
Stat 579:

General Instruction of Homework: All solutions should be rigorously explained. For prob-

lems using SAS or R, please attach code as part of your homework

Assignment 1: Due Jan 30 Tuesday in class

Problem 1. Suppose Y ∼ gamma(µσ2, 1/σ2) with density

f(y) =
1

yΓ(1/σ2)

(
y

µσ2

)1/σ2

exp

(
− y

µσ2

)
where F (·) is the gamma function, y > 0, µ > 0, σ2 > 0.

(a) show that Y has an exponential family distribution of the form

f(y) = exp{yθ − b(θ)
a(φ)

+ c(y, φ)},

clearly identity θ and φ as functions of µ, σ2, and identify the forms for b(θ), a(φ)

and c(y, φ).

(b) using results on moments for an EF, give expressions for E(Y ) and var(Y ) both

in terms of θ, φ and µ, σ2, what is the variance function V (µ)?

Problem 2. For an EF distribution Y , show that

Var(Y ) =
b′′(θ)φ

w

Problem 3. Define matrices A,B,C and D as follows:

A =

 2 4 0
−3 2 5
1 3 −2

 ,B =

 4 −3 2
3 5 4
−4 2 5

 ,C =

 2 4
3 2
0 5

 ,D =

[
2 0
4 5

]
,

Find:

(a) A + B (b) 2A + B (c) A′ −B′

(d) AC (e) DC′

(f) D−1 (g) |A| (the determinant of matrix A)

(h) Rank of A
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Problem 4. Are  1
2
3

 ,
 0

4
1

 ,
 2

3
0


linearly independent or not? (Be explicit)

Problem 5. For the 23 space shuttle flights before the Challenger mission disaster in 1986, Table

1 shows the temperature at the time of the flight and whether at least one primary

O-ring suffered thermal distress.

Table 1: Data for problem 5: Ft, flight number; Temp, temperature (◦F ); TD, thermal
distress (1, yes; 0, no).
Ft Temp TD Ft Temp TD Ft Temp TD Ft Temp TD Ft Temp TD
1 66 0 2 70 1 3 69 0 4 68 0 5 67 0
6 72 0 7 73 0 8 70 0 9 57 1 10 63 1
11 70 1 12 78 0 13 67 0 14 53 1 15 67 0
16 75 0 17 70 0 18 81 0 19 76 0 20 79 0
21 75 1 22 76 0 23 58 1

(a) Use logistic regression to model the effect of temperature on the probability of

thermal distress. Write down the fitted model and interpret the meaning of the

coefficient of temperature. Plot a figure of the fitted probabilities v.s temperature,

and discuss what you have found.

(b) Estimate the probability of thermal distress at 31◦F , the temperature at the place

and time of the Challenger flight.

(c) Construct a confidence interval for the effect of temperature on the odds ratio of

thermal distress, and test the statistical significance of the effect.
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Assignment 2: Due Feb 20 Tuesday in class

Problem 1. Suppose Yi ∼ independent gamma(µiσ
2, 1/σ2), i = 1, 2, · · · , n, µi > 0 and yi > 0

with density function

f(yi) =
1

yiΓ(1/σ2)

(
yi
µiσ2

)1/σ2

exp

(
− yi
µiσ2

)
.

Assume that the means are related to predictors via

g(µi) = xi1β1 + xi2β2 + · · ·xipβp, i = 1, 2, · · · , n

Assume g(·) is specified, continuous, increasing and differentiable.

(a) Show that this is a GLM.

(b) What is the canonical link function?

(c) Write down the score equation for β = (β1, · · · , βp)′

∂L

∂β
= X′W∆(y − µ) = 0

and clearly identify the elements of W and ∆ by using the canonical link.

(d) Write down the form of the deviance D(y,µ).

Problem 2. Please download and install the MASS package, which contains data “quine” de-

scribed in the following.

The quine data frame has 146 rows and 5 columns. Children from Walgett, New

South Wales, Australia, were classified by Culture, Age, Sex and Learner status and

the number of days absent from school in a particular school year was recorded.

Eth: ethnic background, Aboriginal or Not, (“A” or “N”).

Sex: factor with levels (“F” or “M”).

