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SIMPLY CONNECTED MANIFOLDS WITH

INFINITELY MANY TORIC CONTACT STRUCTURES

AND CONSTANT SCALAR CURVATURE SASAKI

METRICS

CHARLES P. BOYER AND CHRISTINA W. TØNNESEN-FRIEDMAN

Abstract. We study a class of simply connected manifolds in all
odd dimensions greater than 3 that exhibit an infinite number of
toric contact structures of Reeb type that are inequivalent as con-
tact structures. We compute the cohomology ring of our manifolds
by using the join construction for Sasaki manifolds and show that
all such contact structures admit a ray of compatible Sasaki metrics
of constant scalar curvature (CSC). Furthermore, infinitely many
such structures admit at least 3 rays of constant scalar curvature
Sasaki metrics.

1. Introduction

The study of toric manifolds has a long and well developed history
(cf. the books [Oda88, Ful93, Gui94, CLS11] and references therein).
These texts refer to even dimensional manifolds with the action of a
torus of one half the dimension of the manifold. The odd dimensional
case has been developed only fairly recently [BM93, BG00b, Ler02,
Ler04], and there is no text devoted to this subject. This is done in
the context of contact geometry. As discussed by Lerman [Ler04] the
topology of toric contact manifolds differs greatly from the topology of
toric symplectic manifolds. For symplectic manifolds with a Hamilton-
ian torus action, toric manifolds are simply connected, have no torsion
and the homology (cohomology) vanishes in odd degrees. In contrast
none of these conditions hold in the toric contact case. However, it is
true for toric contact manifolds of Reeb type that the odd dimensional
cohomology vanishes through half the dimension [Luo12].
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2 Infinitely Many Toric Contact Structures

In the even dimensional case, two questions of interest in the topol-
ogy of toric manifolds are: to what extent does the cohomology ring
determine the toric structure of a toric manifold?, and to what ex-
tent does the cohomology ring determine the diffeomorphism (home-
omorphism) type of a toric manifold? In [MS08] a toric manifold is
a smooth toric complex variety; whereas, in [McD11] a toric manifold
is a smooth toric symplectic manifold. In the case of both of these
structures there are known rigidity theorems [MS08, McD11]. Again
the odd dimensional analogue is very different. For example, consider
the Wang-Ziller manifold Mp,q

k,l which is the total space of a principal

S1-bundle over CPp×CPq where k, l are relatively prime integers which
determine the S1 action. These manifolds are toric contact manifolds,
and if p = q > 1 there are infinitely many homeomorphism types with
isomorphic cohomology rings as k and l vary [WZ90]. Moreover, in
[BTF13] the authors gave examples of toric contact manifolds of Reeb
type which admit Sasaki-Einstein metrics and that have isomorphic
cohomology rings, but are not homotopy equivalent. In the present
paper Theorem 5.5 below gives necessary and sufficient conditions for
homotopy equivalence in dimension 7 for the more general CSC case.
The main purpose of the present paper is to present and study a class

of toric contact manifolds of Reeb type where a finiteness theorem of
diffeomorphism types does hold for contact manifolds with isomorphic
cohomology rings. This, however, may be the exception rather than
the rule. Explicitly, we have

Theorem 1.1. In each odd dimension 2p+3 > 5 there exist countably
infinite simply connected toric contact manifolds Ml1,l2,w of Reeb type
depending on 4 positive integers l1, l2, w1, w2 satisfying gcd(l2, l1wi) =
gcd(w1, w2) = 1, and with integral cohomology ring

H∗(Ml1,l2,w,Z) ≈ Z[x, y]/(w1w2l
2
1x

2, xp+1, x2y, y2)

where x, y are classes of degree 2 and 2p + 1, respectively. Further-
more, with l1, w1, w2 fixed there are a finite number of diffeomorphism
types with the given cohomology ring. Hence, in each such dimension
there exist simply connected smooth manifolds with countably infinite
toric contact structures of Reeb type that are inequivalent as contact
structures.

The theorem applies to both the spin and non-spin case. Theorem
1.1 has the following consequences for Sasakian geometry:

Theorem 1.2. The contact structures of Theorem 1.1 admit a p + 2
dimensional cone of Sasakian structures with a ray of constant scalar
curvature Sasaki metrics and for l2 large enough they admit at least
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3 such rays. Furthermore, the moduli space of Sasaki metrics with
the same underlying CR structure, the p + 2-dimensional Sasaki cone
has a 2-dimensional subcone (the reduced w-Sasaki cone, κw) that is
exhausted by extremal Sasaki metrics.

As in [BTF14] most of the CSC rays are irregular Sasakian struc-
tures. The appearance of more than one ray of CSC Sasaki metrics in
the same Sasaki cone was first noticed by Legendre [Leg11] in the case
of S3-bundles over S2. As mentioned in [BTF14] this now appears to
be fairly common.
Furthermore, in the homogeneous Wang-Ziller case when w = (1, 1)

two of the three CSC metrics are actually equivalent as discussed in
Section 6.1 below. As explicit examples we consider the Wang-Ziller
manifolds M1,p

l2,1
which are diffeomorphic to S2p+1-bundles over S2 of

which there are precisely two. If p is odd or if both p and l2 are even,
then M1,p

l2,1
is diffeomorphic to the trivial bundle S2×S2p+1; whereas, if

p is even and l2 is odd M1,p
l2,1

is diffeomorphic to the non-trivial S2p+1-

bundle over S2, denoted S2×̃S2p+1. As a consequence of the discussion
above and Theorem 6.4 we have

Theorem 1.3. The manifolds S2×S2p+1 and S2×̃S2p+1 admit a count-
able infinity of toric contact structures of Reeb type that are inequiva-
lent as contact structures and labelled by the positive integer l2. More-
over, when p ≥ 5 there are at least two rays of CSC Sasaki metrics in
the reduced Sasaki cone in each such structure. For p = 1, 2, 3, 4 and
l2 ≥ 6, 3, 2, 2, respectively we also have two rays of CSC Sasaki metrics.

