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Abstract

This note presents a “nonparametric” approach to modeling the covariance func-
tion for functional data. The approach can be applied to most models for continuous
longitudinal data. KEY WORDS: Functional Data, Longitudinal Data, Co-

variance Functions.
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Consider two linear models for functional responses on each of n independent subjects,
i = 1, . . . , n. First, a model that concerns itself with relationships between subjects,

yi(t) = x′iβ(t) + εi(t), (1)

where yi(t) is the observed functional response, xi is a known p vector, β(t) is a fixed unknown
p dimensional parameter function and εi(t) is an unobservable random error function with
mean 0 and covariance function σ(t, t̃).

Second is a model that treats all subjects the same but concerns itself with relationships
over time

yi(t) = γ′z(t) + εi(t), (2)

where z(t) is a known r dimensional function with r ≤ q and γ is an unknown parameter
vector common to all subjects.

Of course nobody has yet figured out how to actually record an infinite amount of data,
so of necessity one must evaluate the functions at a finite number of times. For simplicity in
introducing concepts, assume that all subjects are observed at the same times tj, j = 1, . . . , q.
Models (1) and (2) now correspond to standard longitudinal models. Restricting attention
to the observed times, define

yi =

 yi(t1)...
yi(tq)

 , Yn×q =

 y′1...
y′n

 , εi =

 εi(t1)...
εi(tq)

 , e =

 ε′1...
ε′n

 ,
and

βj = β(tj), Bp×q = [ β1 · · · βq ] .

This allows us to write model (1) as the multivariate linear model

Y = XB + e. (3)

If we further define

Zq×r =

 z(t1)′...
z(tq)

′


we can write model (2) as a one sample growth curve model

Y = Jγ′Z ′ + e (4)

where J is an n vector of ones. Moreover, we can combine the modeling ideas of (1) and (2)
into a general growth curve model

Y = XΓZ ′ + e (5)

or
y′i = x′iΓZ + ε′i, i = 1, . . . , n
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with

Γ =

 γ′1...
γ′p

 .
Model (4) is clearly a special case of model (5) with X = J and when Z = Iq, models (3) and
(5) are equivalent. Henceforth we focus attention on model (5) which can easily be rewritten
as the linear model

(Y ) = [Z ⊗X](Γ) + (e).

In all of these models,

Cov(yi) = Σ = [σjj′ ], σjj′ = σ(tj, tj′)

so that
Cov[(Y )] = [Σ⊗ In].

The fundamental assumption that subjects are independent is reflected by the In term of
the covariance matrix. In the multivariate model (3), a standard assumption is that n ≥ q+
r(X). This provides an almost surely nonsingular (nonparametric) estimate of the covariance
matrix Σ.

It is sometimes advantageous to rewrite the linear model as

(Y ′) = [X ⊗ Z](Γ′) + (e′), Cov[(Y ′)] = [In ⊗ Σ].

or

yi =

p∑
j=1

xijZγj + εi, i = 1, . . . , n. (6)

In particular, if X corresponds to a one-way ANOVA, model (7) reduces to

yi = Zγj + εi,

where γj is the regression parameter vector unique to the group that contains subject i. One
advantage of this reexpression is that the covariance matrix becomes block diagonal.

A primary complication to these models viewed either as functional data or other lon-
gitudinal data is that frequently the observation times depend on the subject so that we
observe subject i at tij, j = 1, . . . , q(i). Without loss of generality, we consider all the tijs as
contained in the set {tj|j = 1, . . . , q} so that q(i) ≤ q. This leads to redefining

yi =

 yi(ti1)
...

yi(tiq(i))

 =

 yi1
...

yiq(i)

 ,
with a similar definition of εi. Let Wi be a q(i)× q matrix of indicators defined by ti1

...
tiq(i)

 =Wi

 t1...
tq
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and define
Zi = WiZ

so that Zi is a q(i)× r matrix. The linear model (6) becomes

yi =

p∑
j=1

xijZiγj + εi, i = 1, . . . , n. (7)

For model (7), denote
Cov(yi) = Σi =WiΣW

′
i

which is also determined by applying σ(t, t̃) to the observation times associated with subject
i, that is,

Σi = [σi,jj′ ], σi,jj′ = σ(tij, tij′).

