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Abstract. We study the contact equivalence problem for toric
contact structures on S3-bundles over S2. That is, given two
toric contact structures, one can ask the question: when are they
equivalent as contact structures while inequivalent as toric con-
tact structures? In general this appears to be a difficult prob-
lem. To find inequivalent toric contact structures that are con-
tact equivalent, we show that the corresponding 3-tori belong to
distinct conjugacy classes in the contactomorphism group. To
show that two toric contact structures with the same first Chern
class are contact inequivalent, we use Morse-Bott contact homol-
ogy. We treat a subclass of contact structures which include the
Sasaki-Einstein contact structures Y p,q studied by physicists in
[GMSW04a, MS05, MS06]. In this subcase we give a complete so-
lution to the contact equivalence problem by showing that Y p,q and
Y p

′
q
′

are inequivalent as contact structures if and only if p 6= p′.
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Introduction

It is well known that contact structures have only discrete invariants,
that is, Gray’s Theorem says that the deformation theory is trivial.
Apparently, the crudest such invariant is the first Chern class of the
contact bundle D. Indeed, the mod 2 reduction of D is a topologi-
cal invariant, namely the second Stiefel-Whitney class. A much more
subtle and powerful invariant is contact homology, a small part of the
more general symplectic field theory (SFT) of Eliashberg, Givental, and
Hofer [EGH00] - which can be used to distinguish contact structures
belonging to the same isomorphism class of oriented 2n-plane bundle.

On the other hand given two contact structures with the same in-
variants, when can one show that they are equivalent. In full generality
this appears to be a very difficult problem. However, if we restrict our-
selves to toric contact structures in dimension five, we can begin to get
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a handle on things. The problem is of particular interest when applied
to toric contact manifolds since they have been classified [Ler02]. Thus,
one is interested in when two inequivalent toric contact structures are
equivalent as contact structures. Specializing further we consider all
toric contact structures on S3-bundles over S2. It is well known that
such manifolds are classified by π1(SO(4)) = Z2, so there are exactly
two such bundles, the trivial bundle S2 × S3 and one non-trivial bun-
dle X∞ (in Barden’s notation [Bar65]). They are distinguished by
their second Stiefel-Whitney class w2 ∈ H2(M,Z2). The problem of
determining when two such toric contact structures belong to equiv-
alent contact structures is now somewhat tractible owing to the work
of Karshon [Kar03] and Lerman [Ler03]. In turn their work is based
on the important observation of Gromov [Gro85] of how the topology
of the symplectomorphism group of the symplectic structures ωk,l on
S2 × S2 changes as the ‘distance’ between k and l changes.

The general toric contact structures on S2 × S3 or X∞ depend on
four integers (p1, p2, p3, p4) which satisfy gcd(pi, pj) = 1 for i = 1, 2 and
j = 3, 4. We write the contact structures as Dp using vector notation p

for the quadruple. However, this general situation appears somewhat
intractable, so we consider the special case when one of the two pairs of
integers (p1, p2) or (p3, p4) are equal. What makes this sub-case more
tractable is that a certain quotient is a Hirzebruch surface with branch
divisors. To treat the sub-case we can assume that p3 = p4. It is often
convenient to further divide this case in two sub-cases, namely, we set
p = (j, 2k − j, l, l) for S2 × S3 and p = (j, 2k − j + 1, l, l) for X∞

with 1 ≤ j ≤ k. We denote either one of these contact structures by
Dp1,p2,l,l,Dj,2k−j,l,l,Dj,2k−j+1,l,l or simply as Dj,k,l depending on which
notation is more convenient. Since the first Chern class c1(D) of the
contact bundle clearly distinguishes contact structures, we see that
from contact homology in our case p1 +p2 or equivalently k is a contact
invariant when c1(D) is fixed. Our main result about inequivalence is

Theorem 1. Two toric contact structures Dp1,p2,l,l and Dp′
1
,p′

2
,l′,l′ on

S2×S3 or X∞ are inequivalent contact structures if p′1+p′2 6= (p1 +p2).

For our main result about equivalence, we need to specialize a bit
further. In this case we require that gcd(p2 − p1, l) be constant. We
have

Theorem 2. The two contact structures Dp1,p2,l,l and Dp′
1
,p′

2
,l,l satisfy-

ing p′1 + p′2 = p1 + p2 are equivalent if gcd(l, p2 − p1) = gcd(l, p′2 − p
′
1).

Recently there has been a great deal of focus on certain toric contact
structures Y p,q with vanishing first Chern class on S2 × S3 discovered
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by Gauntlett, Martelli, Sparks, and Waldram [GMSW04a], and used
in their study of the AdS/CFT conjecture [GMSW04b, GMSW05] (see
Chapter 11 of [BG08] and [Spa10] and references therein). Our results
give a complete answer to the contact equivalence problem for these
structures.

Theorem 3. Let φ denote the Euler phi function. The toric contact
structures Y p,q and Y p′,q′ on S2×S3 belong to equivalent contact struc-
tures if and only if p′ = p, and for each fixed integer p > 1 there are
exactly φ(p) toric contact structures Y p,q on S2×S3 that are equivalent
as contact structures, and for each such contact structure Dp there are
φ(p) compatible Sasaki-Einstein metrics that are inequivalent as Rie-
mannian metrics. Moreover, the contactomorphism group of Dp has at
least φ(p) conjugacy classes of maximal tori of dimension three.

A partial result, namely that, Y p′,1 and Y p,1 are inequivalent contact
structures if p′ 6= p, was recently given by Abreu and Macarini [AM10],
and an outline of the proof of Theorem 3 was recently given by one of
us [Boy11a].

As a bonus we also obtain the following results concerning extremal
Sasakian structures:

Corollary 4. For both S2 × S3 and X∞ the moduli space of extremal
Sasakian structures has a countably infinite number of components.
Moreover, each component has extremal Sasakian metrics of positive
Ricci curvature whose isometry group contains T 3.

