]g‘%j('mwplm of che ]

| A, + 2 X A =

I 2 ¢ "3 = 3
Solve 4w  3x3 system

3% — Ky —=-B3Ax = —|
2N + 3N 4+ A3 = 4

, ~ iz 1| 3

STEP 1 form  Hhe  augmented matnx 3 -1 -3 -

z 3 L]«

STEP = elimina tien : per form eafe’me/nfcwg_ row ope/mﬁms’ o Hw rows

of Wﬁw@mem-ﬂ)d ma+ix to obfam a reduawd S§stem.

'I') eliminate HL entries in column | below Hhe 1st entry :

e e i

pivot = |
oz 13 =3 [ 2 1|3 x= 2 I 2 1} 3
Ls o =5 —!) —> (o -F -b|~10 5|0 - -6|-lo
2 3 | . RQ_-“'RI—*RZ 2 3 | Y R:-3._("<'Rl‘--?R3 5 =l =t|=2

z’) eliminate Hha entries in M_ loeleww #w 2nd entry. :
pivet = -F .

b2 1) 3 N:E%_- 1 2 13"

o <3+ -b6|-l0 p > lo -7 -6|-l0

-%-R, - R- .

T T g 3 3 =1 TEt

o - { 2 2 o 0 73

STER 3 Solve +he obtamed strictly Ariangular system by back sitbstitution::

«7(,‘ A PR S & = 3 (,)
-7 X, - b™M3 = —~lO (D)

{ -4 .

— = Hg B = 3

7 = (3)

) =
(2) = -FAXe-bxrxYy ==-lo = i-’)(zr—-‘z.‘
= 3

() = % s2x(2) 44 =3 = (K23



Solve  the  Br3 system %z -3 =\

'7([ + Nz +’K3:L‘

BAL 4+ 4Ky + X3 = -2

. o
SHep | augmemted M ATNX (

stepz  elimination

1 coluwmn |

Puwotr =0 =2 nrexchanae Hhe first two Tews

)
‘ | Iy d:% | (I
0 -\ -l ] | 0 -\ -\
3 4 1 -2 RS-O( R'—)Rg o

2)  Colwmn 2

Pi\IO‘\':~\

R T ozt R
(0 = _\\ l) —7 {0 v vy
o |\ -2 1-14 Rs‘“‘Rl"” a2 O o0 _3l-13

STEP 3 back swbshitutiom

m\ 4+ N4 + N~ = H (‘)
— M - M3 = | (2)
— 2Ny = —\4{ (3)

é Pivo-\—:\ .

/0



53

/o

Considen Hhe systew yvepresented by fhi augmented wavnx

{ i { | \ \
) =l B & §
-2 -2 0 0 3 |
©c o | | 3 ~\
I L 2 2 4 {
Sove Aha system by vedwting tx Ao Yew echelon  (RE) form
SYEP A oliminatiom IR T B
Gftex  Some WOTK oo \ \ 2]0
1) celwmn A pivet =\ > g o 2 & §] 3
g o \ 1 3|~
s ¢c + + 3O
2) clwmn L 1 Sin al endnes oelow e 2nd emiry axe Zexo, WE wove ovex

to

3) Clwwan 3

) co\wmn A -

pwWox =) >

sine all  emtries loelow

AL HeN SoWme WOTK

R

g
o]
)
)

O

column 3 omd  eliminate e emtries boolow Ahe Znd emtyy.

(. t {1
o \ (21|60
o & © |3
& o © L=\
O o© ol}o

B¥d  entry axe zeng, wWe wovl

ovex 4o collumn 5 omd eiminate the ewtries elow e 37d entyy.

5) colwenn 5.

P‘ND'\': \

alden Somg WONK Y {
7 | ©

Q

4]

L ©

[ U W U O

ol \ {t 210
c o ©O \ v} 3
o o o olA
o 0 © ©O|-3

Note thot Since 4he Cirst nonzexo emivies in each nowzeve wow ave alveady owe,
we do nok wed o peﬂgﬂwx oMy Now op(mo\-\—im\ ol YyPpe T e waxe ew ovne,

S’TGF & SD\UL'\‘\GY\ b

smee Hwe RE form op 4t GLV\%.W\Q/V\’\EA AT Coptaing  Yows  of

the  Qoom

[o o o & o) o],

A sy sHew S

WMCoNSY Stemt |




EX.4] Considex 4w system wweswkec\ by e angmented  marme:

R
-1 -l o o | =
-2 -2 p 0o 3 \
O ot 3 £

i T2 & &4

Solve Mh S stem oy veducing i4 to Yow echelon (Re) Sorw.