A unique feature of functional data is that if one is willing to think of t as continuous, one
should be prepared to deal with a large number of time observations, in particular, q > n.
To make progress in that situation, one must assume some parametric family for σ(t, t̃).
Wolfinger (1996) discussed a variety of covariance parameterizations for longitudinal models.
Allowing for heteroscedasticity immediately involves q parameters. The most general models
that Wolfinger considered were the antedependence, Toeplitz, and first order factor analytic
models. For modeling covariances, the first two incorporate q − 1 additional parameters
and the last adds q parameters. Thus these covariance models involve about 2q parameters,
whereas an unstructured covariance matrix involves q(q+1)/2 free parameters. With q large,
there is considerable room for developing “nonparametric” covariance estimates with more
than 2q but fewer than q(q + 1)/2 parameters.

One should also note the trade-off between fixed effects modeling of time effects and
modeling the covariance structure. This trade-off is common wisdom in spatial data analysis.
Typically, the more one invests in developing a complicated model for fixed effects, the less
one needs to invest in developing a complicated covariance model. Relative to the models
discussed here, a complicated fixed effects model for time corresponds to having Zi matrices
with a large number of columns r.

The covariance function σ(t, t̃) is a positive definite function. The theory of reproducing
kernel Hilbert spaces (RKHSs) relies on a result by Mercer (1909) that provides sufficient
conditions on σ(t, t̃) for being able to write

σ(t, t̃) =
∞∑
k=1

θkϕk(t)ϕk(t̃)

for some functions ϕk(t) and nonnegative θks. RKHS theory assumes that σ(t, t̃) is known
and avoids working with the functions ϕk(t). Instead, we use a collection of known “basis
functions” for the ϕk(t)s and estimate the θks. Basis functions that are commonly used in
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nonparametric regression include splines, wavelets, polynomials, and sines and cosines. Of
course, we cannot handle an infinite sum so we use the approximation

σ(t, t̃)
.
=

K∑
k=1

θkϕk(t)ϕk(t̃). (8)

For our purposes, we would choose K between 2q and q(q + 1)/2.
When applying (8)

Σi = [σi,jj′ ], σi,jj′ = σ(tij, tij′) =
K∑
k=1

θkϕk(tij)ϕk(tij′).

Incorporating this covariance structure into the models is quite simple via random effects.
First define

Φik = [ϕk(ti1) · · · ϕk(tiq(i)) ]
′ , and Φi = [Φi1 · · · ΦiK ] .

In any of the subjectwise models simply replace the term εi with a term Φibi where bi is a
random K vector having mean 0, uncorrelated components, and variances θ1, . . . , θK . Thus,
in model (7) fit

yi =

p∑
j=1

xijZiγj + Φibi.

Technically, this is very similar to the random coefficients models discussed by Wolfinger
(1996). He discussed using both first order and second order polynomials, so K = 1, 2. In
addition, Wolfinger retained εi but assumed that Cov(εi) = σ2Iq(i), thus making a model

yi =

p∑
j=1

xijZiγj + Φibi + εi.

I can see no reason not to include such an error term. Relative to the trade-off between fixed
effects and covariance modeling, using Zis with large r allow K to be smaller.

NB: There may be a big problem with this approach, namely, from the looks of that model
K = q should always fit the data perfectly. That is from thinking about bi as a fixed effect.
The more I think about it, the less likely I think that will be a problem but not completely
sure.

Spatial data: t ∈ R2, t = (t1, t2)
′ two sets of basis functions ϕk and ψk

σ(t, t̃)
.
=

K∑
k=1

θkϕk(t1)ψk(t2)ϕk(t̃1)ψk(t̃2).

or

σ(t, t̃)
.
=

K1∑
k=1

K2∑
k′=1

θkk′ϕk(t1)ψk′(t2)ϕk(t̃1)ψk′(t̃2).
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The use of sines and cosines for the basis functions is particularly appealing because of
their close connection with frequency domain time series analysis. Let tq be the last time at
which any observation was taken, then

ϕ2k−1(t) = cos

(
2π

k

tq
t

)
, and ϕ2k(t) = sin

(
2π

k

tq
t

)
.

Note that if we assume θ2k−1 = θ2k for all k, both σ(t, t̃) and its approximation will be
homoscedastic.

Finally, Wolfinger examined a factor analysis model with

Σ =

 θ01 . . .

θ0q

+

 θ11...
θ1q

 θ11...
θ1q

′

.

He mentions that this can be generalized to

Σ =

 θ01 . . .

θ0q

+
K∑
k=1

 θk1...
θkq

 θk1...
θkq

′

.

This covariance model includes q+qK−K(K−1)/2 free parameters, see Christensen (2001,
p.140).
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