This corollary follows already from the results of [Pat09, Pat10] and
[Boy11b], but Theorem 1 actually gives a much larger class. As shown
in [Boy11b] many of these components are themselves non-Hausdorff.

Corollary 5. The moduli space of Sasaki-Einstein metrics on S2×S3

has a countably infinite number of components. Moreover, each such
component has Sasaki-Einstein metrics whose isometry group contains
T 3.

This corollary also follows from [AM10], but Theorem 1 gives a larger
class.

1. Contact Structures and Cones

It is well known that contact geometry is equivalent to the geometry
of certain symplectic cones. However, for certain contact structures
there are several cones that become important, and as we shall see
they are all related.
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A warning about notation: In contact topology the contact bundle
is usually denoted by ξ, whereas, in Sasakian geometry ξ is almost
always a Reeb vector field. To avoid confusion we eschew the use of ξ
completely, and use D for the contact bundle and R for a Reeb vector
field.

1.1. Contact Structures. Recall that a contact structure1 on a con-
nected oriented manifold M is an equivalence class of 1-forms η sat-
isfying η ∧ (dη)n 6= 0 everywhere on M where two 1-forms η, η′ are
equivalent if there exists a nowhere vanishing function f such that
η′ = fη. We shall also assume that our contact structure has an ori-
entation, or equivalently, the function f is everywhere positive. More
conveniently the contact structure can be thought of as the oriented
2n-plane bundle defined by D = ker η, and we denote by C+(D) the
set of all contact 1-forms representing the oriented bundle D.

We denote by AC(D) the set of almost complex structures J on D

that are compatible with the contact structure in the sense that the
following two conditions hold for any smooth sections X, Y of D

dη(JX, JY ) = dη(X, Y ), dη(JX, Y ) > 0.

It is easy to see that these conditions are independent of the choice of
1-form η representing D. Notice that the pair (D, J) defines a strictly
pseudoconvex almost CR structure on M , and a choice of contact form
η gives a choice of Levi form essentially dη.

Also for every choice of contact 1-form η there exists a unique vector
field R, called the Reeb vector field, that satisfies η(R) = 1 and R dη =
0. Such vector fields and the orbits of their flows will play a crucial
role for us. We can now extend J to an endomorphism Φ of TM by
defining Φ|D = J and ΦR = 0. The triple (R, η,Φ) canonically defines
a Riemannian metric on M by setting g = dη ◦ (Φ⊗1l)+η⊗η, and the
quadruple (R, η,Φ, g) is known as a contact metric structure on M .

Notice that R defines a one dimensional foliation FR on M , often
called the characteristic foliation. We say that the foliation FR is quasi-
regular if there is a positive integer k such that each point has a foliated
coordinate chart (U, x) such that each leaf of FR passes through U at
most k times. If k = 1 then the foliation is called regular. We also say
that the corresponding contact 1-form η is quasi-regular (regular), and
more generally that a contact structure D is quasi-regular (regular) if
it has a quasi-regular (regular) contact 1-form. A contact 1-form (or
characteristic foliation) that is not quasi-regular is called irregular. On

1This is not the most general definition of a contact structure, but it suffices in
most situations (cf. [BG08]), and certainly for us here.
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a compact manifold any quasi-regular contact form is necessarily K-
contact, and then the foliation FR is equivalent to a locally free circle
action [BG08] which preserves the quadruple (R, η,Φ, g). It is this
case that we are interested in, and the quotient space Z = M/FR is a
compact orbifold with a naturally defined symplectic structure ω and
compatible almost complex structure Ĵ satisfying π∗ω = dη and J is the
horizontal lift of Ĵ , that is, (ω, Ĵ) defines an almost Kähler structure on
the orbifold Z. Moreover, η can be interpreted as a connection 1-form
in the principal S1 orbibundle π : M−−→Z with curvature 2-form π∗ω.

This construction has a converse, that is, beginning with a compact
almost Kähler orbifold one can construct a K-contact structure on the
total space of certain S1 orbibundle over Z. This is often referred
to as the orbifold Boothby-Wang construction. In [EGH00] a contact
manifold constructed in this way is called a prequantization space. In
this paper we are interested in the case when both J and Ĵ are inte-
grable. Then the quadruple (R, η,Φ, g) is a Sasakian structure on M ,

and (ω, Ĵ) defines a is projective algebraic orbifold structure on Z with
an orbifold Kähler metric.

1.2. Orbifolds. As described in the preceding paragraph, orbifolds
will play an important role for us in this paper. We refer to Chap-
ter 4 of [BG08] for the basic definitions and results. Here we want
to emphasize several aspects. First, many cohomology classes that
are integral classes on manifolds are only rational classes on the un-
derlying topological space of an orbifold, in particular, the orbifold
first Chern class of a complex line orbibundle or circle orbibundle is
generally a rational class. However, not all rational classes occur as
such. In order to determine which rational classes can be used to
classify line orbibundles, it is convenient to pass to Haefliger’s classify-
ing space BX [Hae84, BG08] of an orbifold X where, as with smooth
manifolds, all complex line orbibundles correspond to integral coho-
mology classes. Let X be a complex orbifold with underlying topolog-
ical space X. Then Haefliger’s orbifold cohomology H∗

orb(X,Z) equals
H∗(BX,Z) which is generally different than H∗(X,Z), but satisfies
H∗
orb(X,Z)⊗Q = H∗(X,Z)⊗Q. So, for example, we an obtain integral

cohomology class p∗corb1 (X) ∈ H2
orb(X,Z) for complex line orbibundles

from the rational class corb1 (X) ∈ H2(X,Q). This amounts to clearing
the order of the orbifold in the denominator. Here p : BX−−→X is the
natural projection. We warn the reader that the orbifold cohomology
H∗
orb(X,Z) is not Chen-Ruan cohomology.
The orbifolds that occur in this paper are of a special type. They

are all complex orbifolds whose underlying space is a smooth projective
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algebraic variety with an added orbifold structure. In such cases it is
convenient to view an orbifold X as a pair (X,∆) where X is a smooth
algebraic variety and ∆ is a certain Q-divisor, called a branch divisor
[BGK05, BG08, GK07]. We write (X, ∅) to denote the algebraic variety
X with the trivial orbifold structure, that is the charts are just the
standard manifold charts. In this situation as emphasized in [GK07]
we consider the map 1lX : (X,∆)−−→(X, ∅) which is the identity as a
set map, and a Galois cover with trivial Galois group.