Notice that Theorems 1.1 and 1.2 exclude the case p = 1, whereas,
Theorem 1.3 does not. The reason for this is topological. In the p = 1
case there are two differentials at the E2 level in the spectral sequence
coming from the join construction, whereas, when p > 1 there is only
one. As a consequence the cohomology ring of Theorem 1.1 is indepen-
dent of l1, w1, w2 when p = 1, and the manifolds are all diffeomorphic
to either S2 × S3 or S2×̃S3 depending on the second Stiefel-Whitney
class. This topological difference also occurs at the level of the Kähler
base space of the Sasaki manifold as discussed in Section 2 below, and is
related to the fact that the Hirzebruch surface phenomenon of distinct
complex structures on the same 4-manifold does not directly generalize
to higher dimensional projective spaces, cf. [CMS10]. The existence of
more than one complex structure in the p = 1 case gives rise to the bou-
quet phenomenon as described in [Boy11b, Boy13, Boy11a, BP14], and
is related to the existence of different conjugacy classes of maximal tori
in the contactomorphism group [Ler03]. So when p = 1 there are toric
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contact structures of Reeb type that are T 3 equivariantly inequivalent,
but T 2 equivariantly equivalent.

2. CP1-Bundles over CPp

These are examples of what have been called two-stage generalized
Bott towers and their topology has been thoroughly studied in [CMS10,
CPS12]. We shall assume that p > 1 as the p = 1 case gives the
well understood Hirzebruch surfaces. These all have the form of the
projectivization of a split rank 2 vector bundle, namely, Sn = P(1l ⊕
Ln) where 1l denotes the trivial complex line bundle over CPp and Ln
denotes the complex line bundle over CPp whose first Chern class is n
times a generator of H2(CPp,Z). These are all toric Kähler manifolds,
and as such are classified by their Delzant polytope [Del88].

2.1. The Diffeomorphism Type. In contrast to the case of Hirze-
bruch surfaces, when p > 1 there is the following result of [CMS10,
CPS12]:

Theorem 2.1. For p > 1any two such bundles Sn and Sn′ are dif-
feomorphic if and only if |n′| = |n|, and the diffeomorphism type is
completely determined by their cohomology ring.

Furthermore, the cohomology ring of Sn takes the form

(1) H∗(Sn,Z) = Z[x1, x2]/
(

xp+1
1 , (x2(nx1 + x2)

)

where x1, x2 have degree 2.

2.2. Toric Structures. The following result is a consequence of a the-
orem of Kleinschmidt [Kle88] (see Theorem 7.3.7 of [CLS11]) together
with Theorem 2.1.

Proposition 2.2. When p > 1 there is a unique projective toric struc-
ture on the smooth manifold Sn for each nonnegative integer n.

We are also interested in toric orbifolds. Although we do not make
explicit use of the combinatorial approach, it is interesting to note that
toric orbifolds are all normal varieties, and normal toric varieties are
classified by their fans [Oda88, CLS11] which are certain collections of
convex rational polyhedral cones (see [CLS11] for precise definitions).
In particular, orbifolds are described by simplicial fans (Theorem 3.1.19
of [CLS11]). However, the orbifolds of interest to us in this paper are
all biholomorphic to smooth projective toric varieties; hence, their fans
are that of the smooth variety. The orbifold structure is better encoded
in the varieties together with line bundles or certain reflexive sheaves.
These are related to polytopes.
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The Kähler cones of interest to us are easy to describe. The Kähler
cone K(X) of a simplicial projective toric variety X is the interior of
a strongly (the origin is a face) convex polyhedral cone in H1,1(X,R)
cf. [Cox97]. For an n-dimensional projective toric variety we also iden-
tify K(X) with the Chow group An−1(X) ⊗ R of Weil divisors (mod
rational equivalence) on X . For D ∈ An−1(X) we let PD(D) denote
its Poincaré dual, that is the corresponding class in H1,1(X,R). In the
correspondence between toric varieties and fans, Weil divisors corre-
spond to 1-dimensional cones. Since most of the divisors of interest
to us are branch divisors, following [LT97] for labelled polytopes, we
could label the 1-dimensional cones in a fan by the ramification index
of the corresponding divisor. A divisor D ∈ An−1(X)⊗R with a ram-
ification index of 1 is an ordinary Weil divisor, whereas a divisor with
ramification index m > 1 is a Q-divisor with coefficients in the rational
numbers Q. This gives rise to labelled fans, a notion which we have not
yet seen in the literature.
The orbifolds that arise in our construction take the form of log pairs

(Sn,∆) where Sn = P(1l⊕ Ln) and ∆ is a branch divisor of the form

∆ = (1−
1

m1
)D1 + (1−

1

m2
)D2,

where D1 is the ‘zero section’ of P(1l ⊕ Ln) and D2 is the ‘infinity
section’, and the mi are the corresponding ramification indices (see
[BTF14] for details).

2.3. The Admissible Construction. We will now assume that n 6=
0 and that (CPp, ωFS) is the standard Fubini-Study Kähler struc-
ture with Kähler metric gFS. In particular, [ωFS] is a generator of
H2(CPp,Z). Then (ωn, gn) := (2nπωFS, 2nπgFS) satisfies that (gn, ωn)
or (−gn,−ωn) is a Kähler structure (depending on the sign of n). In
either case, we let (±gn,±ωn) refer to the Kähler structure. We write
the scalar curvature of ±gn as ±2psn. [So, if e.g. −gn is a Kähler
structure with positive scalar curvature, sn would be negative.] Since
the (scale invariant) Ricci form of ωFS is given by snωn as well as by
2π(p+ 1)ωFS, it is easy to see that sn = p+1

n
.

