
DIGRAPHS IN TERMS OF SET THEORY

1. Sets and Ordered Pairs

A set is a mathematical object that is determined by its elements.
A common way to define a set is to list the elements, as in

A = {1, 2, 3}.

Now we can say that 1 is an element of A, which we denote by

1 ∈ A.

Also, we know that 4 is not an element of A, which we denote by

4 /∈ A.

We can summarize A by saying

1 ∈ A, and 2 ∈ A, and 3 ∈ A,

and nothing else is an element of A. We say that A has 3 elements,
which we denote by

|A| = 3.

We need to be careful of a few things. If

B = {−1,−2,−3}

then it is tempting to think that |B| should be A. We use |S| to mean
the number of elements in a set. In this class, the most important sets
we will deal with will have a finite number of elements, so you need
not worry about the meaning of |Z|, for example.

The set of all integers is denoted Z, so

Z = {. . . ,−2,−1, 0, 1, 2, . . .}.

Two sets are equal if the have the same elements. Therefore

A = B

means
a ∈ A implies a ∈ B

and
b ∈ B implies b ∈ A.

Sets do not impart an order on their elements. Therefore if

A = {1, 2, 3}
1
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and
B = {3, 2, 1}

then
A = B.

An element is either an element of a set, or it is not. There is no
meaning to saying an element of a set is “in there twice.” Therefore, if

C = {1, 2, 3, 2, 3, 4}

and
D = {1, 2, 3, 4}

then
C = D.

An ordered pair is a bit different from a set with two elements. By
definition, an ordered pair has a first coordinate (or first element) and
a second one. The term coordinate is used for historical reasons. You
don’t always want to think of an ordered pair as being something to
plot of graph paper.

You are familiar with ordered pairs. You know

(1, 2) 6= (2, 1)

for example, and that
(x, y) = (1, 2)

means
x = 1 and y = 2.

The elements of a set, and the coordiantes of an order pair, can be
any mathematical object. (Ok, so here I’m ducking the question of
what constitutes a mathematical object. Not the right class.) Sets can
be elements of other sets. Sets can be elements in an ordered pair. So

{(1, 2), {1}}

is a valid set with two elements, while

({1, 2}, {3, 4})

is an ordered pair.
Putting together what we mean in equality, we have

({1, 2}, {3, 4}) = ({2, 1}, {3, 4})

and

({1, 2}, {3, 4}) 6= ({3, 4}, {1, 2}).

Also
{(1, 2), (3, 4), (2, 1)} = {(3, 4), (1, 2), (2, 1)}
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and
{(1, 2), (3, 4), (2, 1)} 6= {(4, 3), (1, 2), (2, 1)}.

Problem 1. Fill in the blanks to make true statements:

(a)
{

1, {1}, {{1}}
} {

{{1}}, {1}, 1
}

(b)
{

(1, 2), (3, 4)
}

=
{

(1, 2), (3, 4), (1, )
}

(c)

2 ∈ ∈
{

{1, 4}, {1, 2, 3}, 2
}

(d)
∣

∣

∣

{

{1, 2}, 3, 4
}
∣

∣

∣
=

We say A is a subset of B if

a ∈ A implies a ∈ B

and denote this by
A ⊆ B.

(Somebooks use ⊂ instead.) Therefore

{1, 2} ⊆ {1, 2, 3, 4}

and
{1, 2, 3, 4} ⊆ {1, 2, 3, 4}.

Finally
{} ⊆ {1, 2, 3, 4}.

What is {}? This is the set that has no element, the empty set,
denoted ∅.

Notice that “∈” is not the same as “ε” and “∅” is not the same as
“ϕ.”

Problem 2. Label the following true or false.

(a)
{1, 2} ⊆ {{1, 2, 3}}

(b)
{{1, 2}} ⊆ {{1, 2, 3}}

(c)
{{1, 2}} ⊆ {{1, 2}, 3}

(d)
{1, 2} ∈ {{1, 2}}
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2. Definition of a Relation.

Definition 1. The set of all ordered pairs that take their first coor-
diantes from A and second from B is called the Cartesian product of
A with B, and is denoted A × B.

Thus

{1, 2} × {1, 2, 3} = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)}.

