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1 Introduction

Fast Fourier Transform (FFT) is an algorithm to calculate the discrete Fourier
transform (DFT) and its inverse quickly. The DFT associates a vector v̂ =
[v̂(0), ..., v̂(N − 1)]t to each vector v = [v(0), ..., v(N − 1)]t (i.e., N point data).
The entries of DFT are defined as

v̂(n) = 1/
√
N

N−1∑
k=0

v(k)e−2πikn/N , (1)

for n ∈ 0, 1, ..., N − 1. The näıve way to compute this sum requires O(N2) oper-
ations; however, FFT is an algorithm that enables the computation of the same
results in O(NlogN) operations. Therefore, FFT is widely used in engineering,
science and mathematics applications. But, FFT has some limitations and is
not applicable to all problems. One example of such limitations is that it re-
quires the N data point, i.e., v = [v(0), ..., v(N−1)]t, to be uniformly separated.
If the data points are not uniformly separated then the FFT algorithm cannot
be applied to the problem. There are various approaches to such problems. In
this report we present the fast multipole method (FMM), which is a numerical
method to compute specific forms of summations. The FMM approach succeeds
in certain cases that the FFT fails. For example, using the FMM approach there
is no requirement on the distribution of the data points.

The fast multipole method (FMM) has been called one of the ten most
significant algorithms in scientific computation discovered in the 20th century
[5]. The FMM has been introduced by Rokhlin and Greengard in 1987 [4, 6].
Originally this method was developed for fast summation of the potential fields
generated by a large number of sources (charges) for example in calculating the
electrostatic potential. This application led to the name of the algorithm.

2 Example of FFT application

In this section, we present a specific problem that the FFT enables the fast
calculation. In many applications we approximate a function f(x) by a series
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of the form:

f(x) ≈
N∑
j=1

f(xj)Cj(x), (2)

where f(xj) is the function sample at xj and Cj(x) is the cardinal function
determined by the choice of the underlying basis such as polynomial, trigono-
metric, or Sinc function. The main property of the Cj(x) is that Cj(xi) = δij ,
where δ is Kronecker delta function.

Consider the case where the cardinal function (or kernel function) is the Sinc
function defined as

Sinc(x) =
Sin(πx)

πx
. (3)

Note that Sinc(0) is defined to be equal to 1. With this specific cardinal function
the function f(x) can be reconstructed accurately if the data samples satisfy
certain condition. Now, consider the following theorem. The statement of the
following theorem is borrowed from [7].

Whittaker-Shannon Sampling Formula:

Suppose f is a continuous function of moderate decrease whose Fourier trans-
form is supported on the interval [−1/2, 1/2]. Then the values of f(n) at the
integers completely determine f , more precisely, f(x) =

∑
n∈Z

f(n)sinc(x−n).

Proof. Consider the f̂ to be the Fourier transform of f in R, which is band
limited to [−1/2, 1/2]. Now consider the function g which is a 1-periodic function

obtained by periodization of f̂ to R. The Fourier coefficients of g are

(g)̂(n) =

∫ 1/2

−1/2

f̂(x)e−2πinxdx. (4)

Due to band limitedness of the f̂ we can write (4) as

(g)̂(n) =

∫ ∞

−∞

f̂(x)e2πi(−n)xdx = f(−n), (5)

where the last inequality is due to the inverse Fourier definition in R. Now, f̂
coincides with its Fourier series for ω ∈ [−1/2, 1/2].

f̂(ω) =

∞∑
n=−∞

f(−n)e2πinω =

∞∑
n=−∞

f(n)e−2πinω. (6)

Next, we use the Fourier inversion Formula in R to calculate f(x) as follows

f(x) =

∫ 1/2

−1/2

f̂(ω)e2πiωxdω. (7)

We can rewrite (7) using (6) as

f(x) =

∫ 1/2

−1/2

∞∑
n=−∞

f(n)e−2πinωe2πiωxdω. (8)
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In (8), we can interchange the sum and the integral because of the uniform con-
vergence (in ω) of

∑
|n|≤N f(n)e−2πi(x−n)ω as N goes to infinity by Weierstrass

M-test. Therefore,

f(x) =

∞∑
n=−∞

∫ 1/2

−1/2

f(n)e2πi(x−n)ωdω =
∑
n∈Z

f(n)sinc(x− n). (9)

Now consider the approximation f(x) ≈
∑N

j=1 f(xj)Sinc(x − xj). In this
case, this approximation can be considered as a circular convolution with the
following form:

f ∗ sin(x) =
N∑
j=1

f(xj)sinc(x− xj), (10)

Now by using the Fast convolution method (Exercise 6.30 in [7]) we can solve
the above convolution using FFT as follows. Note that

̂v ∗ w(m) = v̂(m)ŵ(m). (11)

Now by using FFT we obtain v̂ and ŵ. By N operation we can compute the

multiplication v̂(m)ŵ(m) and then using IFFT we can get the ̂v ∗ w(m), which
means the total operation cost for calculating (10) using FFT will be O(NlogN).
Note that in this example the function samples need to be uniformly separated
in order to be able to employ the FFT algorithm to calculate (10).

3 An introduction to FMM

Many problems in various applications require the evaluation of all pair-wise
interactions in a large ensembles of particles (N -body problem). For instance,
in modeling the motion of the N star, we need to compute the total force on the
jth star by adding up the forces upon it from other stars individually. The näıve
way to compute the forces on all starts require O(N2) operations. However, the
FMM reduces the computational cost of such interactions from O(N2) to O(N)
or O(NlogN) operations.