Since Ln is the line bundle over CPp such that c1(Ln) = n[ωFS], it
is clear that c1(Ln) = [ωn/2π]. Then, following [ACGTF08], the total
space of the projectivization Sn = P(1l⊕ Ln) is called admissible.
On these manifolds, a particular type of Kähler metric on Sn, also

called admissible, can now be constructed [ACGTF08]. This construc-
tion is reviewed and adapted to the log varieties (Sn,∆) for our pur-
poses in [BTF13] and more generally in [BTF14]. An admissible Kähler
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manifold is a special case of a Kähler manifold admitting a so-called
Hamiltonian 2-form [ACG06]. More specifically, the admissible metrics
as described in [BTF13] and [BTF14] admit a Hamiltonian 2-form of
order one.
In Section 6 we will summarize the results obtained in [BTF14] as

they apply to the case at hand.

3. The S3
w

Sasaki Join Construction

We refer to [BGO07, BG08] for a thorough discussion of the join con-
struction. We begin with the standard Sasakian structure on S2p+1 to-

gether with the Hopf fibration S1−→S2p+1
π

−→CPp, and the ‘weighted’
Sasakian structure on S3 together with the ‘weighted Hopf fibration’

(not really a fibration) S1−→S3
πw
−→CP1[w] where CP1[w] denotes the

weighted projective space with weights w = (w1, w2). Without loss of
generality we assume that w1 ≥ w2 and that they are relatively prime,
so equality implies w = (1, 1).
Now the (l1, l2)-join Ml1,l2,w = S2p+1 ⋆l1,l2 S

3
w

can be defined by the
commutative diagram

(2)

S2p+1 × S3
w

ց πL








y

π×πw S2p+1 ⋆l1,l2 S
3
w

ւ π1
CPp × CP1[w]

where πL is the quotient projection by the S1 action generated by the
vector field

Ll1,l2 =
1

2l1
ξ −

1

2l2
ξw.

Here ξ is the infinitesimal generator of the standard S1 action on S2p+1

while ξw is the infinitesimal generator of the weighted S1 action on S3.
They are also the Reeb vector fields of the natural Sasakian structures
on S2p+1 and S3

w
, respectively. The join S2p+1 ⋆l1,l2 S

3
w

then has an
induced Sasakian structure such that π1 is the quotient projection of
the S1 action generated by its Reeb vector field. Note that l1, l2 are
positive integers which we assume for convenience are relatively prime.
In this case we obtain an infinite sequence of simply connected (2p+3)-
dimensional Sasakian manifolds Ml1,l2,w = S2p+1 ⋆l1,l2 S

3
w
.
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3.1. The Contact Structure and the Sasaki Cone. The Sasakian
structure onMl1,l2,w is that induced by the 1-form l1η+ l2ηw on S2p+1×
S3 where η is the standard contact 1-form on S2p+1 and ηw is the
weighted contact 1-form on S3, cf. [BG08] for complete definitions and
further discussion. We denote the induced contact 1-form on Ml1,l2,w

by ηl1,l2, and its Reeb vector field by ξl1,l2. The corresponding con-
tact bundle is denoted by Dl1,l2,w = ker ηl1,l2. Note that these contact
structures are all toric of Reeb type [BG00b], and they are classified by
certain rational polyhedral cones [Ler02]. The Sasaki automorphism
group Aut(Ml1,l2,w) is the centralizer of the circle subgroup generated
by Ll1,l2 in the product Sasaki automorphism group U(p + 1)× T 2 of
S2p+1 × S3

w
. Thus, the connected component of the Sasaki automor-

phism group is Aut0(Ml1,l2,w) ≈ U(p) × T 2. So a maximal torus T p+2

has dimension p + 2, and we denote its Lie algebra by tp+2. There is
an exact sequence

0−−→tL−−→tp+3−−→tp+2−−→0

where tL is the one-dimensional Lie algebra generated by Ll1,l2. Note
that the Sasaki automorphism group of the join provides a splitting

(3) tp+2 = tp ⊕ t2.

The unreduced Sasaki cone t
+
p+2 [BGS08] is the subset of tp+2 that

satisfies ηl1,l2(X) > 0 everywhere on Ml1,l2,w. This Sasaki cone is an
invariant of the underlying contact structure and can be thought of,
up to certain permutations, as the moduli space of Sasakian structures
compatible with the contact structure Dl1,l2,w. With the choice split-
ting (3) we can write the Sasaki cone of Ml1,l2,w as

(4) t
+
p+2 = t

≥0
p ⊕ t

+
2 .

In this paper we are mostly concerned with the 2-dimensional sub cone
t
+
2 which has been called the w-Sasaki cone [BTF13], and henceforth
will be denoted by t+

w
. We remark that in the case that w = (1, 1) we

still have the permutation group on 2 letters, Σ2, left as a symmetry.
For any quasi-regular ray in t+

w
the quotient orbifold is a log pair (Sn,∆)

as described in Section 2.2 above (see Theorem 3.7 in [BTF14]).

4. The Topology of Ml1,l2,w

We first remark that according to Proposition 7.6.7 of [BG08]Ml1,l2,w

can be written as a bundle S2p+1×S1L(l2; l1w1, l1w2) with fiber the lens
space L(l2; l1w1, l1w2) over CP

p associated to the the Hopf fibration as
a principal S1 bundle.
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For the homotopy groups we find from the long exact homotopy

sequence of the fibration S1−→S2p+1 × S3
πL
−→Ml1,l2,w we easily obtain

(5)
π1(Ml1,l2,w) = 0, π2(Ml1,l2,w) = Z, πi(Ml1,l2,w) = πi(S

2p+1)⊕πi(S
3) for i > 2.

In particular, since p > 1 we have π3(Ml1,l2,w) = Z and π4(Ml1,l2,w) =
Z2.

4.1. The First Chern Class. The first Chern class of the contact
bundle Dl1,l2,w can easily be computed [BTF13, BTF14], viz.

(6) c1(Dl1,l2,w) =
(

l2(p+ 1)− l1|w|
)

γ,

where γ is chosen to be a positive generator of H2(Ml1,l2,w,Z) ≈ Z.
We then have the topological invariant

(7) w2(Ml1,l2,w) = ρ
(

(l2(p+ 1)− l1|w|)γ
)

where ρ is the reduction mod 2 map. So for p oddMl1,l2,w is spin if and
only if l1 is even or wi are both odd, and in this case whether Ml1,l2,w

is spin or not is independent of l2.