STEP 1 elimination

oftex sowe work  (om exexcise fex \{o\A) we obtaun the angwmomted

‘N\U\\“V\\K \N\ RE 'GO(W\:

'y & & & 1 {
'_he——_s-a\ i, ¥ % (S
o o © OL\_ 3
o ©O o O o o]
Lo o © o ol o

STEP 2 Solutiow

e last  two tows of A au\%n\e/vﬁed maine oxe of thy fom [ooconfo].
fwefore ta lask two equatwns of e sysiem will olways be  satisfied
foc amyy  fave —'W*P\Q (1 R r K3, g s e ) -

We  enSider e Siest Haxee equations :
lead voriables: Ay Ag,Kg

Ay + N2 + Ay + Ay + Ne =
=, 1§

Mo + Ny + 2%s fxee Vaxiables: Ao, My

\
s = 3B

2 3 L =

we tramsfex the free variables 4o e vight —homd-sida . Let ’\&lu.:b
Ky + %3 + Ks = \-a-b (1)
N3 + 2%hs = —b -

3

N = 3 )
back suosttntion , \Ma= -6, Fx\: 4 .-a

Thorefore thene oxe wamy sdwrions  (A-R, &, ~b-b, o, 3) .




N
which of 4 ?b\\ow{v\%_ madvies ove w RE form :
'\ 3 O = Yt 3 © . Jo o o { 3 © ' 3 o |
A:\O \ 3:\ B"c,\\ 3 C"\ = O Dzo L3 E:DO\’?-
o o\l © © O 0\ 3 o0 2 ce L O

only A amd B are wm RE Porwn . Bodn of dhem savisty the thvee  @nditiong
el RE fetwa .

2) C s nov w RE foym, becaunst the fust yow IS A zexo Tow, ol 2k is Ak
below Hhe wnonzexo Yows.

Note Aaatr oy performing fow opexation of ype T (exchonge twow 1 X 3), we
Comn troms foxm C i RE form .

3) D s nek w RE formn, becanse the first nonzexe emtxy WM Yow 3 ig not one

Note Mt oy perfermincy  Yow cww\-{m of type T (“’“‘*\*“F\‘& Yow 3 by *‘7_"3/‘”3
Comn  somsborvn © Wi RE fovwn .

4) B is et wm RE forw, becanse  fhe wumbex of  leading  zexc omkries W

fow B 5 mot  geaten Hnam  Waw Muwbes of \ead ingy zeAo emies va Yo L.



AN

EX. b Considon oo veduwd 3system with 4 GV\%M&W\%G& WMAATX S
i \ \ 3
o L 2 | {
0 O V' -\ 0
© 0 0 l 2
© © @] O 0 i

Y s A auag_mw*eé Wmatve W  RE Fovw 2
b) s tha Sustewn consistemt 2

c) 1s thexe o unique  solwtion

MOAIVATE YouN OMSWENS,

) Yes, Y 0&\/\06.“{\%\‘9(\ motn 1s o Re& Form, becawnse :
1)t Qst nowzeno emdey wn eack monzexo Yow  (Yows 1,1,3,%) s one.
2) g nwwmbex of leadimg zexo entYies in Tow 4 1 opreaken Ywom

thod 8f  Tow D, owd e nuwboex of leading zeno ewivies

Yow B S e AN v Mok of Yow 2, amd Hag muwmbiy of
leading ZeXe emt(es Lm Yow L is OYeAteN thaw et op vow 4.

3)  the oy zexo vow  (Yow 5) s below nomzexo Yows (vows 4,23,4).

k)  Yes, tw systew (s Comsistemt; becawse  Hae awgmented  MOANR 1S wn

RE feom, amd (4 does not cwmtam o vow of  fem [0 O © o|asa] .