1.3. Symplectic Cones. Given a contact structure D on M we recall
the symplectic cone C(M) = M × R+ with its natural symplectic
structure (the symplectization of (M,D)) Ω = d(r2η) where r is a
coordinate on R+. Suppose η′ = e2fη is another contact 1-form in
C+(D), then changing coordinates r′ = e−fr we see that

d(r′2η′) = d(r2e−2fe2fη) = d(r2η) = Ω,

so the symplectic structure Ω on C(M) depends only on the contact
structure D. Recall the Liouville vector field Ψ = r ∂

∂r
on the cone

C(M) and notice that

Ψ = r
∂

∂r
= r′

∂

∂r′
.

We have chosen the dependence of Ω on the radial coordinate to be
homogeneous of degree 2 with respect to Ψ, since we want compatibility
with cone metrics and these are homogeneous of degree 2.

Now for each choice of contact form η ∈ C+(D) there is a natural
extension of the almost complex structure J on D to an almost complex
structure I on the cone C(M) defined uniquely by

(1) I = Φ + Ψ⊗ η, IΨ = −R

where Φ is the extension of J to TM defined by ΦR = 0. The following
is well known [BG08] and straightforward to verify

Lemma 1.1. Let (D, J) be a strictly pseudoconvex almost CR structure
such that D is a contact structure on M , and let (C(M),Ω)) be its sym-
plectic cone. Then for each contact form η ∈ C+(D), the corresponding
almost complex structure on C(M) satisfies

(1) £ΨI = 0.
(2) I is compatible with Ω, that is, for any vector fields X, Y on

C(M) we have Ω(IX, IY ) = Ω(X, Y ) and Ω(IX, Y ) > 0 defines
a cone metric ḡ = dr2 + r2g.

(3) The cone metric ḡ on C(M) is almost Kähler.
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(4) The contact form η is K-contact if and only if the vector field
Ψ− iR is pseudoholomorphic with respect to I, or equivalently
£RI = £RΦ = 0.

(5) If (D, J) is an integrable CR structure, then I is integrable if
and only if £RI = £RΦ = 0. In this case, (R, η,Φ, g) defines a
Sasakian structure on M with metric g = dη◦(Φ⊗1l)+η⊗η, and
(Ω, I) defines a complex structure on C(M) whose cone metric
dr2 + r2g is Kähler.

There is a converse to this result, namely: Let (M × R+,Ω) be
a symplectic cone such that Ω is homogeneous of degree two, then
d(Ψ Ω) = £ΨΩ = 2Ω, so Ω is exact, and we can define

η̃ =
1

r2
Ψ Ω.

It is then easy to check that η̃ is the pullback of a contact 1-form η
on M , and by changing coordinates r′ = e−fr we can accommodate
all the contact forms in C+(D). We can also check that there is a 1-1
correspondence between the compatible almost complex structures I
on C(M) and elements of C+(D), and that Equations (1) hold, so we
recover the full contact metric structure for each η ∈ C+(D). Summa-
rizing we have the correspondences:

(1) symplectic cone (C(M),Ω) ↔ contact structure (M,D);
(2) almost Kähler cone (C(M),Ω, I) ↔ contact metric structure
(M,R, η,Φ, g);
(3) almost Kähler cone (C(M),Ω, I) with Ψ − iR pseudoholomorphic
↔ K-contact structure (M,R, η,Φ, g);
(4) Kähler cone (C(M),Ω, I) with Ψ − iR holomorphic ↔ Sasakian
structure (M,R, η,Φ, g).

1.4. Sasakian Structures. The contact structures considered in this
paper are all of Sasaki type, that is, there is a contact form η and
compatible metric g such that S = (R, η,Φ, g) is a Sasakian structure
on M . In this case not only is the cone C(M) discussed above Kähler,
but the geometry transverse to the characteristic foliation FR is also
Kähler. This gives rise to a basic cohomology ring H∗

B(FR) (see Section
7.2 of [BG08]), and a transverse Hodge theory. This gives basic Chern
classes ck(FR) which if (R, η,Φ, g) is quasi-regular, are the pullbacks of
the orbifold Chern classes corbk (Z) on the base orbifold Z. In particular
we are interested in the basic first Chern class c1(FR) ∈ H1,1

B (FR).
A Sasakian structure S = (ξ, η,Φ, g) is said to be positive (negative)
if its basic first Chern class c1(Fξ) can be represented by a positive
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(negative) definite (1, 1)-form. It is null if c1(Fξ) = 0, and indefinite
otherwise. It follows from Lemma 5.1 of [Boy11b] that all Sasakian
structures occurring in toric contact structures of Reeb type are either
positive or indefinite.

Recall the transverse homothety (cf. [BG08]) taking a Sasakian struc-
ture S = (ξ, η,Φ, g) to the Sasakian structure

Sa = (a−1ξ, aη,Φ, ag + (a2 − a)η ⊗ η)

for any a ∈ R+. Then Theorem 7.5.31 of [BG08] says that if S =
(ξ, η,Φ, g) is a positive Sasakian structure, that is, c1(Fξ) can be rep-
resented by a positive definite (1, 1)-form, there exists a0 ∈ R+ and
transverse homotheties S 7→ Sa such that the Sasakian metric ga has
positive Ricci curvature for all a < a0.

