
MATH 510 - Introduction to Analysis I
Homework # 6 (continuous and differentiable functions)

The following problems appeared in Qualifying exams in the past. Choose at least 4 problems to
turn in. Of the problems you choose, make sure you choose one among the Mean Value Theorem
problems: 3, 6, 10, 11, 12; one among the Taylor series problems: 2, 5, 7; and one from the
complement: 1, 4, 8, 9.

1. (Qual Aug 1997 # 3) Let f be a real function on R. Suppose there exists some p > 1 such
that |f(x) − f(y)| ≤ |x− y|p for all x, y ∈ R. Prove that f is a constant.

2. (Qual Aug 1997 # 4) State Taylor’s Theorem with remainder in one variable. Use the Mean
Value Theorem to prove Taylor’s Theorem.

3. (Qual Aug 1998 # 1) Let f be a real-valued function defined on a closed and bounded interval
[a, b] in R.

(a) State the Mean Value Theorem for such functions f .

Assuming that f satisfies the conditions necessary for the Mean Value Theorem to hold, prove or
disprove the following two statements:

(b) If f ′(x) > 0 on (a, b) then f is strictly increasing on [a, b].

(c) If f is strictly increasing on [a, b], then f ′(x) > 0 on (a, b).

4. (Qual Aug 1999 # 4 ) Let the function f : R → R be defined by

f(x) =

{

x2 sin 1
x

x 6= 0
0 x = 0

For what values of x is f ;
(a) Continuous? (b) Differentiable? (c) Continuously differentiable at x?

5. (Qual Aug 2000 # 3) Show that if f : (a, b) → R is real analytic in its domain and f is not
identically equal to zero, then the zeros of f are isolated; i.e., if f(c) = 0 for some c ∈ (a, b), there
exists a δ > 0 such that f(x) 6= 0 for all x ∈ (a, b) satisfying 0 < |x − c| < δ. Remember that a
function is real analytic at a point x0 if it is infinitely differentiable at the point x0 and if the Taylor
series centered at x0 has a positive radius of convergence.



6. (Qual Jan 2001 # 7) (a) Suppose f(x) is defined on an open interval containing x, and f(x)
is three times differenctiable on this interval. Show that,

f ′′′(x) = lim
h→0

1

h3
(f(x+ h) − 3f(x) + 3f(x− h) − f(x− 2h)) .

(b) Give an example when this limit exists but f ′′′(x) does not.

7. (Qual Jan 2001 # 8) Write down the Taylor expansion for f(x) = sin x5/2 at x = 0. (NOTE:
this function has no Taylor expansion at 0, instead look at: cos x5/2 or at

√
x sin x5/2 at least for

x > 0.)

8. (Qual Aug 2002 # 2) A real-valued function on an open interval in R is called convex if no
point on the line segment between any two points of its graph lies below the graph. Show that if a
function is differentiable and convex, then no point of the graph lies below any point of any tangent
line to the graph. State these conditions in precise analytical terms and prove them.

9. (Qual Jan 2003 # 4) Let φ, ψ : R → R be twice differentiable functions and let a ∈ R. Define

f : R
2 → R by f(x, y) = φ(x − ay) + ψ(x + ay) for all (x, y) ∈ R

2. Show that
∂2f

∂y2
− a2∂

2f

∂x2
is a

constant. Find the value of the constant.

10. (Qual Jan 2004 # 3) State the Mean Value Theorem for a function f on a closed bounded
interval [a, b]. Use it to prove the following statement: if f is a three times continuously differentiable
function defined on R and there exists points x1 < x2 < x3 < x4 such that f(x1) = f(x2) = f(x3) =
f(x4), then there exists a point ξ ∈ (x1, x4) such that f (3)(ξ) = 0.

11. (Qual Aug 2004 # 2) Let P be a polynomial of degree n in R. Suppose that all the roots
of P are real and distinct. Use the Mean Value Theorem to prove that for k = 1, . . . , n− 1, all the
roots of P (k) are real and distinct.

12. (Qual Jan 2005 # 4) Suppose that f is differentiable in the closed interval [a, b] and that
its second derivative f ′′ exists in the open interval (a, b). Suppose also that

f(a) = f(b), f ′(a) = f ′(b) = 0.

Show that there exists two points c1, c2 ∈ (a, b), c1 6= c2 such that

f ′′(c1) = f ′′(c2).

This homework is due on Wednesday Nov 16th, 2005.