4.2. The Cohomology Ring. The cohomology ring of a toric contact
manifold of Reeb type can be computed in principle from its combi-
natorics [Luo12]. However, the cohomology ring of our join Ml1,l2,w

was computed explicitly in [BTF13] which dealt with special values of
l1 and l2. The proof which we outline here for completeness holds in
general.

Theorem 4.1. If p > 1 the join Ml1,l2,w = S2p+1 ⋆l1,l2 S
3
w

has integral
cohomology ring given by

H∗(Ml1,l2,w,Z) ≈ Z[x, y]/(w1w2l
2
1x

2, xp+1, x2y, y2)

where x, y are classes of degree 2 and 2p+ 1, respectively.

Proof. Our approach uses the spectral sequence for the fibration

M × S3
w
−−−→Ml1,l2,w−−−→BS1

employed in [WZ90] and generalized to the orbifold setting in [BG00a]
(see also Section 7.6.2 of [BG08]). First from [BTF13] we have

Lemma 4.2. For w1 and w2 relatively prime positive integers we have

Hr
orb(CP

1[w],Z) = Hr(BCP1[w],Z) =











Z for r = 0, 2,

Zw1w2
for r > 2 even,

0 for r odd.
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Here BG is the classifying space of a groupG or Haefliger’s classifying
space [Hae84] of an orbifold if G is an orbifold. Then we consider the
commutative diagram of fibrations

(8)

M × S3
w

−−−→ Ml1,l2,w −−−→ BS1







y

=







y









y

ψ

M × S3
w

−−−→ N × BCP1[w] −−−→ BS1 × BS1

Now the map ψ of Diagram (8) is that induced by the inclusion eiθ 7→
(eil2θ, e−il1θ). So noting

H∗(BS1 × BS1,Z) = Z[s1, s2]

we see that ψ∗s1 = l2s and ψ∗s2 = −l1s. This together with the
fact that the only differential in Leray-Serre spectral sequence of the
fibration

S3
w
−−−→BCP1[w]−−−→BS1

is d4 : E0,3
2 −−→E4,0

2 and those induced by naturality. Using Lemma
4.2 this gives d4(α) = w1w2l

2
1s

2 in the Leray-Serre spectral sequence
of the top fibration in Diagram (8) from which the cohomology ring
follows. �

So an important homotopy invariant of these manifolds is the or-
der |H4(Ml1,l2,w,Z)| = w1w2l

2
1, and the integral first Pontrjagin class

p1(Ml1,l2,w) ∈ H4(Ml1,l2,w,Z) is a homeomorphism invariant. So Theo-
rem 4.1 has the following

Corollary 4.3. For p > 1 we have

H∗(Ml1,l2,w,Q) ≈ Q[x, y]/(x2, y2) ≈ H∗(S2 × S2p+1,Q).

In particular, all the rational (real) Pontrjagin classes of Ml1,l2,w van-
ish.

We are now ready for:

Theorem 4.4. For p ≥ 1, l1 and w fixed, there are only finitely many
diffeomorphism types among the manifolds Ml1,l2,w.

Proof. Our argument is essentially that of Wang and Ziller [WZ90].
First we note that it follows from the first statement of Corollary 4.3
that the Sullivan minimal model [Sul75, Sul77, FOT08] for Ml1,l2,w is
(Λ(a, b), d)⊗(Λ(c), 0) where db = a2. SoMl1,l2,w is formal. But then the
result follows from Theorem 13.1 of [Sul77] using the second statement
of Corollary 4.3. See also [KT91] for a simplified approach. �
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For p = 1 it is well known that there are precisely two diffeomor-
phism types, the trivial bundle S2 × S3, and the non-trivial S3-bundle
over S2, denoted by S2×̃S3. We have S2 × S3 if l1|w| is even, and
S2×̃S3 if l1|w| is odd. Furthermore, from the first Chern class (6) we
see that there are infinitely many inequivalent contact structures in
this case as well. Special cases of this case are treated from somewhat
different viewpoints in [Boy11b] and [BP14]. The former deals with
only regular Reeb vector fields, whereas, the latter deals with the al-
most regular case as well (see Section 3.4 of [BTF14] for a definition
of almost regular). The bouquet phenomenon, which occurs owing to
the existence of different Hirzebruch surfaces associated with a given
symplectic form, is discussed in Section 5.1 of [BP14]. In particular, we
refer to Corollaries 5.3, 5.5 and Examples 5.4 and 5.6 of that reference.

4.3. The Homogeneous Case: Wang-Ziller Manifolds. The ho-
mogeneous case, that is when w = (1, 1), was studied extensively by
Wang and Ziller [WZ90]. In particular, they showed that these mani-
folds all admit Einstein metrics. Our interest here, however, is in the
Sasakian geometry of the manifolds Ml1,l2,(1,1) which in the notation of

[WZ90] are M1,p
l2,l1

. The intersection between the Sasaki and Einstein
geometries, that is, the Sasaki-Einstein case was discussed in [BG00a].
Here we consider the general homogeneous Sasakian case, that is a ho-
mogeneous manifold that is homogeneous under a Lie group that leaves
the Sasakian structure invariant. As mentioned previously we assume
p > 1. We consider the product homogeneous manifold

S2p+1 × S3 =
U(p + 1)× U(2)

U(p)× U(1)

noticing that U(p + 1) is the Sasakian automorphism group of the
standard Sasakian structure on S2p+1. When w = (1, 1) the S1-action
defined by the projection map πL of Diagram (2) is central in U(p +
1) × U(2). Thus, for every pair of relatively prime positive integers
(l1, l2) the manifolds M1,p

l2,l1
=Ml1,l2,(1,1) = S2p+1 ⋆l1,l2 S

3 can be written
as a homogeneous Sasakian manifold of the form

SU(p+ 1)× SU(2)

SU(p)× U(1)
.

Note that in the homogeneous case l1 is a homotopy invariant, and
when p > 1 the cohomology ring reduces to

H∗(M1,p
l2,l1

,Z) ≈ Z[x, y]/(l21x
2, xp+1, x2y, y2).