Definition 2. A relation on A is any subset of A×A. Sometimes these
are called binary relations.

For example, if
A = {1, 2, 3}

then
R = {(1, 2), (1, 3), (2, 3)}

is a relation. It is the less-than relation, because

(a, b) ∈ R if and only if a < b.

We don’t really care about this interpretation of R. What is more
relevant is to make a diagram of R according the the following rules:

(a) For each a in A we draw a dot labeled a.
(b) For each (a, b) in R we draw an arrow from a to b.

Thus we get
•1 •2

•3

If we change A to
A = {1, 2, 3, 4}

but keep the same relation

R = {(1, 2), (1, 2), (2, 3)}

the diagram we get is
•1 •2

•4 •3

Here are some standard defintions about relations.

Definition 3. Suppose R is a relation on a set A.

(a) R is reflexive if for every a in A, the pair (a, a) is in R.
(b) R is irreflexive if for every a in A, the pair (a, a) is not in R.
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(c) R is symmetric if whenever (a, b) is in R, the pair (b, a) is also
in R.

Example 1. A = {1, 2, 3} and R is the relation

R = {(1, 1), (1, 2), (2, 2), (3, 3)}.

This is a reflexive relation, and the associated diagram is

•1 •2

•3

Example 2. A = {1, 2, 3, 4} and R is the relation

R = {(1, 4), (1, 2), (2, 4), (3, 4)}.

This is a irreflexive relation, and the associated diagram is

•1 •2

•4 •3

Example 3. A = {1, 2, 3} and R is the relation

R = {(1, 1), (1, 2), (2, 1), (3, 1), (1, 3)}.

This is a symmetric relation, and the associated diagram is

•1 •2

•3

Example 4. A = {1, 2, 3} and R is the relation

R = {(1, 2), (2, 1), (1, 3), (3, 1)}.

This is an irreflexive and symmetric relation, and the associated dia-
gram is

•1 •2

•3
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3. Definition of Digraphs.

We saw that given a set of ordered pairs R, such as

R = {(1, 2), (1, 3)}

it is permissable to call R a relation on {1, 2, 3} or to call R a relation
on {1, 2, 3, 4}. In the first case we would draw

•1 •2

•3

and in the second we would draw

•1 •2

•4 •3

This ambiguity is no good if we are to model computer networks and
transportation systems. All we do is keep track of the set of elements
that will drawn as dots. A fancier term for dot is vertex.

Before we get to graphs, we will study networks whose connections
have a sense of direction, and that allow connections from a vertex back
to that vertex. (One-way roads, including roads to nowhere.)

Definition 4. A loop-digraph is a set V, called the set of vertices,
together with a relation on V, called the set of arcs (or arrows).

What does “together with” mean in this context? It is not important,
but it really means we are forming an ordered pair. The first element
is the set of veritices, and the second element is the set of arcs.

The loop-digraph
(

{

a, b, c, d
}

,
{

(a, b), (c, c), (b, d)
}

)

can be depicted as

•a •b

•c •d

Notation 1. From a technical standpoint, the arc from vertex v to
vertex w is the ordered pair (v, w). We will often denote it simply as
vw, or perhaps −→vw. We say vw is an arc from v to w.
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Notice that is at most one arc from v to w. Some books allow for
there to be more that one such arc. We’ll worry about this latter. For
now, either that is an arc from v to w in the digraph, or there isn’t.

Definition 5. A loop in a loop-digraph is an arc from a vertex v to v.

So loops are techincally arcs of the form (v, v) and look like loops
when drawn. Loops are fundamentally dull, so for the most part, we
ignore them.

Definition 6. A digraph D is a loop-digraph that contains no loops.