C)  Yes, 4 soluren is unique, loecauwse the last equatim 1S always
satis fed, omd A first  fowx equations m o feny  wnknowns

CcTT(’S()M\& o e Pust four Yews of Ave augmemted watnx,

which 15 stactly Aviomgular Seom. L S U -

| _ o , _ Dl 2 | l

Theve fove a m\w\wz geluthion G e obtained 0 ONU -~ 0

by bacx Sib 41 Hation . O B BN N E
e —————

Sivicrly, Friamgulax



Usimey eliminatien \Y\V{’S’h%o\'\e }F Al &\\GWW%_ ovexdr yex wiing d

B 7
SASrew 15 Cemsiskemy oY wot ;
° —K‘ . ")‘\-2_ =1
Ay +2N2 = 5
Step AN gmed makNR { i I
i -\ Q
-t 2 15S
STEP 2 elimination
N coluwmn 4 = pivet =\
R L Lot
! b =2 1=A

R
T

-\
Ry-*Ri=~ Rz \o 3|6

| { | oc-_—;—-
i -\ o — o -1
S 2

"‘ z R’L—-o‘.R\ﬁRZ -—‘ S'

2) Colwmn Z - pivor=-1

Pt

3
vl 2
Qs_rx Rg_—’r R=5 o O 0[_z

o 3| ¢

step 3 16 weeded, We Can ‘\‘Tams(—e\rm. Mg Yedwd matne wro RE Sorm
Foo Anis, we Jwst  nud 4o apply  Yow speration of T4Pt T oon e
2nd (oW , Ahak 13, Wwe mu\k}\:\aa A 2nd  Yow \0‘3 % omd  cbram

STep H Solution
de RE form of e augmemted matng ceonkams A fow  of
0\ 0‘4‘01 , A sYystewm s mensistent

Since

e fecm Lo



Z
Using  elimination, investigate whither tha followmg U\“mdﬁ%mm\

EVSAS 6 Mot .
Censistem N, + oMy 4 N =)

System s
2%y 4+ A e + 2Ug

il

>

step | amqmem’rec; MaA TN - (

STEP 2 elimination

1) Coluvn 1 — Fivo"ﬁ =
7

\ ) ""‘R‘_?ﬂ'a. 2 ©

|
(7_ Hh
olveady, w RS keew .

e tednwd watnk s

sTep 3 sclutirn
sing Y RC Form of 4 augmemted matng  Centawns
et sWstemwn 1S nconsishemt .

R Yew of

e Peen Lo DO o'\o\j:e‘]



Let A:((; ll 2)

=l

RQFTPS@/"\‘\' A boilh n terms of

S column vectsrs  amd  n teams

of 3 Yow Vectovs |

1) Colum VecCtox Yep tesemtation :
‘ B =il | C mem T A
et a, = ko) / 27\ / = 2. . en :(at’a'z_/“a)-

z\ Yow  ve(Aoy Ye\nesm-\w\‘t{m;

Lot A= (v 13, a,= (e 1 2) . Them A:(

=1 _
Fiwd AR, whex A:(a z) omd B:( - ‘w _
2z 3

BEx. {0

. 3L 2RL )
We Fiest vote that AeR owd Be R Hewmw, Wt i¢ possible fo

W\‘\A\*'\‘D\\;} A amd B omd  obtaw AR ¢ “'{3*7_
( -1 tx (-2) =1 x(~3) bl V2, | -\
-~ { L
AR = (7— z)( = | 22 (-2) 4+ 2x(-3) Til4299 | = =18
-3
2z 3 2% (=2)x 3% (-3) 2x4B3R2 3 B

Ex. il Find BA , wWith A ond B  given in previous example.

2xXL 3IxL

Sin BeWR omd Ae R | the numbex o€ columnsg of B s Ack

equal to L vuwbex ef  Yows of A, amd hWene  BA S not defined,



Lot A:(‘?) ﬂ o %:(; °j-

Z

. 202
We Ewsy note Mok Since  A,B eR ,  hoth AB amd BA owe defined.

| 2 e i +2x 0 \KQ&»'Z]RZ.) _( { &
4) A® = (3 L{)( o 1) = ('3#\4—‘-\*0 0+ r2 A3 ?

