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Consider a ramdom experiment

Lot - dencte Hu set of all possible outcomes of Hu &Ypuim’mt

The se+ L IS called samPle space, which may, have o Rinite

or mpfinite number of elements.

Let we Q2 be an element ob ) <w (s an outcome of e expornu

A subset of AL (ie a set of ou’rwmes) to which a ,orabab:/ffg measure (S

assigned (s called am evemt (a random event) .

Exam,o/e. o Yandom PXPP/"”"'W‘* : P’:‘Fping 3 pair Cowns

(H,H,R) , (H,H/TY, (R, T, H), (H/T,T)
(T,H,/), (T,H,T), (T, T, A}, (T,T,T)

o Sawple space: _(L:%

o oam evemt: fu last two ave luads

A = f(H/H,H),(T,H,H)} c

M o ramdom gpeviment 1 rolling 2 dice
), (2 (13), (%), (1S, (16)
o Swmple spAc: AL =g (20),(2,2),(23) (214), (215 ) (2/6)
(3,1),(3,2), (33, (3,4) 1(3,5), (3,6)
(4,0, 4,2) (43, (uM), (MS),) (M, 6)
(s (5,2), (S13)s (S14), (5,5)7 (S/6)
(6,060 (6,3), (6M),(6/5), (6/6)

o am event: flu sum of e fwo dice is 5
Az§ UMY, (230 (32), (M) 3} ¢

Exexcise . wWhat happoms to e last emwtfle £ we [Dlmg IoacK%amon ?




&
e+ 2 be a ov.algplom en L, that is :

Z is a collectem of subsefs op A with the Pllowmyg properties.

To ¢ e > < 57 contfams Hw empt4 Séf)

2.1fR Ae 2 , thenm Ac - O\A ¢ (Z is closed under Camflemwmmm)

a
30 IF Ay Ay, Agye €2, then U Ajel (Zis closed undex Countable unionsoe its J
=1 mewbExs

[Note]- ¢ An element AcX (s am event (A Z-measurable subsgt op Q).

e S (5 also called oam evemt spa .
o > ?rowdes a set+ of evemts which owre all

D 1X2 = Qe .
/ LN .
@ 182 X3 _D" Margom s law JUB)‘ADE%, I is closed under countable wntersectiams

eX L.
@ ZCc 2 , whwe 2 0 tha powen set, je. the set of all subsets op ~

measurabl e .

Example.  The power set of _Q:ip,'z,3? is
,;f":% $1,0,33, $u2% . §03F,§03Y, 17,323 138 L 87

3 /]
it has 2 =% members . we write |2 [=8 omd say "t cardinality

W
Of 9_.0' is & .

The pair (,x) Is alled a measurable spacs

Let P be a p)’ababillf’;t measure on X satisfymg kolmogmv Miomi:
s ¢ Ae X P(AYe R, P(A) 20
.o p(a) =

¥\ ‘ ‘ . A e X
(o additvity) @ P (U A = ; P(A‘) with ?A;()AJ‘=¢ , L'H' disjomt events

ov Countable additiyiry

I+ Follows that : P:> o [o 41 , p(e)=0
P returns om evewt prbability




<

The triplet (12, X, P) s called o prbability spa@ (p-spau) .

e ————

For every evemt A,B €, we haw tu ﬁ’(oWV{"% propertiés .
° n A< B > P(A) < P (8) (monotonicity PW’"/"’?)
o« P(A) =1-P(A)

> pP(AUB) = P(A) + P(B) - p(ANB)

IRMMKZ For technieal — par poses (ie. rigorous m ot thematical ProoFS)

s opten wstful fo assume that the p-space we have

s complete . w fhe followmg. semse :

The pospace (-, X, P) 13 complete iE

BeX ,  AcB8, P(B)=0 wplies Ae .
[amy subset op am event with prob zere is an event |

Any  p-spaw  cam be tmplete by addwmg fo /1S o~ algeb ro.

all  subsets of sets of prob. zero.

Fyomi now on we shall assume complete p-spaces.