1.5. The Sasaki Cone. Let CR(D, J) denote the group of almost
CR transformations of (D, J) on M . If M is compact, it is a Lie group
which is compact except when (D, J) is the standard CR structure
on the sphere S2n+1 by, in various stages, a theorem of Frances, Lee,
and Schoen (cf. [Boy10]). We let cr(D, J) denote the Lie algebra of
CR(D, J). Recall [BGS08] that the subset

cr+(D, J) = {X ∈ cr(D, J) | η(X) > 0}

is independent of the choice of η ∈ C+(D) and is an open convex cone
(without the cone point) in cr(D, J). Now the adjoint action of the
group CR(D, J) on its Lie algebra leaves cr+(D, J) invariant, and the
quotient space

κ(D, J) = cr+(D, J)/CR(D, J)

is known as the (reduced) Sasaki cone of (D, J). One should think of
κ(D, J) as the moduli space of K-contact structures associated to the
strictly pseudoconvex almost CR structure (D, J). In the case that
the almost CR structure is integrable, κ(D, J) is the moduli space of
Sasakian structures associated to (D, J).

It is often convenient to work with the unreduced Sasaki cone given
by choosing a maximal torus T of CR(D, J). Then the unreduced
Sasaki cone is t+(D, J) = t∩ cr+(D, J) where t is the Lie algebra of T .
The relation between the two Sasaki cones is

(2) κ(D, J) = t+(D, J)/W(D, J),

where W(D, J) is the Weyl group of CR(D, J). t+(D, J) is a subspace
of the Reeb cone R+(D) [Boy10] which is the subspace of all vector fields
on M that is the Reeb vector field of some contact 1-form representing
the oriented contact structure D.
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Of course, many contact structures do not have a Sasaki cone. In
fact, a contact structure has a non-empty Sasaki cone if and only if it
is of K-contact type. It is important to realize that the Sasaki cone
depends on the choice of transverse almost complex structure J . Indeed
by changing J in a given K-contact structure, we can have more than
one Sasaki cone. These occur in bouquets related to the conjugacy
classes of maximal tori in the contactomorphism Con(M,D) of (M,D)
[Boy10, Boy11b]. So a Sasaki bouquet consisting of N Sasaki cones
belonging to a contact structure D is given by

(3) BN (D) = ∪Nl=1κ(D, Jl).

1.6. The Moment Cone. Now let T be a torus subgroup of Con(M,D),
and let t be its Lie algebra. Consider the annihilator Do of D which
is a trivial real line bundle over M . The orientation on D allows us to
write Do\{0} = Do

+∪Do
−, and we can identify Do

+ ≈M×R+ = C(M).
Then the contact moment map Υ : Do

+−−→t∗ is defined by

(4) < Υ(x, p), τx >=< p, τx >

where τ ∈ t. The moment cone C(Υ) is defined [Ler02] as the union of
the image set with the cone point, i.e.

(5) C(Υ) = Υ(Do
+) ∪ {0}.

This moment map satisfies the following invariance condition,

Υ(φ · x, φ∗p) = Ad∗
φΥ(x, p) = Υ(x, p)

where φ ∈ T and φ∗ denotes the induced action of T on T ∗M restricted
to Do

+.
By averaging over T we can choose a T -invariant contact form η

which gives an equivariant moment map µη : M−−→t∗ satisfying

(6) µη = Υ ◦ η.

Again by averaging we can choose an almost complex structure J that
is T -invariant, so t is an Abelian subalgebra of cr(D, J). Furthermore,
the contact form η is K-contact (with respect to J) if and only if its
Reeb vector field Rη lies in the Lie algebra t. In this case we also say
that the torus action is of Reeb type [BG00b]. It is easy to see that
this is equivalent to the existence of an element τ ∈ t such that η(τ) is
strictly positive on M . When the contact structure D is of Reeb type
C(Υ) is a convex rational polyhedral cone [Ler02]. We have

Lemma 1.2. A T -invariant contact form η is K-contact if and only if
the image µη(M) lies in the intersection of a hyperplane Hη with the
moment cone C(Υ). Moreover, in the K-contact case the intersection
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Pη = Hη ∩ C(Υ) is a simple convex polytope which is rational if and
only if η is quasi-regular.

Proof. For any contact form η with Reeb vector field Rη we can extend
the moment map (6) to a moment map µη : M−−→con(η)∗ associated
to the infinite dimensional Lie algebra con(η) of vector fields leaving η
invariant. The equation

〈µη, Rη〉 = η(Rη) = 1

describes a plane in the infinite dimensional vector space con(η)∗. This
plane lies in the subspace t∗ if and only if Rη lies in t and this holds if
and only if the contact form η is K-contact. In this case Rη lies in the
Sasaki cone t+(D, J) which is dual to the interior of the moment cone.
So the plane in t∗ is a hyperplane.

The positivity of t+(D, J) implies that Pη is a convex polytope, and
the rationality condition follows as in the symplectic case [BG00b]. �

The hyperplane Hη is called the characteristic hyperplane.

1.7. Equivalence of Contact Structures and Invariants. We say
that two contact manifolds (M,D) and (M ′,D′) are contactomorphic
or equivalent contact manifolds if there exists a diffeomorphism ϕ :
M−−→M ′ such that ϕ∗D = D′. Alternatively, one can say that for
any contact form η′ representing D′ the 1-form ϕ∗η′ is a contact form
representing D. From Gray’s Theorem we know that there is no local
deformation theory for contact structures.

A contact structure on M2n+1 has an underlying almost contact
structure which can be defined as a reduction of the frame bundle to
the group U(n)×1. The homotopy class of almost contact structures is
an invariant of the contact structure, and the set A(M) of such homo-
topy classes is in one-to-one correspondence with the set of homotopy
classes of almost complex structures on the cone C(M). The Chern
classes of the contact bundle are invariants of the contact structure; in
particular, the first Chern class c1(D) will play an important role for
us.

Another crude way of distinguishing contact structures is by its type.
We say that a contact structure D on M is of K-contact type if there
is a 1-form η in the contact structure and a choice of almost complex
structure J such that £RΦ = 0. We also say that the 1-form η is K-
contact. If in addition the almost complex structure J is integrable, the
1-form is a Sasakian contact form, and the contact structure D is said
to be of Sasaki type. We mention that contact structures of K-contact
type are symplectically fillable [NP09], while those of Sasaki type are
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holomorphically fillable [MY07]. All contact structures discussed in
this paper are of Sasaki type.