To introduce a general N -body problem, consider the following components:

• A set X ⊂ R of N target points.

• A set Y ⊂ R of M source points.

• A kernel function G(x, y).

• A set of {f(y) : y ∈ Y } of weights of source points.
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For each x ∈ X we compute the potential u(x) defined by:

u(x) =
∑
y∈Y

G(x, y)f(y). (12)

The kernel function varies among different problems and depends on the appli-
cation. The following examples are two well-know kernel functions.

Gravitation:

G(x, y) =
1

|x− y| , (13)

Gaussian:

G(x, y) = e
−|x−y|2

h2 . (14)

Moreover, in some problems, such as the stars’ location (motion) example, we
have X = Y while in some problems, such as the location of the charges and
probes, the X and Y sets are different sets. It is clear that the direct compu-
tation of the (12) requires O(N2) operations, which can be costly when N is
large. The FMM reduces the computational cost of calculating summations of
the form (12).

3.1 Distingushing features of FFT and FMM

In this subsection, we wish to emphasize the distingushing features of FFT and
FMM. Note that the FFT

• is exact.

• requires the data to be uniformly sampled.

While the FMM

• is approximate.

• is robust/insensetive to data distribution.

Note that generally, “exact” means to “machine precision”. As such if the error
of the FMM does not exceed the machine precision error there is no difference
between the exact and approximate solution provided by the FMM.

4 The main idea of FMM

To explain how the FMM approach works first consider the following example
as presented in [3]:

We want to calculate the following sum for i = 1, ...,M :

S(xi) =

N∑
j=1

αj(xi − yj)
2. (15)
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Figure 1: N points quasi-uniformly distributed in a unit box [0, 1]2 [2].

The näıve way to calculate this sum requires O(NM) operations. Instead we
can write the sum as:

S(xi) = (

N∑
j=1

αj)x
2
i + (

N∑
j=1

αjy
2
j )− 2xi(

N∑
j=1

αjyj). (16)

If we evaluate each bracketed sum over j and evaluate the following expression

S(xi) = βx2
i + γ − 2xiδ, (17)

then it will require O(N + M) operations. The key idea here is the use of
analytical manipulation of series to achieve faster summation.

FMM also use the analytical expansion of series to achieve faster calculations.
Consider the following factorization for the kernel function:

G(yj , xi) =

∞∑
m=0

am(xi−x∗)fm(yj−x∗) =

p∑
m=0

am(xi−x∗)fm(yj−x∗)−Error(xi , yj, p),

(18)
where p is the truncation number, and x∗ is the expansion center. Therefore, the
factorization reduces the complexity to O(pN + pM). It is clear that there is a
trade-off between the accuracy of the solution and the computational cost. Note
that depending on the kernel function the expansion presented in (18) varies.
Therefore, for various applications and problems we need to use the appropriate
multipole expansion.

4.1 Hierarchical subdivision of space

The discussion presented in this section is borrowed from [2]. “Consider the
example where X = Y = P be a set of N points distributed quasi-uniformly
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Figure 2: A three-step procedure which efficiently approximates the potential in
A induced by the sources in B. The computational cost is reduced from O(n2)
to O(n) [2].

inside the unit box [0, 1]2 (see Fig. 1) and let G(x, y) = 1/|x− y|. The goal is to
rapidly compute all pairwise interactions. Let us start by considering a slightly
simpler problem, where B and A are two disjoint squares of the same size, each
containing only O(n) points. Direct computation of the potential at points in
A induced by the points in B takes O(n2) operations. However, when A and B
are well-separated, there is an easy procedure to approximate the calculation.
Let us imagine A and B as two galaxies. When A and B are far away from each
other, instead of considering all pairwise interactions, one can sum up the mass
in B to obtain fB =

∑
y∈B∩P f(y) and place it at the center cB of B, evaluate

the potential uA = G(cA; cB)fB at the center cA of A as if all the mass is located
at cB, and finally use uA as the approximation of the potential at each point
x in A (see Fig. 2). This procedure works well when A and B are sufficiently
far away from each other. However, for the time being, let us assume that this
procedure gives a valid approximation as long as A and B are well separated
in the sense that the distance between A and B is greater than or equal to the
width of A and B.

This simple problem only considers the potential in A from points in B.
However, we are interested in the interaction between all points, so this three-
step procedure only partially solve our problem. To get around this, we partition
the domain hierarchically with a quad-tree structure until the number of points
in each leaf box is less than a prescribed O(1) constant (see Figure 3 for an
illustration). The whole quad-tree then has O(logN) levels, and we denote the
top level as level 0. At level ℓ, there are 4ℓ squares and each square has O(N/4ℓ)
points due to the quasi-uniform point distribution.” This approach reduces the
computational cost of the interactions and is used in FMM.
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Figure 3: The algorithm at different levels. B stands for a source box. A
is a target box for which the interaction with B is processed at the current
level. Dark-gray stands for the boxes for which the interaction has already been
considered by the previous level. Light-gray stands for the boxes for which
the interaction is being considered at the current level. For the first three plots,
three-step procedure is used to accelerate the interaction between well-separated
boxes. For the last plot, the nearby interaction is handled directly at the leaf
level [2].

4.2 FMM and FFT Applications

Generally, FMM is slower than FFT, so FFT should always be used wherever
applicable [1]. However, the FMM approach succeeds in certain cases that the
FFT fails. In particular, the FMM can be used to evaluate Fourier series on
an irregular grid. Note that, in order to use the FMM instead of FFT for
calculating the series of the form discrete Fourier transform we need to change
the representation to the summation of the form (12).
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