1 48
_E_’g_- T singleton pounts w R have  leloesghe wiasure zexo; (Lemgan 2x0) -

By Countable addihvity, omy covntable et of singleton s has weaswie ZeN0.
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@ Randow var ables (r.v.)

An YV s a comVenient way fo express fie elements of LL a5 numbers vathty tham
obstract elements of sets,

Example - Fmbab}/i% o the wterval [0,17 € R

censider  a p-Spal (EO/I:] ; ’B([o,lj) , )4) , where
o The sample space s #e real wmterval  [o,1TC IR .

; [ "
o T oO.algebra on [0,11 s called tha  Bosel o-algebra  on [91]

denoted by B([o/1), which is the o algebra  generated by,

all  ppen nieyvals on [0, 1 . I is Hu evemt Spak.

dince /B(CO(IJ) is a o-algebro, [t amtams -
all open  sub_wmtervals on [0 (]
all  closed sub- mtervals e [o,1]
All  anims op closed oy open sub-miervals on [o/1]
all  wtorcectins of closed ov opem sub-mtervals on [o,1]

all  semi-open sub-mtewvals o [91]

For example, it cmtavis things like ¢1s, Lo FTU(% 1], [2/5)

o V Ac B(lond) . PC) is a [:robabi/{m ruaswre  dipmed m
terms of Hae lemgth of fhe mtervals wntowmad wm A -

p(0s 31): 5-3 = ¢
p(Lxzd) =°
M(Lm{ﬂ%%zﬂ):g+uxgz%

W Lo, LT0 5 1) = w(re 3T+ WLy D) -1l ST Ty 1)

= x5 -(z-%)=




5
Guestum - How fo  defon probability on  the peal line IR 2 X

Lot us comsidey a  p-spac (., X, P) -

We want 4o defwme  a  pospae (IR, B(R), p) -

B(R) s e Borel oalgebra on R, which is Hu o algebro
generated by all open imtervals or R (o equivalently all  closed
o oll  Semi-open mtervals ap IRY .

Fov mstomie +he  Sets %(—00/ ' ‘aoéﬂi} genevate  B(R).

range
o

we new Considexy a Functim 4: 4L — IR Prom the

domaL_VL

measura ble  ¢pace (.Q,Z) to e measurable spae (R, B(R)) .

he functeen Y g said 4o be wuasurable from (2,5) to (IR, BIRY) F

-1
Y AeEB(R): f;t(A)_:.fwl g(w)e/\}ez
b is also called a Borel punchm.

We cam now defme  a lbrcbab}lif} measuve M denoted by f; as

Y Ae B(R) : ‘F;(A) = P{( g'(m) = P(wek: ywreA)

The probabdity measure [; /s called e ,praloab}l/'m mduad by Y, ov

Ha dis4ri butim of Y. R% s also called a distri butum measure .

Tu  functeom Y is  called a  real —valued ramdom variable |

. . . .y
Remow K The mam assumpton s Hhat ¥V AeBR) . ¢ (A) e 2 .
Becanse, oHwrwise, P ( c;'(m) may. not be well -defined .
- -1
i othor words, 4 s a rvandom vaiable (f %((*m,tgcj)ez, VY eR.

[Remark] We can rplae (0,5, pP) with the pospac (R, BR), £ .
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one  Yomdewn NVanialo\g

“ |

yandem Varia ble

with 0= T CHH), (HT), (ToH), (1.7 §

H in
T w

t-th ‘0SS fsc v=\
t-th +o09s

(W)
(n,™)
(v.w)
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F:.:T - (W, W)
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(et
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axeen W g
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SRt

O — Py=z

(<, ,P) be 4n otiginal  P-spad.

com  defwa fo P-sPat for A vomdom voriable  te  be -
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wa Yex s
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@ Cumulative Distributiem Functem  (CDF)

mE— —————r— e ———— - ==

CDF of a ramdom vmiable Y4eR defured om (1,5 ,P) , or

equvalently  on (R, BR), ), » defuied by
-
VYeR I;(ng) = P(Y((-0,273)) = P(fwenr: g<4,F) =P(9<4,)
p

properties of (DF :

s CDF s non-decreasing,  with Yamge [o,1]

o dm  F4) = o

4 -
» L F(4) = |

9, > 0o
Remonk g CDF o a real-vValued ramdom vamiable Y S cmtinuous, hun

Y is A&  Comtinuous yomdom variable .