Let (M,D) and (M ′,D′) be compact contact manifolds of K-contact
type, then there exist quasi-regular 1-forms η and η′, representing D

and D′, respectively such that (M,D) and (M ′,D′) are orbifold fibra-
tions over symplectic orbifolds (Z, ω) and (Z ′, ω′), respectively with
projection maps π and π′ satisfying dη = π∗ω and dη′ = π′∗ω′. So if
ϕ̃ : (Z, ω)−−→(Z ′, ω′) is a symplectomorphism of symplectic orbifolds,
we can lift it to an orbibundle map ϕ : M−−→M ′ such that dη = ϕ∗dη′.
Since ϕ maps fibers to fibers we can choose it so that ϕ∗R = R′. So
the symplectomorphism ϕ̃ lifts to a contactomorphism which sends the
Reeb vector field of η to that of η′.

Another important invariant of a contact structure is its contacto-
morphism group Con(M2n+1,D) defined as the subgroup of the diffeo-
morphism group Diff(M) that leaves the contact bundle D invariant.
An invariant within Con(M2n+1,D) itself is the number n(D, n+ 1) of
conjugacy classes of (n + 1)-tori.

Finally, a powerful invariant for distinguishing contact structures is
contact homology [EGH00] which we now describe in some detail.

2. Contact Homology and Pseudoholomorphic Curves

Here we give an exposition of pseudoholomorphic curve theory as it
relates to the Morse-Bott formulation of contact homology.

2.1. J-holomorphic Curves in Symplectizations. The study of
pseudoholomorphic curves in symplectic manifolds was initiated by
Gromov in his seminal paper [Gro85]. Since then, these object have
become a basic tool in understanding symplectic geometry and topol-
ogy. We begin with a definition. Let Σ be a Riemann surface with
complex structure j.

Definition 2.1. A C∞ map, u, into the almost complex manifold
(N, J) is called J-holomorphic if

(7) du+ J(u)d(u ◦ j) = 0.

In this paper we are interested in almost complex structures, J ,which
are compatible with the symplectic form. Compatibility means that
ω(v, Jw) defines a Riemannian metric on M. In the special case that
the symplectic manifold is the symplectization of a contact manifold we
are interested in special almost complex structures and their associated
pseudoholomorphic curves. These are constructed in the following way.
Choose a transverse almost complex structure J0 on D. Then choose
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a contact form. Extend J0 to an almost complex structure on the
symplectization by declaring

J
∂

∂s
= Rη

i.e., by declaring the Reeb vector field η to be the imaginary part of the
complex line bundle spanned by the Rη and the real direction ∂

∂s
. No-

tice, now, that cylinders over periodic Reeb orbits are J-holomorphic,
as are their branched covers. In the rest of the paper, unless other-
wise mentioned, we will abbreviate pseudoholomorphic with the word
holomorphic. In situations where classical holomorphicity comes up it
shall be made clear.

2.2. Morse-Bott Contact Homology. Contact homology is a small
part of the larger symplectic field theory of Eliashberg, Givental, and
Hofer [EGH00]. The original idea, inspired by Floer homology, was to
create a homology theory from the chain complex generated by closed
orbits of the Reeb vector field. Given a contact manifold (M,D), we
choose a contact form, η for D, and an almost complex structure J on
the symplectization of M which extends the almost complex structure
on D such that the Reeb vector field is the purely imaginary direction.
Now consider the contact version of the symplectic action functional
A : C∞(S1;M)→ R, defined by

(8) A(γ) =

∫

γ

η.

The critical points of A are closed orbits of the Reeb vector field of
η, and the gradient trajectories, when considered as living in the sym-
plectization of M , are J-holomorphic curves from a twice punctured
2-sphere into the symplectization which are asymptotically cylindrical
over closed Reeb orbits, i.e., they are curves for which there exist polar
coordinates about each puncture, such that for the radius sufficiently
small the curve behaves like a cylinder over a closed Reeb orbit. Notice
also that the value of A, on γ is the period of γ [EGH00] [HWZ96].

We would like to think of this action functional as a Morse func-
tion and then construct a Morse-Smale-Witten complex, which should
then give us information about M , D, and the loop space of M. The
naive idea does not exactly work, since this action functional has in-
finite dimensional kernel and cokernel, so we must search further for
a reasonable version of the Morse index. For this we use the Conley-
Zehnder index, or more generally the Robbin-Salamon index [RS93].
The Robbin-Salamon index associates to each path of symplectic ma-
trices a half integer, it is a generalization of the Conley-Zehnder index
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to a more general class of paths of symplectic matrices. This partic-
ular definition originally appeared in [RS93]. This index determines
the grading for the chain complex in contact homology. The Robbin-
Salamon index should be thought of as analogous to the Morse index
for a Morse function. The analogy is not perfect, since the actual Morse
theory we consider should give information about the loop space of the
contact manifold.

Remark 2.2. The Maslov index can be understood as an invariant
of loops of Lagrangian subspaces in the Grassmanian of Lagrangian
subspaces of a symplectic vector space V. In this setting the Maslov
index is the intersection number of a path of Lagrangian subspaces
with a certain algebraic variety called the Maslov cycle. This is of
course related to the Robbin-Salamon and Conley-Zehnder indices of a
path of symplectic matrices, since we can consider a path of Lagrangian
subspaces given by the path of graphs of the desired path of symplectic
matrices. For more information on this see [MS98].