- (\V © ! 1)__ (UHO%% IxZ % 0%y ~(l 2
l\ Bh= (‘3 ‘13(% . Oxl4+2x 3 OxZ +2.x Y h 6 ¥

Snu (; Lg) :/:(L ;), thovefeve  AB # RA

Vet that AR += BA

Ex.\3 Wyite the fellowina

System of equatimns W wmating fovwn

(ifa_o(\ + B3 A = Ay =4

Ny = Mo 4 2% = |
X
In o matvx feem,  Ha systewm Yead s &\’2_ 3 _l] - :[Hl
i =1 & o |
ot ]
e we  set A:U— _3\ —1\] oo X={ta) b:[‘\ ;o then  da
"3

$9 sTewm veads Ax=b.

. Concidon At Q%S‘(W\ i"‘\‘\*l')h_ = i

ZUy 4+ A N =)

Q) WYite Mg sy Stem W omatrn fesm Ax = b

B) By showwdy that b cownetr be wWiittem as a lingax combmodim of cuwmn
vectsys of A, venpwy that v SY3tewa s Mok ensistemt

o a=(L &) o ox=(w) o= ()

o) Let us fPorm a lingax  combmation of columw wvectavs

. U‘—) . (:) _ (;;l\) 4 (i’i’;) _ ("’K‘+20{1))

o A

'Z(f)\‘-f’l'“?_
obvious\&g-, e Znd emtrVy o Al 1esu\\%m°& ve(tor s deuble g Ast

ety . Hem@ we ceawv WGte  §y o (‘l) W A fetm — Bxa “ﬂr\eore'm / the

SPstem 15 NENSISTONY,



\;

L e+ A:[’i :] Fond  Alamd A Q
o (D0

3 2
oA (200D (88

i
—
PR
PR
-

Ex. 16 is B= ( i[ *’LI) the inverse of A:( = ) 2
we wneed to chuex whither AB=I ?
2 { Po=d Zxl+ix (=1) 2r(=1)+ 122 ! 0
—_ = = i I
AB = ( [ i )(‘[ 2 ( (x4 [x(-1) lx(‘-l)-f-lxz) ( )

Thexefsre B (s 4 inverse 9f A

Note . We cam also check whather BA =T . However, iy ome chack is e‘moug!n..

e o (4 E ) =(09) =T

: ) w| o
EX 17 Show that (ABC) C B A

N B
Wwe need to Sshow that (ABC)(CB A) =

we write: (ABC)(C B A) (AB)(cc)(B,A)
‘ heve we wse associative law v Thgovew (T2
|
= E
- (AR)T(8'A) |

-1 =\

- A@BB)IA
"\ |

= A T A

. AR



12,
2 \
Le+ A=z ! -
3 4

Detexming e pe ot the Fﬁ\\cww% elewmentanry, mm&fweg/a,v\c\
shew omd state  what happems g we prevwultiply A by dem.

4 1 L 0O _Ie Iy (v
E-Q:(Q l) ’ E,L‘:(O 2-\ f. ES—(‘ 03/ EH—-(’S ‘)

1) E, ‘s of tupe ) - E, is obtainud from T by adding  the secend

)

Yow of L & 4 4imes s gt vew |

(A L2\ _(F 2
E‘A‘(b l\('iq):(% % |
TowW,

By Pfemu\ﬁF\Yw\% A by B, Hw 2nd YowWw o A is added to 4 Admgs s Giest |

E, (s of vppe@: E, is cbtowud frow T by walhplymg e second

2

Yow of I by <2 .|
ears (o 200 W) =(e %)

By \:Temuh“r\\gvk% Abs By e 2nd vow of A s W\v\\-h\a\ie& by 2.