o

{BI

CDF op a discrefte  Y-V. CDF of a continuous TV,




(@) Probabilitg DPensitg Functem  (PDF)

e

o IF the CDF F, of a real-valud yamdom variable 4 (s absolutely,
Continuous, them there  eXists a Lebpsgue_wfewable Puonctim Tz TL(Y)
called PDF of Yy, such that

E - Fe o= [Taepdy o wgb
N ,

NN

F(al44b)

o The Punctm T s equm[ to the demivafive of E;t almost everywhere.

n(g,) = F () fov almost every 4 eR
e we also  have : T(Y) 2o
ey}
f r[(%) o’? = |
-0

lR@mMKl A functom  P: [ab] — R (s absolutely (ontinuous on [a/6]

/
Y P has a dervative F almost  everywhere
ond

L
fen) = £ea)d +J; F(r)dt V nela,b]

than Lipschitz Continui by :

£ Lipschitz  Cmtouous =5 £ absolutely Cmtinuous =% f Certinwous

. : Q X=0
Exexcise. VeNigy Hoad Rex :i 15 ContMuonSs , owt wot  abs. centinwous.

X Svn( 1) X£0




yandom vastable

@ EVP(’HM and h;'ghmf moments ef a
o Exppcfed' valme of a ramdom vVariable y: 1 — R s defined
AS  Om MTPW/L{ with respect o the underlymg leoab(l"fg MeAsYe
Let (-, X,pP) e e ovigual  P-spac .

Let ¢4 be a veal —valued romd om vamiable | which (s o measurable

Pamction  from (2,5 ) nte a measwrable space (7, B(r) )

wheore ' € R - The &

The wcFecfe(J valug of Y. IS deford  as wteqral of g W.NT. the

P meusure F("“ Lebesgue WT"W“’) :

EL49] = f_a ‘éfw)dﬂﬂ

Note that Hu (/Megm/wd s Hu rondo
a function  on U mwvlvle spata 0. taxing V2@

litg, measure  on (f"/B(ﬂ) givw by,

o veniable , which 1 viewed A

(wes w (T, BM)

Let E; po the probab

P‘#(A): P(Wéﬁ-: y(W)GA) . v Ac B(r) - In othor words, we

ansiden the  p-spa (T BT £ -

we com nNow unege 4{/\2 (//m/ﬂg( oF VM/‘ablegS amd write
@_";] = :_f/)_ yw) dpw) = f 4 of@(‘ﬂoﬂ
r

Suppose now that @ is  absolutely comtinuous oamd hem®@ 4 hag

a PPF 1 =T1(y) ( n(4Y,)= Fyl(‘?o) for almost every ‘;}ae/”)\ Then

FB]:J:Q%»)JP(M - jp g, df,(4) =]y rey) dv}
\ 5 °

whave e last wategral s om  odwmoany  Riemawn  nregeral o@. CATTAUS I




o Somu /)ra/)e/rﬁpg oF

erppcfaﬁ&

) yro as. = E[Y] 20

2) g ¢4, as. =  E[9] < EL[Y]
3) | EC¥1| < EL ts\]
4) lemivg . EL@9x L3l =2 B[40 + b ED)
Notation,  almost suvely (. s)

=S W7o QS = P( §we s a(M(o'ﬂ:o
v—/""f—_—/_—/ e
e Wighwe womamts

EXpecsion @ A At wmowum .