For a symplectic vector bundle E over a Riemann surface Σ, there
is symplectic definition of the first Chern number 〈c1(E),Σ〉. It turns
out that this Chern number is the loop Maslov index of a certain loop
of symplectic matrices, obtained from local trivializations of Σ decom-
posed along a curve γ ⊂ Σ. This Chern number agrees with the usual
definition, considering E as a complex vector bundle which can be ob-
tained via a curvature calculation. Let us consider a symplectic vector
space (V, ω), and let Φ(t), t ∈ [0, T ] be a path of symplectic matrices
defined on V starting at the identity such that det(I − Φ(T )) 6= 0.
We call a number t ∈ [0, T ], a crossing if det(Φ(t) − I) = 0. For each
crossing we define the crossing form

Γ(t)v = ω(v,DΦ̇(t)v),

where ω is the standard symplectic form on R2n. A crossing is called
regular if the crossing form is non-degenerate. One can always homo-
tope a path of symplectic matrices to one with regular crossings.

Definition 2.3. The Conley-Zehnder index of the path Φ(t) under the
above assumptions is given by:

µCZ(Φ) =
1

2
sign(Γ(0)) +

∑

t6=0 , t a crossing

sign(Γ(t))

The Conley-Zehnder index satisfies the following axioms:

i. (Homotopy) µCZ is invariant under homotopies which fix end-
points.
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ii. (Naturality) µCZ is invariant under conjugation by paths in
Sp(n,R).

iii. (Loop) For any path, ψ in Sp(n,R), and a loop φ,

µCZ(ψ · φ) = µCZ(ψ) + µl(φ),

where µl is the Maslov index for loops of symplectic matrices.
iv. (Direct Sum) If n = n′ + n′′ and ψ1 is a path in Sp(n′,R)

and ψ2 is a path in Sp(n′′,R) then for the path ψ1 ⊕ ψ2 ∈
Sp(n′,R)

⊕
Sp(n′′,R), we have

µ(ψ1 ⊕ ψ2) = µ(ψ1) + µ(ψ2).

v. (Zero) If a path has no eigenvalues on S1, then its Conley-
Zehnder index is 0.

vi. (Signature) Let S be symmetric and nondegenerate with ||S|| <
2π, and let ψ(t) = exp(JSt), then

µCZ(ψ) =
1

2
sign(S).

The Conley-Zehnder index is still insufficient for our purposes since we
need the assumption that at time T = 1 the symplectic matrix has no
eigenvalue equal to 1. We introduce yet another index for arbitrary
paths. We will call this index the Robbin-Salamon index and denote
it µRS.

For this new index we simply add half of the signature of the crossing
form at the terminal time of the path to the formula for the Conley-
Zehnder index.

µRS(Φ(t)) =
1

2
sign(Γ(0)) +

∑

t6=0 , t a crossing

sign(Γ(t)) +
1

2
sign(Γ(T ))

This index satisfies the same axioms as µCZ as well as the new property
of catenation. This means that the index of the catenation of paths is
the sum of the indices.

vii. (Catenation axiom) Suppose that Φ1,Φ2 are two paths of
symplectic matrices which satisfy Φ1(T ) = Φ2(0). Then the
new path Ψ defined by concatenation of Φ1 with Φ2 has index
µ(Φ1) + µ(Φ2).

Both the Conley-Zehnder and Robbin-Salamon indices arise from the
Maslov index for a path of symplectic matrices as follows: first, let us
assume that H1(M,Z) = 0 and consider a closed Reeb orbit γ together
with an embedded Riemann surface Σ ⊂M such that ∂Σ = γ. To find
the relevant path of symplectic matrices with which to compute the
Maslov index, one then pulls back the contact bundle D to Σ, which
then admits a trivialization, since it is a symplectic vector bundle over
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a Riemann surface with boundary. Then one considers the linearized
Reeb flow about a Reeb orbit. This linearized flow gives the desired
path of symplectic matrices. As we shall see later when M is the
total space of an S1 orbibundle over a simply connected symplectic
orbifold, these indices are all essentially Chern numbers obtained by
evaluating Chern classes of the orbifold strata on homology classes in
Z. It is important to understand that in a contact manifold, these
indices depend on the choice of capping disk used to trivialize D. In
particular if the closed Reeb orbit γ is contractible (which is always
the case in this article), one trivializes D by choosing a capping disk Σ
of γ. If we consider another capping surface of the form Σ

′

= Σ#SA
where SA represents a two dimensional homology class A in M , then
the Conley-Zehnder index of the orbit computed with Σ

′

will differ from
that computed using Σ by twice the first Chern class of D evaluated
on A, namely

(9) µCZ(γ; Σγ#SA) = µCZ(γ; Σγ) + 2〈c1(D), A〉.

Thus, the grading depends on the choice of trivialization. In order
to address this dependence one considers the coefficients to be ele-
ments in the Novikov ring. Give H2(M,Z) a grading | · | by setting
|A| = −2〈c1(D), A〉 for any A ∈ H2(M,Z). Let R be a submodule
of H2(M,Z) with zero grading. Then the Novikov ring is the graded
group ring Q[H2(M,Z)/R] whose element are formal power series of
the form

∑
i qie

Ai where qi ∈ Q and Ai ∈ H2(M,Z)/R. Here as usual
the notation eA is used to encode the multiplicative structure of a com-
mutative ring with unit (cf. Chapter 11 of [MS04]).

Now that we have a grading we can define a graded chain complex
C∗ generated by certain closed Reeb orbits with coefficients in the ring
Q[H2(M,Z)/R]. The grading in this chain complex is given by the
Conley-Zehnder index shifted for convenience by n− 2 and denoted by
|γ|. There some Reeb orbits for which the moduli space of holomorphic
curves in C(M) cannot be given a coherent orientation [BM04], so
these ‘bad’ Reeb orbits must be discarded. Let γ be a Reeb orbit
with minimal period T , and γm be a Reeb orbit that covers γ with
multiplicity m, so the period of γm is mT . The bad orbits are those for
which the parity of the even multiples |γ2m| disagrees with the parity
for the odd multiples |γ2m−1|. A Reeb orbit that is not bad is said to
be good.