Ey s of t9pe (I): Ez s obtawud by En&e}{chav\gm fag Yews ofp T,

=V )5 8) = (F3)

I+ '\fm*e,\c(«\mcaes M YewS ol AL

Ey S of type (I): Eq s cbtowad from T by adding 3 nimes e

Aot faWop T 4o 148 Znd YOW.

ears (5 (D)= (L o)

W odds B W e Ast fow of A Yo Mt 2md Yew of Ay



|3
| o - N
lLe+ E-= ( ) be an  elemomtonyy mot K.

o 2
r A =" ‘
Verigy  Hhat E:(o \_) and  thot B is an elementonny wmatng
e N

of e same type as E.

|
) We wud do veripwy Yoy BE =T .
- | o[l O\ _ 1xl 5+ 0x0 \xO-rOxl{ :(\ Q) -1
EE = (0 ’2.\(0 —;:)h(k’hxl--\—ZKO lﬁbﬁ-?_x‘z o /7

<

2)  Both B oomd B oart of tqpe () - E is obtawud from T g

W\V\\HE\YW\% e 2nd aw ok T by 2L, amad ﬁ‘ s dotomaed fxewm I

by wawln F\V}W\% e 2nd W o T oy _'\z':

Let A:(‘ 2)-- Fad A

wWe Porm W augmented moink  (AlT) omd vedue W to olovam (I\F:).‘

{ ® Lz
)""“"“"’7 0 3
0 1] R+R—=R,

Loz
= ~=(3 *)

T =

R f) =(1|Ii)

L
)

| 2

(Mﬂ:(_\ \

1 =2 . )
|

_._
-




. R
i =8 Z.I] Fond EA=LU factorization op A= [Z‘ Li _f’,:f ] ) g
' i 3 |

We will Pg,»ff.mrm elimination with [:wrﬁaf [Dl‘\fo*h‘ng_. ) ’

1) Column 1

partia| piveting =y  pivst= moax (2,4,1) = 4 e
= wnterchomge yvews 1 amd 2. = E=|| o Q‘}
o o |
4 o = w=Z =l JH 4 -A = P
EA:‘\Z | 5| ——® 1 7 ) -+ =
I 3 t] Re-aRaR 1y 3 | | Rg*RRs (i) 2 2
ﬂ

_-m"‘: P“‘ff:moé; a zexo o W place of eliminated enmtyy , we stove
e W\\A\*i‘:\iex n wiide o big O . This way emsuxes us that
Hae walripliens will stey with Preiy vow in case futuve Yow exchanges

L_awe W\a\dJL =

e

Co\wwmn 2

partial pivoting =%  piver = max (-1l 1 2) =2

= mterchamge

o) l 0
= E=| o o i
t © 0

rews 2 amd 3 of the most recemt E

= =
H 4 _l-| D(-:t H
EA-‘-[@ Z 2. z ~y @ 2 2z
B - ® ® *
o | © 2z ¥ 5 ] & 8 401 -
H%Q; E- o ) \ P\Z r_l 4 -4 e t/i.,{ ‘ (@] U: B 2 P
t 6 © t 2| Vo Y, 1 o O %




Considen Mg systemn A x=b, whowwe A (s gwen w taze
pPYeViows GXD\W\P\Q, omd b:{gn

Fund  Haa soluiiom X:[Xm;l

n3

b

M\Al"t"\‘F\\a by E
Ax = b

~C

D} ) U%‘mcg\ EA=LU factorization

wse BA=LU
Emse——esal BREsEb > LUx=Eb
LQ'\‘ UX = ~—;% LC = E":
1) solve Lec=zEb for ¢
{ Lo I o Cy o | o} 7(;
5 {1 @ el =le o | L
o=t 4] e \ o o ||b
s by =
"\ o o Cy 0 Cl —= 0 .
[1‘; \ O‘X Ca | = b ’.'_‘:7 .}Z‘HC‘,Q-C-L:-_Q; = CQ_:G
5
=
Tz | . '—Lc‘—\th_--\-cg—.-g = C3=%
2) sSeve Ux-e  Por x )
Ry 4+ A%a -y =0
H a 4™ = . 2 N3 = ()
o A2 | = b ‘> 2zh2 +
= - g %3 % < N3 -3 (3)
0o O

(%) = (3= ~
O o anse T

2 = 4 Ay + Hux2 —4x\ =0 = My = =1

=3
= solwtiew X — LQ_)
i



