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1 Introduction

This report will address the construction of objects called Curvelets, which
have been pioneered by Candes and Donoho 1. Curvelets are two-dimensional
highly anisotropic waveforms with an effective support obeying a parabolic
scaling law. In this report, we begin by revisiting the construction of one-
dimensional Shannon Wavelets. Then, we discuss the similarities to the
Curvelet construction. After describing the general construction, I will high-
light some uses of Curvelets to image processing.

2 Shannon Wavelet

During the lectures, we were introduced to the one-dimensional Shannon
Wavelet. We recall that the Shannon Wavelet, associated with scale 0 (i.e.
j = 0), was defined, on the Fourier side, as:

Ψ̂(ξ) = e2πiξχ[−1,− 1

2
)∪[ 1

2
,1)(ξ).

As we observed in class, the family {Ψjk}j,k∈Z, with

Ψjk(x) = 2
j

2 Ψ(2jx − k),

is an orthonormal basis of L2(R). At scale j ∈ Z, the Shannon Wavelets are
built upon double-paned windows wj:

wj = [−2j,−2j−1) ∪ [2j−1, 2j),

of combined length 2j, which are congruent to [0, 2j), modulo 2j.
If one takes a closer look at the construction of the Shannon Wavelet, it

is clear that there are two principal components. We list them below:

1http://www.acm.caltech.edu/∼emmanuel/papers/CurveEdges.pdf
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1. Window Function. For an arbitrary scale parameter j, the window
function is the characteristic function associated to the double-paned
window wj. It is clear that these window functions satisfy the following
”admissability” condition:

∞∑

j=−∞

|χwj
(ξ)|2 = 1, ∀ξ ∈ R.

In the construction of Curvelets, we will require a similar window ad-
missability condition. However, since Curvelets are two-dimensional
objects, the associated window functions will depend on the following
two parameters:

(a) A scale parameter: j ≥ 0.

(b) An orientation parameter: l = 0, 1, . . . , 2j.

2. Orthonormal Basis. Since the window functions are characteristic
functions, their supports are the associated double-paned windows. For
j = 0, it is clear that the complex exponentials:

e2πikξ, k ∈ Z

form an orthonormal basis on w0 (it is the associated Fourier basis on
[0, 1)). This is a key component in the construction of the Shannon
Wavelet.

At first glance, it is not clear where the higher frequencies enter the
picture. However, by taking the Fourier Transform of the translation
Ψk(x) = Ψ(x − k), we see that for k ∈ Z:

Ψ̂k(ξ) = e−2πikξΨ̂(ξ) = e−2πi(k−1)ξχw0
(ξ).

From this we see that we require an orthonormal basis on the support
of the window functions.

By the periodicity of the exponentials, it is also clear that the appro-
priately scaled exponentials will form orthonormal bases on the wj, for
j ∈ Z. In the construction of Curvelets, we will also need to form or-
thonormal bases over the support of the appropriate two-dimensional
windows, alluded to above.
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When looking through the Curvelet construction, the argument will be
made much simpler by considering the Shannon Wavelet. A Curvelet will be
constructed on the Fourier side, in two-dimensions. Just as with the Shannon
Wavelet, we will need the same two ingredients:

1. A two-dimensional window function: χjl(ξ1, ξ2), for the appropriate
values of j and l, listed above.

2. An orthonormal basis over the support of χj,0(ξ1, ξ2).

3 Curvelet Construction

By the end of this section, we will observe that Curvelets produce a ”tight-
frame” for L2(R2). Just as with the Shannon Wavelet, Curvelets will be
constructed on the Fourier side. We begin by looking at the symmetric two-
dimensional window function χjl, for j ≥ 1 and l = 0:

χjl(ξ) = χjl(ξ1, ξ2) = w(2−2j|ξ|)(vjl(θ) + vjl(θ + π)),

where w and v are known as the radial and angular windows, respectively.
The quantity θ is the angle ξ = (ξ1, ξ2) makes with respect to the ξ1 axis and

vjl(θ) = v(2jθ − lπ),

for applicable values of j and l. Some comments are in order:

1. We only consider j ≥ 1. For j = 0, we will define ”coarse” scale
Curvelets. These elements are not anisotropic (directionally-dependent)
and are typically excluded from the explanations. The idea to under-
stand is that they do not exhibit the typical behavior associated to
Curvelets, but, are required for Curvelet synthesis and analysis.

2. We only need to focus on a particular window (l = 0); since, the others
will be obtained via rotations. This explains the aforementioned focus
on χj,0.

3. These windows are called symmetric because they will force the two-
dimensional symmetry condition:

ĝ(ξ1, ξ2) = ĝ(−ξ1,−ξ2),

which will result in a real inverse Fourier Transform.
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4. This construction can easily be extended to higher-dimensions; all that
will change is the window functions.

Of course, we cannot blindly choose w and v. The choices of radial and
angular windows must satisfy a certain set of conditions.

3.1 Radial Window

An admissable radial window function must satisfy the following conditions:

1. w is a compactly supported, C∞(R), real-valued function.

2. There is a C∞(R) real-valued function w0 such that:

|w0(t)|
2 +

∞∑

j=0

|w(2−2jt)|2 = 1, ∀t ∈ R. (1)

3.2 Angular Window

An admissable angular window function must satisfy the following conditions:

1. v is an even, C∞(R) function supported on [−π, π].