Definition 2.4. We define C∗ to be the graded chain complex freely
generated by all good closed Reeb orbits with coefficients in the Novikov
ring Q[H2(M,Z)/R].
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The differential ∂ of this chain complex is given by an algebraic count
of pseudoholomorphic curves in the symplectization C(M) of M which
come in one dimensional families. Explicitly, for γ a good closed orbit
of the Reeb vector field, M simply connected, and A a two dimensional
homology class, the differential is given by the formula

(10) ∂γ =
∑

A∈H2(M,Z)

∑

γ′

1

κγ
nγ,γ′,Ae

Āγ′,

where Ā denotes the image in H2(M,Z)/R of the homology class A,
κγ is the multiplicity of the Reeb orbit γ, nγ,γ′ is the algebraic count of
elements in the moduli space MA(γ, γ′) of J-holomorphic curves into
the symplectization of M which are asymptotically cylindrical over the
closed Reeb orbits γ, γ′ representing the homology class A. Note that
nγ,γ′,A is non-zero only if the dimension of this moduli space is 1. Unfor-
tunately, this does not always work, due to the lack of compactness of
moduli spaces of pseudoholomorphic cylinders since, indeed the bound-
ary of the compactification of this space can, in general, contain curves
with more than two punctures. However, we can instead consider the
supercommutative algebra generated by periodic orbits. This means
that instead of counting only cylinders, we now count curves with an
arbitrary number of negative punctures. This indeed gives a reasonable
homology. The proofs that ∂2 = 0 and that the homology does not de-
pend on choices of a contact form or an almost complex structure come
from analysis of the boundary of moduli spaces of rigid curves and are
discussed in [EGH00]. These results depend on abstract transversality
results for the ∂̄J operator. We will make the standing assumption that
such transversality can be achieved, either by abstract perturbations
or by the amenable geometry of the situation at hand. The signs which
appear in the algebraic count depend on coherent orientations of the
moduli space are explained in [BM04]. With this said we have

Definition 2.5. The contact homology, denoted HC, is the homology
of the complex C∗ of Definition 2.4 with differential given by Equation
(10).

In the above construction we need to make an assumption that the
critical points of the action functional (8) are isolated in order to get a
good index, i.e., we have to assume that that the Poincaré return map
constructed about any periodic Reeb orbit has no eigenvalue equal to 1.
This condition is generic; however, many natural contact forms, espe-
cially those which arise from circle orbibundles are as far from generic
as possible. In order to calculate contact homology for such mani-
folds one must make some sort of perturbation. It is only in very nice
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situations that this is not extremely difficult. The Morse-Bott version
[Bou02, Bou03, EGH00] allows us to use the symmetries of nice contact
structures and symmetric almost complex structures, by rather than
excluding non-isolated orbits, exploiting them. This is accomplished by
considering Morse theory on the quotient space, and relating critical
points, and gradient trajectories of a Morse function to pseudoholo-
morphic curves in the symplectization of the contact manifold. Since
toric contact manifolds of Reeb type are always total spaces of circle
orbibundles admitting Hamiltonian actions of tori and they admit nice
Morse functions, the Morse-Bott formalism works quite well for us. We
follow a combination of [EGH00] and [Bou02] in what follows applying
the Morse-Bott set-up to our special case.

Definition 2.6. Let (M,D) be a contact manifold with contact form
η. The action spectrum,

σ(η) = {r ∈ R|r = A(γ)}

for γ a periodic orbit of the Reeb vector field.

Definition 2.7. Let T ∈ σ(η). Let

NT = {p ∈M |φTp = p},

ST = NT/S
1,

where S1 acts on M via the Reeb flow. Then ST is called the orbit

space for period T .

When M is the total space of an S1-orbibundle the orbit spaces are
precisely the orbifold strata. Let us give the definition that our contact
form is of Morse-Bott type:

Definition 2.8. A contact form, η is said to be of Morse-Bott type

if

i. The action spectrum σ(η) is discrete.
ii. The sets NT are closed submanifolds of M, such that the rank

of dη|NT
is locally constant and

Tp(NT ) = ker(dφT − I).

Remark 2.9.These conditions are the Morse-Bott analogues for the
functional on the loop space of M. Notice that in the case of S1

orbibundles this is always satisfied.
Rather than set up Morse-Bott contact homology in full generality,

let us do this for the special case of an S1-orbibundle. In this case
the contact form is of Morse-Bott type [Bou02]. Let T1, . . . , Tm be all
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possible simple periods for closed Reeb orbits. Let φtx denote the flow
of the Reeb vector field. Let

NTj
= {x ∈M |φTj

x = x}, STj
= NTj

/S1.

For each j, we choose a Morse function fj on STj
and, using appropriate

bump functions build a Morse function, f on all of M which descends
under the quotient by the Reeb action to each orbit space. Now, we
perturb η by

(11) ηf = (1 + ǫf)η.

For almost all ǫ, the closed Reeb orbits of ηf are isolated, and, for
bounded action, they correspond to critical points of f. Note that the
Reeb orbits of η within each stratum all have the same Robbin-Salamon
index. The following formula [Bou02, CFHW96] computes the Conley-
Zehnder index of ηf in terms of the Robbin-Salamon index of any Reeb
orbit in a particular orbit space,

(12) |γ| = µCZ(γ) = µRS(γT )−
1

2
dim(STj

) + indp(fj).

It is a theorem of Bourgeois [Bou02], that we can compute the con-
tact homology of this complex using so-called generalized holomorphic
curves, where we cannot determine exactly the asymptotics, only into
which orbit space a particular curve intersects. Using this it can be
shown, up to transversality that we can compute this contact homol-
ogy via the chain complex generated equivalently by closed Reeb orbits,
as above or by the critical points of a Morse function on each stratum.
Then we define HC∗(M,D) to be the homology of this chain complex
with grading given by (12), and the differential given by counting rigid
generalized holomorphic curves, see [Bou02]. Under suitable conditions
∂2 = 0, and then this gives a well defined differential graded algebra.
Sometimes there are obstructions to invariance and ∂2 = 0, when this
happens we must consider the graded algebra generated by the above
orbits or critical points, and instead of counting cylinders we count
rigid genus 0 curves with one positive puncture and arbitrarily many
negative punctures. We now have a contact form with isolated closed
Reeb orbits. Since these orbits correspond to critical points of a Morse
function, we may think of the generators of contact homology either as
isolated orbits, or as critical points of a Morse function on each orbit
space.