We have the following result of Wang and Ziller:
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Theorem 4.5. [WZ90] For p > 1 and l1 fixed there are only finitely
many diffeomorphism types among the manifolds M1,p

l2,l1
. Moreover,

(1) M1,p
l2,1

is diffeomorphic to S2×S2p+1 if p is odd or if p is even and
l2 is even; whereas, if p is even and l2 is odd, it is diffeomorphic
to the non-trivial S2p+1-bundle over S2.

(2) M1,p
l2,2

is diffeomorphic to a non-trivial RP2p+1-bundle over S2

which for p odd is independent of l2, and for p even depends on
the class of l2 mod 4.

On the other hand as mentioned in the introduction, Wang and Ziller
also prove that if p ≥ 2 there are infinitely many homeomorphism types
among the manifoldsMp,p

l2,l1
that have the same cohomology ring. These,

however, are not directly amenable to our admissible construction.

5. The Seven Dimensional Case

In dimension 7 there is more topological information available through
the work of Kreck and Stolz [KS88] among others [Kru97, Kru05,
Esc05].

5.1. The Homogeneous Case. In the 7-dimensional case Kreck and
Stolz have given a homeomorphism and diffeomorphism classification of
these homogeneous manifolds [KS88]. It is clear from Theorem 4.1 that
l1 is a homotopy invariant. Indeed, l21 is the order of H4. Furthermore,
it follows from (7) that Ml1,l2 = M7

l1,l2,(1,1)
is spin if and only if l2 is

even. For our case,

Theorem 5.1. [KS88] The 7-manifolds M1,2
l′
2
,l1

and M1,2
l2,l1

are homeo-

morphic if and only if l′2 ≡ l2 mod 2l21 if l1 is odd or divisible by 4.
If l1 is even but not divisible by 4, then they are homeomorphic if and
only if l′2 ≡ l2 mod l21.
M1,2

l′
2
,l1

andM1,2
l2,l1

are diffeomorphic if and only if l′2 ≡ l2 mod 2λ2(l1)7λ7(l1)l21,

where

λ2(l1) =



















0 for l1 = 2, 6 mod 8

1 for l1 = 1, 7 mod 8

2 for l1 = 3, 5 mod 8

3 for l1 = 0, 4 mod 8

λ7(l1) =

{

0 for l1 = 1, 2, 5, 6 mod 7

1 for l1 = 0, 3, 4 mod 7

We consider some of the homeomorphism and diffeomorphism types
of homogeneous Sasakian 7-manifolds.
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Example 5.2. If we take l1 = 1 we see that if l′2 ≡ l2 mod 2 then
M1,2

l′
2
,1 and M1,2

l2,1
are diffeomorphic by Theorem 4.5. Since c1(D1,l2) =

(3l2−2)γ, this gives countably infinite sequences of deformation classes
of homogeneous Sasakian structures belonging to inequivalent contact
structures on the same smooth 7-manifold, namely S2 ×S5 in the spin
case (l2 even) and the non-trivial S5-bundle over S2 in the non-spin
case (l2 odd).

Example 5.3. When l1 = 2 the 7-manifoldsM1,2
l′
2
,2 andM

1,2
l2,2

are diffeo-

morphic if and only if l′2 ≡ l2 mod 4. Furthermore, they are homeo-
morphic if and only if they are diffeomorphic. So there are precisely four
diffeomorphism (homeomorphism) types and they are all homeomor-
phic to a non-trivial RP5-bundle over S2. Since c1(D2,l2) = (3l2 − 4)γ,
each diffeomorphism (homeomorphism) type has a countably infinite
number of deformation classes of homogeneous Sasakian structures be-
longing to inequivalent underlying contact structures.

Example 5.4. Taking l1 = 5 we see that M1,2
l′
2
,5 and M1,2

l2,5
are home-

omorphic if and only if l′2 ≡ l2 mod 50, and they are diffeomorphic
if and only if l′2 ≡ l2 mod 100. So there are precisely 50 homeomor-
phism types and 100 diffeomorphism types, two diffeomorphism types
for each homeomorphism type. Again each diffeomorphism type has
a countably infinite sequence of deformation classes of homogeneous
Sasakian structures with inequivalent underlying contact structures.

5.2. The Non-Homogeneous Case. Following [Kru97] we consider
the homotopy type of the 7-manifolds M7

l1,l2,w
. Now from (7) we have

w2(M
7
l1,l2,w

) ≡ (3l2 − l1|w|) mod 2. If the order of H4 is odd, then

w1, w2 and l1 are all odd in which case we have w2(M
7
l1,l2,w

) ≡ l2 mod 2.
The first Pontrjagin class, which is a homeomorphism invariant, is given
by

(9) p1(M
7
l1,l2,w

) =
(

3l22 − l21(w
2
1 + w2

2)
)

x2 ∈ H4(M7
l1,l2,w

,Z) ≈ Zw1w2l
2

1
,

and the linking form is s(M7
l1,l2,w

) = l32 ∈ (Zw1w2l
2

1
)∗/{±1} where Z∗

n

denotes the group of units in Zn. So Theorem 5.1 of [Kru97] in our
case becomes

Theorem 5.5. Let l1, w1, w2 be odd. Then M7
l′
1
,l′
2
,w′ and M7

l1,l2,w
are

homotopy equivalent if and only if

(1) w′
1w

′
2(l

′
1)

2 = w1w2l
2
1,

(2) l′2 ≡ l2 mod 2,
(3) (l′1)

2|w′|2 − l21|w|2 ≡ 0 mod 3 ∈ Zw1w2l
2

1
,

(4) (l′2)
3 ± l32 ≡ 0 mod w1w2l

2
1.
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We are interested in the 7-manifolds with the same cohomology ring,
that is, condition (1) of Theorem 5.5 is satisfied. Generally, there are
a countably infinite number of such 7-manifolds. If we fix the integers
l1, w1, w2 we can choose l2 to be any positive integer relatively prime to
w1, w2 and l1. However, we can also vary l1, w1, w2 keeping the product
w1w2l