In other words, if

D =
(

V, R
)

is a loop-digraph, it is a digraph if and only if R is irreflexive. So

D1 =

(

{

a, b, c, d
}

,
{

(a, a), (c, c), (b, d), (d, b)
}

)

is not a digraph, but

D2 =

(

{

a, b, c, d
}

,
{

(a, b), (c, a), (b, d), (d, b)
}

)

is a digraph. In pictures,

D1 : •a •b

•c •d

is just a loop-digraph, but not a digraph, while

D2 : •a •b

•c •d

is a digraph.
Warning: There is nothing magical about defining an arc in a loop-

digraph as an ordered pair. If we were to emphasize networks that
allowed for multiple connections between vertices, we would have taken
a different approach an a digraph would be constructed a bit differently.
There is a grand theory that takes care of this lack of standardization,
so all is well in the world. For the purposes of this class, an arc in a
digraph is an ordered pair.
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Example 5. There are exactly four digraphs that have vertex set V =
{1, 2}. They are

(

{

1, 2
}

,
{}

)

,

(

{

1, 2
}

,
{

(1, 2)
}

)

,

(

{

1, 2
}

,
{

(2, 1)
}

)

,

(

{

1, 2
}

,
{

(1, 2), (2, 1)
}

)

,

or as diagrams,

•1 •2

•1 •2

•1 •2

•1 •2

Problem 3. A popular word game is “Geography” The first player
names an arbitrary place, and then each player in turn must answer
with the name of a place where this name begins with the same letter
as the last letter in the previous name. Thus “New Mexico” can be
followed by Oregon. A name cannot be repeated. Draw the loop-
digraph that has the following set of vertices,

{“apple”, “orange”, “escargo”, “oregano”, “allspice”, “ostridge”, “udon”}

and where the is an arc from “name-one” to “name-two” if “name-two”
does not equal “name-one” and “name-two” starts with the letter with
which “name-one”ends. Also give your answer in the form of an ordered
pair of a set and a relation.

(This is dull, but I need to be sure everyone gets all the details of
the notation, so we can converse effectively.)

This digraph is similar to the de Bruijn digraph.

Problem 4. How many loop-digraphs are there that have vertex set
V = {1, 2, 3}? Of these, how many are digraphs?

http://www.kidsdomain.com/travel/articles/gamesonthego.html
http://planetmath.org/encyclopedia/DeBruijnDigraph.html
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If the links above don’t work you can cut and paste from here:
http://planetmath.org/encyclopedia/DeBruijnDigraph.html

http://www.kidsdomain.com/travel/articles/gamesonthego.html

4. Defining Graphs

Definition 7. A graph is a digraph G such that if (v, w) is an arc
in G then (w, v) is also are arc in G. If v and w are vertices in and
(v,w) and (w, v) are arcs in G, then we say call the two-element set
{(v, w), (w, v)} an edge in G, and that it joins v to w.

For example,

G =

(

{

a, b, c
}

,
{

(a, b), (b, a), (b, c), (c, b)
}

)

is a graph. It has two edges,

{(a, b), (b, a)}

and

{(b, c), (c, b)}.

We could draw this as a digraph,

•a •b

•c

but it is standard in graph theory to use a single edge without arrows:

•a •b

•c

We will use vw to denote the edge

vw = {(v, w), (w, v)}.

This contradicts the notation used earlier, but there is generally no
conflict. If there is, we can use vw for the edge made up from the two
arcs −→vw and −→wv. Of course, in graph theory, vw = wv.

It is permissable to draw two edges so that they cross. In some
applications, it is important to know if a graph can be drawn without
any edges crossing.
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Problem 5. Suppose G is the graph that has vertices and edges as
follows:

vertices: a, b, c, d, e, f

edges: ab, ad, ae, af, bc, bd, cd, cf, de, ef

Draw G so that no two edges cross.

Example 6. There are exactly two graphs that have vertex set V =
{1, 2}. They are

(

{

1, 2
}

,
{}

)

,

(

{

1, 2
}

,
{

(1, 2), (2, 1)
}

)

,

or as diagrams,

•1 •2

•1 •2

Problem 6. There are exactly eight graphs that have vertex set V =
{1, 2, 3}. Draw them.

Definition 8. A loop-graph is a loop-digraph G such that if (v, w) is
an arc, then so is (w, v). By an edge, we mean

vw = {(v, w), (w, v)},

but this may have only one element in it if v = w. We call vv a loop.
For example,

G =

(

{

a, b, c
}

,
{

(a, a), (b, c), (c, b)
}

)

is a loop-graph. It has two edges,

{(a, a)}

and
{(b, c), (c, b)}.

It is drawn
•a •b

•c
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Problem 7. Draw all the possible loop graphs that have vertex set
V = {1, 2}.
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