinacim

op Hat Ast, 2ad, amd sta  celuwns o0 A

A de neot

pNotTE

: T T T T
EX. Fad dhe dimonsion of ,8-;sw(m,-mf(z,s,-s;z»m,-z,os,(s,z,-s,qv)-

i 2 . >
S is AL sowma &S the column  Space  of A:(}‘ _S;Q .fl?_ _85_ _
g 24 ©» H

We Hhwrefo find the dimemsum of S by Pmding Hhy dmensim of C(K):

1 2 E:
21 s
9
o

‘ﬁ fwnd e RE Pocm of A U= g
0
2) detaming tha Columns Conesponding. o Has teading 45 . S\

oo oM

i
]
0

Eobiiman A
Caluwan 2

. T R .
3) Hemce, dimemsvm of C(&\: SPM(U‘?’Z,—MO\,(zlg,_?:,z)) 1§ two .

enly these two vectors focm & basis for C(N-



Null spau of a matrx \Zq

mxn
Let AelR
Lt N(A) denote the set op all Solutams fo the homogencous sqstem AX=0

N(A) < {xefRn f Ax—_o}

. b

N(A) Is a 5“195/9“& of fRn : 1) 0¢e N(A) beause A0 =0 v = N(R) (s nonemfr
2) | ip xeN(A), xeR < xx ¢ N(A) brause A xx) =aAx=u0=(

e X YENR) = xeyeMA) beawse Alxry)= AxtAy=0+0 =0

CN(AY is afled e null_spau of A

EX Lo+ A:(; ! L 0) - Deteming N(A). __RE foom
T g ‘ . ] | 1 ofo I i | o 0). ‘Lt 1 o]0
we st so‘[ve Ax=0 - (@1 ) 1[0).-——-»(0 L - 0) ---=,(O ' @ 0)
Pfeq VMl‘ﬁblﬁ'S,‘ }-7(.3 = I:? i+ N+ A3 -0 = Aj = - D<+2N_I3:°‘“P
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