2
1 fixed. If, for example, the order of H4, denoted by |H4|, is

a prime p, then there is only one possibility for a fixed l2, namely,
M7

1,l2,(p,1)
, whereas, if |H4| = p2, we have two, namely, M7

p,l2,(1,1)
and

M7
1,l2,(p2,1)

, etc. The latter two are not homotopy equivalent for any l2
since condition (3) of Theorem 5.5 fails. In principle one can ascertain
these 7-manifolds with l2 and |H4| fixed from the prime decomposition
of |H4|, and then check for homotopy equivalence using Theorem 5.5.
The homeomorphism and diffeomorphism classification was done by

Escher [Esc05] under the assumption that either 2, 3, are both relatively
prime to l1wi for i = 1, 2 or both 2, 3 are not relatively prime to l1wi for
i = 1, 2. The classification is quite involved relying on further work of
Kruggel [Kru05] to compute the Kreck-Stolz invariants s1, s2, s3 ∈ Q/Z
(the invariant s1 is essentially due to Eells and Kuiper [EK62]).

Example 5.6. Kruggel’s conditions show that for each positive integer
l2 relatively prime to 5 the 7-manifolds M7

5,l2,(1,1)
and M7

1,l2,(25,1)
are

homotopy equivalent but they are not homeomorphic as can be seen
from Equation (9). Notice that 293 + 213 ≡ 0 mod 25, so the four
non-spin 7-manifolds

M7
5,21,(1,1),M

7
5,29,(1,1),M

7
1,21,(25,1),M

7
1,29,(25,1)

are all homotopy equivalent. Notice that the first two have equal first
Pontrjagin class, but are not homeomorphic by Proposition 5.7 below.
The second two also have equal first Pontrjagin class, but different
from the first pair. So the last two are not homeomorphic to either
of the first two. However, we have not checked Escher’s conditions for
possible homeomorphism equivalence of the last pair. Our guess is that
they are not homeomorphic.
Another example is obtained by taking l′2 = 39, l2 = 89 or vice-versa.

Since 393 − 893 ≡ 0 mod 25, the four non-spin 7-manifolds

M7
5,39,(1,1),M

7
5,89,(1,1),M

7
1,39,(25,1),M

7
1,89,(25,1)

are homotopy equivalent. By Kreck and Stolz [KS88] Theorem B, we
see thatM7

5,39,(1,1) andM
7
5,89,(1,1) are homeomorphic, but not diffeomor-

phic. Furthermore, neither of the last two are homeomorphic to the
first pair. It is easy to obtain diffeomorphic examples from Theorem B
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of [KS88]. Take M7
5,39,(1,1),M

7
5,139,(1,1). More generally from Theorem B

we have

Proposition 5.7. Let l′2, l2 be positive integers relatively prime to 5.
Then the manifolds M7

5,l2,(1,1)
and M7

5,l′
2
,(1,1) are homeomorphic if and

only if l′2 ≡ l2 mod 50, and they are diffeomorphic if and only if l′2 ≡ l2
mod 100.

6. Admissible extremal and CSC rays

We now give a very brief summary of the relevant results from the
admissible constructions in [BTF14]. For the full details of the con-
struction we refer to [BTF14].
Consider the w-cone t+

w
of Ml1,l2,w, where w1 ≥ w2. A quasi-regular

ray in t+
w

is determined by a weight vector v = (v1, v2) with relative
prime components. Thus the ray is determined by the ratio b = v2

v1
∈

Q+. By the denseness of the quasi-regular rays in t+
w
, any ray in t+

w
is

determined by a choice of b ∈ R+.
We say that the ray determined by b ∈ R+ is an ”admissible extremal

ray”, or ”admissible CSC ray”, if, up to isotopy, the Sasaki structure
given by v is extremal or CSC such that the the transverse Kähler
structure admits a hamiltonian 2-form of order one. In the case where
b ∈ Q+, i.e. the ray is quasi-regular (or even regular), this is equivalent
to the corresponding transverse Kähler metric being in the same Kähler
class as an extremal or CSC Kähler metric that admits a hamiltonian
2-form of order one, i.e., is so-called ”admissible” [ACGTF08].

Definition 6.1. [ACG06] Let (S, J, ω, g) be a Kähler manifold of real
dimension 2n. On (S, J, ω, g) a Hamiltonian 2-form is a J-invariant
2-form φ that satisfies the differential equation

(10) 2∇Xφ = dtr φ ∧ (JX)♭ − dctr φ ∧X♭

for any vector field X. Here X♭ indicates the 1-form dual to X, and
tr φ is the trace with respect to the Kähler form ω, i.e. tr φ = g(φ, ω)
where g is the Kähler metric.

”Order one” refers to the fact that φ naturally produces one linearly
independent Hamiltonian Killing field on (S, J, ω, g). The maximal
order possible of a Hamiltonian 2-form would be n.
We now essentially list the findings from [BTF14] as they apply to

the case in hand.
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Proposition 6.2.

• Any ray in t+
w

determined by of b ∈ R+ \ {w2

w1
} is admissible

extremal. This admissible extremal structure is CSC (quasi-
regular or irregular) if and only if f(b) = 0, where

f(b) = −l1w
2p+3
1 b2p+4

+ (l2 + l1w2)w
2(p+1)
1 b2p+3

− ((p+ 1)2l2 − l1((p+ 1)w1 + (p+ 2)w2))w
p+2
1 wp2b

p+3

+ (2p(p+ 2)l2 − (2p+ 3)l1(w1 + w2))w
p+1
1 wp+1

2 bp+2

− ((p+ 1)2l2 − l1((p+ 2)w1 + (p+ 1)w2))w
p
1w

p+2
2 bp+1

+ (l2 + l1w1)w
2(p+1)
2 b

− l1w
2p+3
2 .

• The ray in t+
w
determined by b = w2

w1
is extremal (with transverse

Kähler structure a product). This extremal structure is CSC
(regular) if and only if w1 = w2 = 1.