MoMIMYS

of ovdax Y2

Fee A ¥-tw o MM

X0
TS o &

ST, wWe
s\ae Yo

AL &Q{-W\(’A as
by X
b0 - EL#D - [ g mu ay| e s
T

e st .

od M wwdeqal W A
A Goaussiom

(or novmal ) romdom  vaiable
g~ N (K, )

e i K= ELY) |
w(4)= e P oY=

MO
\

Z_E[(4-1) ] vewlonu = 2nd

oo
* T3
(-1
QXF(' 2 X
o Jan 2 0~

WOWALMN




@ Random  Functioms

Lo+ Y ¢ " ¢ R be o real ~valud romdom voaiable
The remdem functom g4 =9(9Y) where q: [T IR 1s defined
by Hu mappm9
' 2
(o, s) — (I, B(M) —s (R, BIR)
L Y (s MLASUTYA })Ie From (_[)_/Z') +o (rr/ B(/"»

amd = 9(4wW): (,X)> (R, BER)

I g s maswvable  from (FBF) o (R, BR)) 1S measwrable

Hwma, 9 is a real-valmud  yomdom veriable.

Expectatum of & romdom functem 2=9(9): ["— R

EL3] = [ 94  nep dy
r?

p Momumts of a  ramdom ﬁuncW-_

m (g) = E[ %‘G?)rj :j g(v)r m(y) dy
r

For He momumts to  exist, we need e right howd gids v%fegfmffo exist.

j ‘ Lr —norm as  fllows :
Fo make s more precise, we dzfmiL !
A v

¥ * " X
N9 “{ (m==(5 L3 | niy) A\Q = (E[ CXCHW| )
T ¥ ‘
We  Ham M?Me +he \_:- spae of vommdom  Twactims

by

L“ k { L \ C“(r'\ }




\l?.

Thorefore,  for the  Y-th womondt M (W) Yo edst |, we naed qe Ir“(w)_

Note Yot  1f S\O&\“A%}(OO , tham &%“C\‘Q {oo .

2
= LK(I'W 18 e space  of  Yandew fwnchms  with  finite
gecond wowumt | oy qu\‘\\/m\w-\\v& e spack °f gsqwane witegable

Cunctuens W XL () 44, o equivalently Spale of

T - Squave w\-\e%«o\b\e SUNCHon S .

@ Roamdom  VoOCFors$

N .
Y-[Y 'Elw"r‘ﬁN] e " € IR s called a ramdom vectoy (f

i‘éh }N ave  Yomdow voxiab\es (W&wa\o\? Pﬂ.)m (a/z) (F’FB(Y‘W) '
wn=\

o Distributum measure P‘{ spa random vector Y cam b defuind  Simiar o At

of o Yomdom Voarable .

<0

.

Lex . (=Y — (V,(B(\"\\ be o Yomdewn N -Verts. s distabution

ConSiden +wo p-SFO\CQQ (-ﬁ., 2z, P) omd (V, R,

!

MR SWYe (or vndued  proboalboility W\M\S\MQ) ts defwaed QS

RN = P(Yeh) = P (Y (A for  Ae B(M)




o Jowmt  disAributim gV\Y\C'\‘Q;Y\ <JOW\‘\' CDF)

N
\{o:[%o\""/ ‘QON] C R
N
T=0%, a1 e r

/9, 40,)

¢« I — FY(Y) (s non-decreasma , n=1,.-, N

o E( (Y) =0 , n=t2,N -
- A
?m-# m %\{9"\:L\ao\’“7“ao,v\—\’&a'w"\*'\/“‘/\3”";}C'\g
A N~
° jwn F}-’ ( };) z FA ( 1:1 \ W Yr\ z [_\A\/“-/\é“_‘/ "é“*\/ ey ‘QN-\ C R
-y o0 n
on
o Jow? demsi Ay funcrimn ('Jow\* POF)
N
n(Y) - o £ ()
Iy -~ Y,
° j (YY) dy = | Note . dY- d‘j,d‘aq_w-d

Tiis satequal 15 @ multiple wteqral . ap [L[Tefanr, then
j n(Y)dY = J j 5 e ~79) dgi d‘?;\/

N
Romark| We cam defun oo ramdom vectey Y=[4, 9] elNcR as a
| collectton op NZZ yomdom voables %tgn"gN defmed m a

n=l

prob. spac (I, B(r), m(n) where 1 is 4w Jjowt PDF of Y.




o Marg rnaliza 1’1/;1;\

I+ is om Mfarfww't technigque  to fmd the jomt demsity. of somt

~
coordinates of Y c R .

spe cfic

N -l

Ex. To fmd Jemt PDF  sp Yn-.-[g‘p--,yn_‘,gm,.-~,‘3N]ctR,vve

mm%ino\“u (Y) over g

n(Y,) = J‘r' ney) dy

This is  also calld 9, - mm%naliﬂc‘ densit4 .