Age: age group, Primary (“F0”), or forms “F1,” “F2” or “F3”.

Lrn: learner status, factor with levels Average or Slow learner, (“AL” or “SL”).

Days (response variable): days absent from school in the year.
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We want to know whether school absences are related to ethnicity, gender, and

learner status. Since the response variable is discrete and is count, we will fit a glm

with poisson family.

(a) Fit a Poisson regression with a log link (default) using predictors Eth, Sex and Lrn.

Calculate φ̂ = X2/residual degrees of freedom. Plot the fitted values on a log scale

(which is the linear predictor) against the Pearson residuals, and plot the fitted

values on a log scale against the squared raw residuals on a log scale. Have you

observe overdispersion problem? Discuss.

(b) Overdispersion indicates that the data are not distributed according to the distri-

bution function that you specified, which means that the standard error estimate

for each explanatory variable (and consequently the p-value) is unreliable. Let’s try

to fit a glm with a quasi version of the distribution (family=“quasipoisson”). These

distributions directly account for over- or under-dispersion and thus produce more

reliable standard error estimates and p-values for the explanatory variables.

Refit the same model as in (a), but account for overdispersion. Does the quasi

family improve the fit of the model? Discuss.

(c) Use drop1(myfit,test=“F”) to request approximate F-tests for each effect. Discuss

the results.

(d) Suggest a model for the data and perform diagnostic analysis. Discuss anything you

found interesting to the readers.

4



Assignment 3: Due Feb 27 Tuesday in class

Problem 1. Suppose yi ∼ independent Poisson(µi), where µi = θxi, θ > 0 is unknown, while

xi > 0 is known. The number of observations is n. For the moment, suppose you

do not recognize that this is a GLM, derive (a)-(l) using basic statistical theory and

computing.

(a) Show that the log likelihood function, excluding constants is

l(θ) = −θ
∑
i

xi +
∑
i

yilogθ

= −nθx̄+ nȳlogθ

where x̄ and ȳ are the mean of the xi’s and yi’s respectively.

(b) Show that the score function is

S(θ) =
∂

∂θ
l(θ) = n

( ȳ
θ
− x̄
)

(c) Show that the MLE of θ is

θ̂ =
ȳ

x̄
=

∑
i yi∑
i xi

Make sure to show that θ̂ actually maximize (instead of minimize) l(θ) i.e consider

second derivative.

(d) Show that θ̂ is unbiased for θ and derive Var(θ̂).

(e) Let

I0(θ) = observed information = − ∂
2l

∂θ2

IE(θ) = expected information = −E
{
∂2l

∂θ2

}
Show

I0(θ) =
nȳ

θ2
and IE(θ) =

nx̄

θ

(f) Note that the Cramer-Rao Lower Bound on the variance of an unbiased estimator

of θ is

I−1E (θ) =
θ

nx̄

Does Var(θ̂) equal this lower bound?
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Table 2: A sample of size 20
y 0 1 7 6 4 11 7 4 8 11 11 8 8 13 14 10 18 16 20 12
x 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(g) Show

I0(θ̂) = IE(θ̂) =
nx̄2

ȳ

(h) Suppose a sample of size 20 gives the data in Table 2. Compute θ̂, SE(θ̂) =
√
I−1E (θ̂)

and an approximate 95% CI for θ of the form θ̂ ± 1.96 ∗ SE(θ̂).

(i) For a single parameter, Fisher’s scoring attempts to maximize L(θ) via the iterative

scheme

θ̂i+1 = θ̂i + [IE(θ̂i)]
−1S(θ̂i), i = 0, 1, 2, · · ·

show that regardless of the starting value θ̂0 that

θ̂i+1 = θ̂, i = 0, 1, · · ·

conclude that Fisher scoring converges in 1 step to the MLE, regardless of the

starting value.

(j) Alternatively, Newton Raphson (NR) attempts to maximize L(θ) using the iteration

θ̂i+1 = θ̂i + [I0(θ̂i)]
−1S(θ̂i), i = 0, 1, 2, · · ·

show that for our model

θ̂i+1 = θ̂i

{
2− θ̂i

θ̂

}
, i = 0, 1, 2, · · ·

(k) Let us look mathematically at this NR scheme. Show that

(1) Let θ̂0 be the starting value, if θ̂0 = 2θ̂, then θ̂i = 0, i = 1, 2, · · ·

(2) If θ̂0 > 2θ̂, then θ̂i < 0, i = 1, 2, · · · .