2. The function v satisfies the following for all θ ∈ [0, 2π) (defined via
periodic extension):

|v(θ)|2 + |v(θ − π)|2 = 1.

3. The above conditions will imply the following for j ≥ 1:

2j+1
−1∑

l=0

|v(2jθ − lπ)|2 = 1, (2)

for all applicable values of θ.

If a coarse-scale window function is defined as χ0(ξ)
2 = w0(|ξ|)

2 +w(|ξ|)2,
then the assumptions about the radial and angular window functions, par-
ticularly (1) and (2), imply that the following holds:

|χ0(ξ)|
2 +

∞∑

j=1

2j
−1∑

l=0

|χjl(ξ)|
2 = 1, (3)

4



for all ξ ∈ R
2. One should immediately observe the similarity with the

admissability condition for the Shannon Wavelet.
At this stage, we have developed the window function we will require

for the construction of the Curvelets. One should immediately observe that
there is quite a bit of freedom in the selection of radial and angular functions.
For every pair, (w, v), we produce a different set of Curvelets. To make the
explanation a bit more concrete, we provide some pictures to illuminate the
situation.
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The plots above are of particular choices of radial and angular windows.
We see that the radial function is compactly supported; this will produce a
window function that is supported on ”wedges” in two-dimensional frequency
space. The specific choice for the radial window function, on the left, is from
a text by Lemarie and Meyer. On the right, there is a plot of an angular
window. Again the function is of compact support; this, along with the scale
parameter, will define the width of each of the wedges in two-dimensional
frequency space. The next sets of plots are of the window function and of
the effective support, for scale j = 1.

On the left, one can see the parabolic wedges that define the support of the
window function. In the center, there is a plot of the window function, as
seen from ”above.” On the right, there is a three-dimensional plot of the
window function. Since all of the components are smooth, so is the window
function. The plots for other j are similar.

Just as with the Shannon Wavelet, now that we have a window to work
with, we need to construct an orthonormal basis over a set containing its
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support. Quite simply, this means fitting the tightest possible rectangle
around the two wedges in the plot and finding a set of orthonormal basis
vectors. This is usually done using the tensor product of two appropriately
chosen Fourier bases in one-dimension. Since the wedges depend on the scale
parameter j and are two-dimensional, we denote our choice of basis as {Ujk}k

for k ∈ Z
2.

At scale j, we can now define the Fourier Transform of an associated
Curvelet. Introducing the notation:

µ = (j, l, k1, k2),

we define the Fourier Transform of the Curvelet associated with scale pa-
rameter j, orientation parameter l, and translation parameter k = (k1, k2)
as:

γ̂µ(ξ) = 2πχJ(ξ)Ujk(RθJ
ξ), (4)

where J = (j, l) and χJ is the associated window with θJ = 2−j2πl. Along
with a set of appropriately defined coarse-scale Curvelets, we can now show
the tight-frame property. We will use the notation µ ∈ MJ , to refer to the
collection of µ vectors with j and l fixed and, therefore, varying over all
k ∈ Z

2. Let F = f̂ be the two-dimensional Fourier Transform of an object
we are interested in synthesizing/analyzing.

Now, since the {Ujk}k form an orthonormal basis for the L2 functions
within the associated rectangle and the support of F (ξ)χJ(ξ) is contained
there, we have the following equality, by Parseval:

∑

µ∈MJ

| < F, γ̂µ > |2 = (2π)2

∫
|F (ξ)|2|χJ(ξ)|2dξ. (5)
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Using equation (3), by adding over all the applicable j and l, we obtain the
following equality:

∑

µ

| < F, γ̂µ > |2 = (2π)2

∫
|F (ξ)|2dξ. (6)

Finally, by Plancherel, we obtain the following equality (proving the tight-
frame property):

∑

µ

| < f, γµ > |2 =

∫
|f(x)|2dx = ‖f‖2

L2(R2). (7)

Therefore, the tight-frame property holds and Curvelets can be used to syn-
thesize/analyze functions in L2(R2). To, again, clarify, we provide a few plots
of a particular Curvelet (scale 1) and its inverse Transform.

We can also see a plot of a Curvelet (with scale 1) in the spatial domain,
by taking the inverse Fourier Transform. Since this calculation requires the
numerical approximation of several double integrals, the plot we have is some-
what coarse.

4 Applications

There are many properties associated with Curvelets. The most important
is that they are anisotropic (directionally-dependent). At a particular choice
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of scale, it is necessary to choose an orientation. These orientations are what
lead Candes and Donoho to argue that they represent the ”best” possible
way to process images. They argue, that since images are really nothing but
edges, and the directionality of Curvelets allows them to best detect them,
they should provide the best representation. Below, you will find several plots
of the Lena image with Curvelet reconstructions. The first, second, and third
plots use Curvelet thresh-holding and keep the top 10, 1 and 0.1 percent of the
Curvelet coefficients (images created using CurveLab - a Curvelet Software
available on the Internet) 2. Curvelets also have applications in the area
partial differential equations 3.

2http://www.curvelet.org
3http://www.acm.caltech.edu/∼emmanuel/papers/CurveletsWaves.pdf
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