Ex. To pmd e mm%[nal demsity.  of d e "< IR

(YY) dY
7o) = m \
[;'x-»xf'nqx]: x~-~xl’;

+i

g

donc of ramdom vatialoles

° lY\dv,F(J/v\

‘ b and oty 2 (i)
N yamdom yariables ore md@f@n&w‘f g omd ™M ip
N

n(y) = I'l nld)

n=\

Le., Jomi  damsity s the ?To(\\)\c"t o MMO&W\O\\ domsiheg

TWis '\W\EJ“(’S o ch-\-m'\v_&'\'w;f\ of ;\oW\‘c dms'\w‘

i

N




meoam VeCtsy T

& = ELYT = [Ew.]/ .y Hv,,]]

\ C SN O ON _ce‘]

drno——— ———

o Covariomce of +wo Yomdow voniables  {s & measuye of Wew

much two  vamdewm voriables chiomoe tegethen.

Covoriom fwactum of  AWo Yamd ew vaia o \e s . om Q %m \§ -

cov (4, 8, ) =T (4 - BT 1) (4" E.H.ﬂﬂ = B[4 9 - & 10y 1.

o If N(daMw) YO = B KLY, have Simlax oeWavioX
laagye (SMQ\Q valmes of 4, CoWOSfOY\A Yo \angp (va\q\\\ valnes o 4

s \E Co\f<~a,\, \gm\ {0 = A8 B Wave owos\‘\e bewhwaviox
g (small) valwes of 4, Gﬁ‘(es?ov\d 1o small (\arg) valwes of 9,

T N
o Covarnianw matnx fav a ramdem vectrr Y:['ﬂ,,m, Yv1 e R

N
cov (Y)=[cov(4,40] = E[(v-m)(x-7] e R

xN

o Prope/\{'i?s of COV :
1) symmetric « CoV(4,,8,) = CoV (B0 s )
N
2)  semi-posiHve depimite V¢ e R &T cov x>0

CENOA | oM (L mafrk  mvertible &S cov (s Pos/h‘ve defincte

F/&LY:WV’(L % a muaswre of the dispersiom of "én around 115 m(’a,n}
) 2
Var ()= V(9.3 ) =0 20




Cov ( ‘d' /%a) =0 & 4, omd 4, are uncorreladed

o 1 a) N Yadom vamiables w =03,/ /Py ] are uncovrela-ted , the,, ta

CONV o WAt YW 1A QL{O&O)—O’V\”‘\ v CoN = cliOL%(O’lZ/“‘/ O,:\L/) .

o B, md B, wmdpendent =5 v, Y) =0 & 9 and S, wncevveloted |

A
7 (ED44, ) =EDETL])
~

. The Comvexse s wsually Mot true. See the example  oelow.

o \n gwvaxal: w dependent :’é wn coxselared
o For Gaussion tvamdom Vectors . wdepem donce eSuncevvelation
“Loyrelation
: : | cov('4 /4 )
o correlation  function : CORR (\3,“ YWE e o normalized Ve/fsion>
0. - O, o f Covoniom (R

| Covrelattan maanxs CORR(Y) = [ CorR (Y /4] ]

_EX__;- XA/ME-*\I\—.l
Yo, Y Uon]

X & X0
w prxy] = BEIXYIxgo] + BIXX | x>0l < ExY] = EK]E]
o 2 \ 2 -\ \ —o =
-_—S-de+g xdx = x v 3 - i .
o) XY \/w\(,o‘(((\okt'-é