(l) Since θ > 0, we assume θ̂ > 0, from problem k (1) and (2), we conclude that NR

can not converge if θ̂0 ≥ 2θ̂. Now, let’s assume 0 < θ̂0 < 2θ̂. By specifying various

starting values that satisfy this condition, asses
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(1) does NR converge given choice of θ̂0?

(2) if NR converges, does it converge to θ̂?

(3) how many iterations are required if convergence occurs? Summarize in a table.

For iterative procedure, construct a loop, set up the starting points, and tolerance

(diff=|θ̂i+1− θ̂i|), if diff> 0.00001, we will continue the iteration, otherwise, converge

happens.

#####################Newton-Rhphson Procedure##################

ite<-function(st,x,y) #y: respone, x: predictor, st: startig point

{ i=1 #index for looping

thetahat <- #write the MLE function here# #theta hat (MLE)

st <- st #starting point

diff <- 1

#diff=|\hat \theta_{i+1} - \hat\theta_i| in loop, set up starting

#point as 1

while((i<=100) && (diff>0.00001)){

thetahat_new<- #function of the iterative procedure#; #thetahat_new

#means \hat\theta_{i+1}

diff=abs(thetahat_new-st);

#|\hat\theta_{i+1} - \hat\theta_i|

i=i+1;

st=thetahat_new; #replace

#$\hat \theta_i$ with new guess #print(diff)

print(thetahat_new) } }

ite(st,x,y)
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Table 3: Data for problem 1.1
Firing time Rep 1 Rep 2

Initiator 5 10 15 5 10 15
Pressure/metal M1 M2 M1 M2 M1 M2 M1 M2 M1 M2 M1 M2

12000 61 57 62 67 42 73 56 56 56 64 58 73
20000 62 60 61 64 60 74 63 56 54 67 55 74
28000 66 59 60 71 59 72 57 63 59 65 58 73

Assignment 4: Due March 22 Thursday in class

Problem 1. Determine the design of the following experiments. Explain the design structure

together with degrees of freedom either by words or by a Hasse diagram.

1.1 (Jan 16) An experiment was carried out to test the effect of two metals for pistons

(metal 1 and metal 2) on the firing time of explosives. Two variables that may also

affect firing time are the amount of primary initiator (5, 10 and 15 mg) and packing

pressure (12K, 20K, 28K psi). Each combination of metal, initiator and pressure

was used in random order. The whole experiment was then repeated one more time

in a different random order. See data in table 3.

1.2 (Aug 17, slightly changed) The goal of this analysis is to determine the reliability

of size measurements of tumors in cancer patients depending on three variables:

oncologist, material and shape. Researchers randomly recruited 6 oncologists from

a hospital to measure simulated tumors.

The simulated tumors were made of one of two materials (material 1 and material

2) chosen to physically resemble the texture of size of tumors which are found in

cancer patients and they were made in one of three shapes: “small”, “oblong” and

“large”. Together with oncologists, we have 36 treatments defined. Two copies

of each simulated tumor were made, with a total of 72 tumors, all were placed

randomly in rows on a folded blanket and then covered with a sheet of half-inch foam.

Oncologists then independently measured each tumor with their usual equipment

(ruler and calipers) and recorded the size obtained.

1.3 A study of wrinkle creams used 8 women. Four of the women are randomly assigned
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to take a daily supplement of green tea extract; the other four take a placebo pill.

Each woman is given bottles of two face creams: Revert and Regress. For each

woman, a coin is flipped. If it is heads, she uses Revert on the left side of her face

and Regress on the right; if tails, she uses Revert on the right side of her face and

Regress on the left. The response is change in skin elasticity over the experiment.

Problem 2. For the experiment in 1.3, express it as a mixed model in the form of

Y = Xβ + Zα + ε.

Clearly state the matrices X, β, Z, α, G, R, and V explicitly.