Proof. (Sketch) The first claim in the first bullet point is a straightfor-
ward consequence of Theorem 1.2 of [BTF14] and the proof thereof in
Sections 4 and 5 of [BTF14] which imply that the extremal metrics,
constructed to prove the theorem, are in fact admissible.
For the CSC condition, we again look to Sections 4 and 5 and in

particular equation (49) in [BTF14], setting dN = p and A = (p + 1).
After factoring out an inconsequential (p + 1) we arrive at the stated
f(b).
The two statements under the second bullet are simply for comple-

tion and true from the construction of the join. �

Remark 6.3. If a uniqueness result, analogous to the uniqueness of
smooth extremal Kähler metrics in the Kähler class [CT05], of extremal
Sasakian metrics within its isotopy class could be established, then the
statement in Proposition 6.2 could be used to decisively check for CSC
rays in t+

w
. So far no such uniqueness statement has been proved and

thus we have to emphasize that our CSC condition for the ray is with
the extra assumption that the CSC metric is the admissible extremal
structure established in [BTF14].



16 Infinitely Many Toric Contact Structures

Now, f(b) in Proposition 6.2 has only 7 terms and so by a very rough
use of Descartes’ rule of signs, it can have at most 6 positive real roots
counted with multiplicity.

6.1. Wang-Ziller manifolds. We now assume that w1 = w2 = 1. In
this case

f(b) = −l1b
2p+4

+ (l2 + l1)b
2p+3

− ((p+ 1)2l2 − (2p+ 3)l1)b
p+3

+ 2(p(p+ 2)l2 − (2p+ 3)l1)b
p+2

− ((p+ 1)2l2 − (2p+ 3)l1)b
p+1

+ (l2 + l1)b

− l1.

One can check that f(b) has a root at b = 1 of multiplicity at least 4
and the fourth derivative f (4)(1) = 2(1 + p)2(p+ 2)(p(p+ 1)l2 − 2(3 +
2p)l1). Thus f(b) has at most 3 distinct positive real roots. Notice
that f(b) = 0 ⇐⇒ f(1/b) = 0. This is to be expected. Indeed,
while the rays determined by b and 1/b are distinct in the unreduced
t+
w
, they represent the same ray in the reduced Sasaki cone t+/W in

the case when (w1, w2) = (1, 1). The Weyl group W of the Sasaki
automorphism group is isomorphic to Z2 and the rays determined by
(v1, v2) and (v2, v1) in t+

w
are equivalent.

By Decartes’ sign rule, we observe that f ′(b) has at most 5 positive
real roots counted with multiplicity and since f ′(b) has a triple root
at b = 1, we conclude that f(b) has at most 3 relative extrema on the
interval (0,+∞). Then, using that any roots of f(b) other than b = 1
must come in pairs of reciprocals together with that facts that f(0) < 0
and lim

b→+∞
f(b) = −∞, it is easy to see that f(b) has 3 distinct positive

real roots if and only if f (4)(1) > 0, which is equivalent to the condition

l2 >
2(3+2p)
p(p+1)

l1.

In conclusion we have the following theorem that generalizes Theo-
rem 1.3 of [Leg11] to all dimensions.
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Theorem 6.4. The complement of the regular (CSC) ray in the sub
cone t

+
(1,1) of the unreduced Sasaki cone of M1,p

l2,l1
is exhausted by admis-

sible extremal rays. If l2 ≤
2(3+2p)
p(p+1)

l1, none of those admissible extremal

structures are CSC. If l2 >
2(3+2p)
p(p+1)

l1, two of those admissible extremal

structures are CSC. In that case, the two extra CSC rays (irregular or
quasi-regular) represent the same ray in the reduced Sasaki cone and
hence the reduced Sasaki cone has at least two distinct CSC rays; one
regular and one irregular or quasi-regular.

Note that if the first Chern class of the contact bundle Dl1,l2,(1,1) is
non-positive, we have from (6) that l2 ≤ 2

p+1
l1. Thus we easily have

the following corollary.

Corollary 6.5. When the first Chern class of the contact bundle Dl1,l2,(1,1)

is non-positive, the complement of the regular (CSC) ray in the sub cone
t
+
(1,1) of the unreduced Sasaki cone of M1,p

l2,l1
is exhausted by admissible,

non-CSC, extremal rays

Note that in the case of multiple CSC rays on the Wang-Ziller mani-
folds, the non-regular ray is usually irregular, but in some cases it might
be quasi-regular. For p = 1, this can already be deduced from the work
in [Leg11]. For general p we have for example that any co-prime (l1, l2)
satisfying that

2(1 + 2p(22+p − (p2 + 2p+ 5)))l2 = (−1 + 2p+1(2p+2 − (2p+ 3))l1

satisfies that f(b) has real positive rational roots b = 1/2, 1, and 2.
We refer the reader to Section 5.1 of [BTF14] for a discussion of the

Wang-Ziller manifolds in the case of p = 2. In particular, we direct the
readers attention to Theorem 5.6 of that section.

6.2. The non-homogenous case. We now assume that w1 > w2.
Note that in this case each ray in t+

w
determines a distinct ray in the

reduced Sasaki cone. By assuming w1 > w2, as opposed to just w1 6=
w2, we have “used up” the Weyl group.
As we already observed in [BTF14], in this case, the polynomial

function f(b) always has a a root in the interval (w2

w1
,+∞) and thus

in general we have that at least one of the admissible extremal rays in
t+
w
is CSC. It is easy to see that f(b) has a triple root at b = w2

w1
(not

corresponding to an admissible ray). Since f(b) can have at most 6 real
positive roots, counted with multiplicity, this implies that for w1 > w2,
at most 3 of the admissible extremal structures established for the rays
in t+

w
are CSC. Now, as was already observed in [BTF14], in the case

when w1 > w2, f(b) does indeed have 3 admissible CSC rays when l2 is
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sufficiently large (see Theorem 1.3 and Section 5.2 in [BTF14]). Note
that exactly how large l2 needs to be depends on the other values l1, w1,
and w2. It seems to be very complicated to get some general bounds
on how big l2 needs to be, to guarantee the multiple admissible CSC
ray phenomenon. We can however get an analogue of Corollary 6.5.