)
Erx) zo = EDJEL]1=0

bur We Wnow oy X YUY  oce d@\)w&v\’\-

Un o\ oed,

—_——
EX %%\ N(o,‘\__s V( - — &E\ﬁ &"' E > :0
= Q = V(%% X—E(%l% l ‘X 14 - ;—‘a\’X W
%= 9, v > m\o bwr Ayt
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Gaussiom  Vectoy

N
o A Gaussian vectsr YeR  with pean  m<=EIY] and v iana matnx

B T
C=E[ (Y-m)(y-7m) ] has the jowt demsity funchon

_—

N2

o | _ _ T~ -
ﬂ(Y): _— 6{’,3( 5 (Y-m) C (Y~M)>
(271) | €}

where 1€l 8 detesmin it of Hhy varianc matrx | (1- :e jnsj:r':f:le)
0

we wnte Y ~ N(m,C)
9 N raadom variables %o,

o An Mﬂ“[’mf /oro,oa/\fg;t: e o//'agmm( (mncomo/a&d rvs)h_)/rvs are.
N mvlfua//:;l

[n #his cace we am show TI(Y)= “II n(d)) - [ndep en den t
),*\;V_va(m,ed Baussiom Ve LHYsS, then (Y+EX) is a

we sa ‘QN are JOIM'f[y Gounssion .

If Y omd X o two
vandowt Vet oY <

quss iom .

| . - |
o Y Gamssian Ei%j | Jountly  Gaussion == 3%3 wdmduall{; Grussis
S =l
J
(Im W( converse, s not fme)

- The aSSumPTw\h that Y s a Gaussian Vectsr (S S‘W@’?g_&r ‘Hﬂﬂrn
hav g ‘3,5 be Gaussion vamdom variables.
T’L\_T_W_W\l \féﬂ( &awgg,m mmdﬁm ve (1Y YNN(M Z) ,
Lor Xef ad XzAY = X~ N(AR, ASA)

rKMKN |
o In mfﬂculmN we h_a\/e CF xe IRN, X~ N(6,T) iLd f,v_-.mdard/um rv.s
Fhan  YE&R, YoN(m,Z) is ecbtaned by Yems AN whane Ag =T
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@ Stochastc  Processes \

We are MnfM(Sff({ wn “H‘\l 507«?“7‘-“1‘{1.9;4 OF "'1’11 S"f‘OCL\D(S‘hC 50/‘4 TI;O’VIS'OF ODE&/PDE)

These salutions are Punctems of — Space  and/o tme , in additen o W

The notion of randem vaniables amd romdeom vectors  nuds fe be extended
tfo melude d&f&ﬂc{ww o spacc amd [ov ‘/’W%

& u\ c\-t \ dgmam (Co ‘Ogtd
Lot DCIR be a Cowmpact d -dimemsicn spaha . m?au-bomu

Let (L,5,P) be a probibilivg spate coresponding o a yamdom ecpertimbut.

Gnsider a Function U=t (t, X, wY + [o,T] X D x b —> R
o am outcome. ©F a yoamdem experiment

Lime Spm‘m/ cosrdinate

For example w cam be +u solutim to o time-dependent PDE with

Fomdom  Coefficiemts.

[ u(t,X, « Ji-a>R & a R -valued Yandowm vmmﬂb\e o (,5,P) FPor

d
all te[0,7] and all XeDCR  then W o, T1xDAA - R iy alled a steduastic
= U s a <o llecteon oF tmfinite random variables . pYocess.,

T Panctum w(-s», W) = [0 TIXD —> IR For GiVen  we 2 (s cafled

o realizatim of W (o a sample pm‘h) .

—-—

—— —— -

To sumpl votatwn , we will drop t and restrict ourself +o  Stochastic
Pltf / p
processes o (x,w) D x L —>IR

Such processes oure called 5Pah‘a{ processes  or  ramdom fields
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Let DCR  be a compact d-dimem sional s?aha\ domaw .