Problem 3. Recall the Neyman-Scott example, the MLE is inconsistent as the number of indi-

viduals increases. Show that the MLE based on zi = yi1− yi2, i = 1, · · · ,m, that is,

the REML estimator of σ2, is consistent as m increases. Follow the following steps

to prove,

• write down the restricted maximum likelihood function

• take log of the likelihood function, then take derivative of σ2

• prove that the REML estimator of σ2 is consistent
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Assignment 5: Due April 5 Thursday in class

Problem 1. The yield of oats experiment use three varieties and four levels of manurial treat-

ment. The experiment was laid out in 6 blocks of 3 main plots, with varieties

randomly applied to each main plot. Each main plot split into 4 sub-plots, and the

manurial treatments are randomly assigned to the subplots.

(a) Select an appropriate model for data analysis, make sure to include diagnostic anal-

ysis

(b) Construct an ANOVA table

(c) Comments on the treatment effects and other findings.

Problem 2. Derive an expression for −2logR, where R is the likelihood ratio, under the one-

way random effects model of Example 2.3 (in Jiang’s book) for testing H0 : σ2
α =

0 v.s. σ2
α > 0. The asymptotic distribution of the likelihood-ratio test, that is,

the asymptotic distribution of −2logR is χ2
1. Study empirically the (asymptotic)

size of the likelihood-ratio test and compare it with the nominal levels. For the

empirical study, let the true parameters be µ = 0.5 and σ2 = 0.5, 1.0, 2.0, 5.0; and

consider number of groups as m = 5, 10, 15, 20, 30, 50, 100 and group sizes ki =

5, 10, 20, 30, 40, 50 for all i.

• generate data ε ∼ (0, σ2)

y = 0.5 + ε

• Define estimators under null and without restriction (you can simply used the for-

mulas from class)

• write down test statistics −2logR

• suppose that we have the asymptotic distribution χ2
1, compare the test statistics

you derived to qchisq(0.95, 1) = 3.841459

• decide to reject H0 or not
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• repeat the above for 1000 times, report the rejection rate, number of rejections/1000,

compare the rate to 0.05.

• compare the test statistic to 0.5χ2
0 + 0.5χ2

1, do the same thing

• evaluate for each setting
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Assignment 6: Due April 26 Thursday in class

Problem 1. Therapy data is a subset of Data from Exercise Therapy Study.

Source: Adapted from Table (Output) 6.1 (page 176) of Freund, Littell and Spector

(1986). Reproduced with permission of SAS Institute, Inc., Cary, NC.

Reference: Freund, R.J., Littell, R.C. and Spector, P.C. (1986). SAS Systems for

Linear Models, Cary, NC: SAS Institute Inc.

Description:

The data are from a study of exercise therapies, where 37 patients were assigned to

one of two weightlifting programs. In the first program (treatment 1), the number

of repetitions was increased as subjects became stronger. In the second program

(treatment 2), the number of repetitions was fixed but the amount of weight was

increased as subjects became stronger. Measures of strength were taken at baseline

(day 0), and on days 2, 4, 6, 8, 10, and 12.

Variable List:

ID, PROGRAM (1=Repetitions Increase; 2=Weights Increase), Response at Time

1, Response at Time 2, Response at Time 3, Response at Time 4, Response at Time

5, Response at Time 6, Response at Time 7.

Analyze the exercise therapy trial data “therapy.txt” and answer the fol-

lowing questions:

(a) Plot the data.

(b) Fit a model with id, program, and time as categorical factors, and incorporate

the within-subject dependence into the covariance structure. Compare unstruc-

tured, compound symmetry, and AR(1) covariance structures.

(c) Treat “day” as continuous variable. Fit a model with factors id and program,

and with random slopes and intercepts using “UN” structure. Find the estimated

variances and correlation of the random slopes and intercepts.

(d) For model (c), find the predicted intercept and slope for each person.

(e) Compare the predicted intercept and slope for subject 36 by using the mixed

model, by using the classical regression on the 7 observations for subject 36. Why

are these different?
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(f) Which type of models do you recommend: ANOVA type model as in part (b),

or the regression type model with random slopes and intercepts as in part (c), or

neither? Suggest a model to analyze “therapy” data. (make sure you consider the

reduced models, and residual analysis)
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