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Another installment of: “If it doesn’t work in linear models, why would you think it

would work elsewhere?”

Consider the problem of estimating the covariance matrix of least squares estimates when

Cov(Y ) ̸= σ2I and, more specifically, under an heteroscedastic model Cov(Y ) = D(σ2
i ). In

similar situations, a commonly used estimate is the sandwich estimator. Our discussion

follows closely that of Freedman (2006).

Assume the model

Y = Xβ + e, E(e) = 0, Cov(e) = V.

The generalized least squares estimates, the BLUEs and, under normality, the MLEs, and

the UMVU estimates all satisfy

Xβ̂G = X
[
X ′V −1X

]−1
X ′V −1Y

But frequently we do not know V .

One option, which is attractive when n is large relative to r(X), is to simply continue

using least squares. The least squares estimate β̂ does not require knowledge of V and is

still unbiased but it is inefficient in the sense that it has larger than necessary variability.

However, when n is large relative to r(X), even inefficient estimates can be good estimates.

If we use least squares, we still need to estimate the variability of our estimates and in

particular,

Cov(β̂) = [X ′X]
−1

X ′V X [X ′X]
−1

.

But to estimate this covariance matrix, we still need an estimate of V .

As discussed in ALM-II, Chapter 1, we can create a parametric model for V , say V (θ),

for an s vector θ. This allows us to estimate the parameters with θ̂ and the covariance matrix

with V̂ ≡ V (θ̂), which immediately gives an estimate for the covariance matrix for β̂ of

Ĉov(β̂) = [X ′X]
−1

X ′V̂ X [X ′X]
−1

.
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But if we go to all this trouble, rather than using least squares, we might as well use the

empirical estimate of β defined by,

Xβ̃ = X
[
X ′V̂ −1X

]−1

X ′V̂ −1Y.

Unfortunately, as discussed in ALM-II, Chapter 1, the obvious way of estimating the covari-

ance matrix of β̃ leads to underestimating the variability.

Now consider a different approach, not considered in ALM-II. Consider a model for

Cov(Y ) that depends on E(Y ), say V (Xβ). Having the covariance matrix depend on the

mean vector complicates the estimation of Xβ. The standard estimation methods do not ap-

ply except maximum likelihood, and the nature of the likelihood equations changes dramat-

ically. Nonetheless, we can easily estimate the covariance matrix of least squares estimates

by looking at

Ĉov(β̂) = [X ′X]
−1

X ′V (Xβ̂)X [X ′X]
−1

.

The sandwich estimator is something of a compromise between these two approaches.

Assume a heteroscedastic, uncorrelated model V = D(σ2
i ). Note that, if we knew β, we

could get an unbiased estimate of V by simply observing that E(yi − x′
iβ)

2 = σ2
i , or

E
[
D2(Y −Xβ)

]
= D(σ2

i ).

This suggests using

V̂ = D2(Y −Xβ̂)

to estimate V and gives the Huber-White robust sandwich estimator of the covariance of β̂,

Ĉov(β̂) = [X ′X]
−1

X ′D2(Y −Xβ̂)X [X ′X]
−1

.

Unfortunately, D2(Y −Xβ̂) is a horrible estimate ofD(σ2
i ). Each σ2

i is being estimated by

(yi−x′
iβ̂)

2 which is a worse estimate than (yi−x′
iβ)

2 which is based on a single observation.

Moreover, the model

Y = Xβ + e, E(e) = 0, Cov(e) = D(σ2
i ).

2



has n+ r(X) parameters. Why would anyone think that you could do a good job estimating

that many parameters from n observations? Freedman (2006) repeated emphasized that

Huber was not to blame for this misuse of this ideas.

Freedman, David A. Freedman (2006). On the so-called “Huber sandwich estimator”

and “robust standard errors”. The American Statistician, 60, 299-302.

Christensen, Ronald (20??). Advanced Linear Modeling, Second Edition. (ALM-II).

In progress.

3