Lot (4’1,2,]0) be & w'»wf/?+e probabilityg. Spacc .
Comsider o ramdem field a=oa( X, w0) ;. Dx2 — IR,

This means that V XeD, a(%,2):0>5R s a vandom Variable on(2,z,p).

W‘P dl.S(/f("hZ:ﬂ ‘H’LQ A»OM"IW\ D wnto n g,-hJ PDl{‘;lTS L )—<|/ ';(7_ />y ;(—H . Tt\e'/ﬂ)
Similar 4o ramdom vectors, we am defing distributim omd demsity ©f romdom fields.

® JOWIM d’imwlsw;’lﬂ‘{ d,,'s‘ry,lb“m of ovder n : E( z ; ;E,,N,QYJ —.F(@(;uw)ﬁ'f‘/m/a(g/w)‘.‘é

n
o Pmite dimensimal demsity of ordev o M1 (75X An) = Si F (%% ,0%)

n

9
92, 92,92,

n

i —_ v
where Z:[’Zl/‘“/ an e IR and az::

My Efa(x, 0] DR
a
Co\/& (X, %) = E[(a( Xyr°) —)2\( xo)(a.(xz,.)-]“‘“(xi)ﬂ\

: DxP =R
VAWM G \/ARA(;Z) = OV, (X, Xy : D oK

anid 4o be o second-ocdes Yardom feld i€V ReD E[ (a(x, 4 (o

Covoniam,  Funthgn

o (X w) i

o (K W) 15 said 4o be a Statwonany field g fds B (s invariamt wadex

_d . o.% |
mlortiony  womslation (o shift) EeR ( x — X+ §) , o equo\\ew*r\ﬁz
e s law 18 uaveniamt  um dex tyomslotion O\(;Z,.uﬂ s a»(mg,cu)h\fgeﬁz-

‘f\s o Yeswts, all wmomomys of o STRRa MY te\d o invanam widon 4vams\aeen
Stationony  felds axe alse  called  stmictly stationsy .
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o A random Feld 1S sad 4o be  weanly Statarony ¢ \

1) P s comsdomt

2) C,OV‘W <£' /?2) = Co\/a ( ‘)Zl - .)—(7_) =¢\ \/Ma' = C}W\S-\'MT d ‘
VoL A 1§ WeAKEX Whowi  STATLBNAMTY, Sl tF mpoests  can ens
) W;i\{(\}},\a c?\m&m «s\:;\a amd wowamys of e Yomdow fxel\d - |

s A weaxly  ctattmony random field 1s caid 1Sotvopic if  He cevaniamt,

- o -~ Vax, < mm
fun cteom de,fmd/.;- only o ([ X, =X I o stationany =—=—=> a weaxly s
o shotionany (20 o weaxly st
= — — ———
Frop(ytv‘m o f Covarian (e func'h,m

2 ‘ ;5:
For a  seomd order ramdom  field (V %D, E’[ld(fx-)l]@) the vanant funckm
7) bown d,@(i N Cd\/a ()?, / ;z) _<_ / \/Mﬂ (;l) \/\/a/ra ()?2,)

2) Symme-f-rz:oz CO\/O((;("/ )-(—z) - (.‘.ova'(;(-z/ ;l)

— — _ N _T s - = —
3) Semi- positive definjte . Y §r,§ €D md xe R : “@0%((2‘/54)]0(20

Gaussian  Random [relds

@ - A(X,w) 2 Dx—R s a Gaussion field p Xy X €D,
n
the vamdom vecdor Y(w):(a(fl,w), w, AR, w)yé Ris Cmuss»‘a,y,> that

R ‘ o _ .
N all Finite dimemsional densitws T, are Gaussiont ey evexy
chovce  OF Ry K-

= |V XeD: a(x,) ~ N (pn, coxgk(i,'i))l

| X=X
. il L , :
Fov example © COV (X, X) =¢e " ,-f; . exponen fial cov. wmoddl
R 7 ¢
CO\A( X/ )(z) =0 2! ‘sqv\owed Qxfomtﬁa\ Cov.

W\QAQ\
wWhaxe L. 4 covee \atimn \&V\Qk\/\ of W feld a .