Proposition 6.6. Assume w 6= (1, 1). When the first Chern class of
the contact bundle Dl1,l2,w is non-positive, one and only one ray in t+

w

satisfies that the admissible extremal structure constructed in [BTF14]
is CSC.

Proof. When the first Chern class of the contact bundle Dl1,l2,w is non-
positive, we have from (6) that l2(p + 1) ≤ l1(w1 + w2). Hence we
get that the coefficients in f(b) of b2p+4, b2p+3, bp+3, bp+2, bp+1, and b0,
are negative, positive, positive, negative, positive, positive, and negative
respectively. Thus, a more careful use of Descartes’ rule of signs reveals
that here we will have at most 4 positive real roots of f(b) counted with
multiplicity. Together with the observation above that f(b) has a triple
root at b = w2

w1

, this finishes the proof of the proposition. �

In section 5.1 of [BTF14] we presented a few specific examples dealing
with Ml1,l2,w = S2p+1 ⋆l1,l2 S

3
w

. For instance Example 5.2 in [BTF14]
shows that while most of our admissible CSC structures are irregular,
there is still an infinite number of quasi-regular CSC examples in all
dimensions. Example 5.3, culminating in Proposition 5.4, in [BTF14]
investigates carefully the case p = 2, l1 = 1, and w = (3, 2) and give
a precise condition on the size required of l2 in order to obtain the
multiple CSC rays.
We will finish this section by looking a bit closer at a p = 1 case.

Example 6.7. N = CP1. When p = 1, we have that

f(b) = −l1w
5
1b

6

+ (l2 + l1w2)w
4
1b

5

− (4l2 − l1(2w1 + 3w2))w
3
1w2b

4

+ (6l2 − 5l1(w1 + w2))w
2
1w

2
2b

3

− (4l2 − l1(3w1 + 2w2))w1w
3
2b

2

+ (l2 + l1w1)w
4
2b

− l1w
5
2.
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Note that f(b) = (bw1 − w2)
3g(b), where

g(b) = −l1w
2
1b

3

+ w1(l2 − 2l1w2)b
2

− w2(l2 − 2l1w1)b

+ l1w
2
2.

Further g(w2

w1
) =

3l1w2

2
(w1−w2)

w1
> 0 and lim

b→+∞
f(b) = −∞, confirming the

existence of at least one positive real root, not equal to the forbidden
w2

w1

. By Descartes’ sign rule, we see that for g(b) to have any chance
of 3 positive real roots, we must have that l2 > 2l1w1. Assuming this,
then it is easy to see that g′′(b) is positive for b < 0 and since g(0) > 0
while g′(0) < 0, there can be no negative real roots. Therefore, we can
simply check the criterion for g(b) to have 3 simple real roots (which
must then be positive). For this to happen, the discriminant for the
cubic must be positive. In general, the discriminant is a quartic in the
variables l1, l2, so a general bound on l2 in terms of l1 and w = (w1, w2)
is not easy to achieve. But for any given example, it is straightforward
to determine. For example, let us assume that w = (3, 2) and l1 = 1.
Notice that then l1(w1 + w2) = 5 is odd and so the diffeomorphism
type of Ml1,l2,w is here the non-trivial S3-bundle over S2. In this case,
the discriminant of g(b) is positive if and only if l2 ≥ 19. For example,
when l2 = 19 we get one rational root at b = 1/3 and two irrational

roots b = 7±
√
37

3
, corresponding to one quasi-regular CSC ray and two

irregular CSC rays.

7. Iteration of the Procedure

We can iterate the procedure with the assumption that the Sasaki
manifoldM on the left is regular. Thus, we takeM to be a Wang-Ziller
manifold, M =Mp,q

k2,k1
and consider the join

Mp,q
k,l,w =Mp,q

k2,k1
⋆l1,l2 S

3
w
.

It is clear that the general construction of [BTF14] applies to this case.
However, the topological question of interest is: do the manifolds Mp,q

k,l

have a finite number of diffeomorphism types when the positive integers
p, q, l1, l2 are fixed, but the positive integers k1, k2 are allowed to vary?
For simplicity we consider the case p = q = 1. Let us look at the Leray-
Serre spectral sequence for M1,1

k,l with l1, l2 positive relatively prime
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integers. The Wang-Ziller manifold is M1,1
k2,k1

≈ S2×S3 independent of

k1, k2, so the fiber in the top row of diagram (8) is S2 × S3 × S3
w
.

We need the d2 differentials in the Leray-Serre spectral sequence of
the fibration

S2 × S3−−→CP1 × CP1−−→BS1.

We have d2 : E
0,3
2 −→E2,2

2 is given by d2(β) = α⊗ s where α, β are the
2 and 3 classes on the fiber, and s is the 2-class on the base.
Returning to the fibration in the top row of diagram (8) we have by

the commutativity of the diagram that d2(β) = l2α ⊗ s. This gives
E0,3

4 ≈ Z and E2,2
4 ≈ Zl2 . Again from the commutativity of diagram

(8) we have d4 : E0,3
4 −→E4,0

4 is d4(γw) = w1w2l
2
1s

2 which gives E4,0
4 ≈

Zw1w2l
2

1
and E0,3

∞ = 0. Using Poincaré duality and universal coefficients

give the ring structure of the simply connected 7-manifold M1,1
k,l,w, viz.

H∗(M1,1
k,l,w,Z) = Z[x, y, u, z]/(x2, l2xy, w1w2l

2
1y

2, z2, u2, zu, zx, ux, uy)

where x, y are 2-classes, and z, u are 5-classes.
Unfortunately, these appear to be non-formal by Theorem 12 of the

recent work of Biswas, Fernández, Muñoz, and Tralle [BFMT14]. Their
example is ours with l1 = l2 = 1 andw = (2, 1). Thus, it seems unlikely
that a finiteness theorem of the type of Theorem 4.4 is available for this
case.
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