Let us now consider the Morse-Bott complex. Since the closed Reeb
orbits of action less than some T0 all correspond to critical points of
our Morse function, we consider the differential graded algebra with
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coefficients in H2(Mp,Z) over the critical points of |µ2|
2 on each stra-

tum of the orbit space. This is equivalent to considering the complex
of Reeb orbits for a perturbed generic contact form with the same coef-
ficient ring. For any Reeb orbit in ST the grading is given by Equation
(12) with fj = |µ2|

2
T where |µ2|

2
T denotes the restriction of |µ2|

2 to ST .
The coefficient ring encodes information about the homology classes
of holomorphic curves which appear in the differential. Multiplication
by a ring element, A decreases the grading by 2〈c1(Dp), A〉. Here one
must use caution when computing the Robbin-Salamon index because
c1(D) 6= 0. Since the computation depends explicitly on the choice of
disk Σ used to trivialize D, we must address this dependence.

As we shall see later the index depends on certain spherical homology
classes in H2(Z,Z). One possibility is to label Reeb orbits with the
homology class corresponding to the choice of disk in M . This amounts
to labeling Reeb orbits with a subscript as in γA or by considering
pairs (γ, A). Some authors consider the Robbin-Salamon and Conley-
Zehnder indices as taking two arguments, namely a Reeb orbit and
a Riemann surface or homology class. We will often suppress this
notation in the sequel.

Now we discuss further the relationship between holomorphic curves
and Reeb orbits, which is, of course, of fundamental importance to
the task at hand. The proof of the following proposition appears
in [BEH+03].

Proposition 2.10. Let J be an almost complex structure on the sym-
plectization of a contact manifold. Suppose further that the contact
form is of Morse-Bott type. Let u be a J-holomorphic curve with finite
non-zero energy. Then there exists a time greater than 0 and a periodic
orbit γ of the Reeb vector field such that u is asymptotically cylindrical
over γ. Moreover the convergence is exponential.

This gives us the basic picture of holomorphic curves in this setting.
It remains to understand the topological structure of the space of such
curves so that we may use them to define the differential in contact
homology. The first order of business is to understand the compactness
properties of curves with prescribed positive and negative asymptotics.
Then we wish to understand the virtual dimensions of these spaces.

Although all of this can be defined in greater generality, we will
restrict attention to the case of rational curves. Given a pseudoholo-
morphic curve in the symplectization of M writing the component of
the curve in the real direction a(s, t). We call a puncture positive if a is
unbounded above, and negative if it is unbounded below. By a version
of the removable singularity theorem for pseudoholomorphic curves we
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know that curves with punctures whose cone component maps at a
finite distance can be extended over the puncture. In this paper we
consider only curves with a single positive puncture. Proposition 2.10
tells us that around punctures, holomorphic maps look like cylinders
over Reeb orbits near infinity.

2.3. Moduli Spaces of Holomorphic Curves. To define the differ-
ential we must consider moduli spaces of genus 0 J-holomorphic curves
into the symplectization of M . These curves can be considered as orbi-
sections of the line orbi-bundle associated to M as an S1 orbi-bundle
over Z with its zero section removed. We can, in principle, think of
this differential as the standard one which comes with a generic choice
of contact form. In that case, one considers different moduli spaces
than those which we are using here. The fact that the homology is the
same in both pictures comprises the main result of [Bou02].

Definition 2.11. Let (M, η) be a contact manifold such that the con-
tact form η is of Morse-Bott type. Let S+, S1, . . . , Sm denote orbit
spaces corresponding to the action by Rη. Then we define the moduli
space

(13) MJ(S
+, S1, . . . , Sk)

to be the space of J-holomorphic punctured spheres into the symplecti-
zation of M with k + 1 punctures, which are cylindrically asymptotic
to a Reeb orbit in S+ at the positive puncture and to an orbit in Si at
each negative puncture, i = 1, . . . , k.

These moduli spaces are not always compact, thus we must make
sense of the compactification in order to understand how we should
define the differential in contact homology. We want to develop an
analogue of Bott’s version of Morse theory. Recall that when critical
points of a Morse-Bott function are not isolated, yet come in fami-
lies, the differential in homology splits into an part which accounts for
gradient trajectories connecting critical submanifolds, and those which
connect critical points of a Morse function on each critical submanifold.
We think of the differential splitting into an external and an internal
piece. One can also define a similar differential on contact homology,
but now we need a more general set up for the moduli spaces. Our mod-
uli spaces consist of maps into the symplectization of M. The boundary
of this moduli space consists of broken holomorphic curves, i.e., build-
ings of curves with negative and positive asymptotics matching up at
Reeb orbits. As long as the contact form and almost complex struc-
ture is fixed we know that the compactification ofMJ(S

+, S1, . . . , Sk)
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consists of “broken trajectories,” even in the Morse-Bott case. To use
the Morse-Bott setting to compute contact homology we need to per-
turb η and J. In his thesis Bourgeois proved that when these structures
are also allowed to vary and in particular when ǫ goes to zero in the
perturbation of the contact form, then one obtains broken curves, but
now though parts of these curves converge to Reeb orbits, they no
longer “match up” in the same way as before. Now the cylindrical
parts are asymptotically cylindrical over Reeb orbits, but the lower
and upper ends are connected by cylinders over fragments of gradient
trajectories of a Morse function on the orbit space containing the Reeb
orbits over which the components are asymptotic. These are fragments
since we cannot control exactly where such a curve will approach the
orbit space. One should think of this as analogous as the situation
in ordinary Morse-Bott homology, where we have gradient trajectories
connecting different critical submanifolds, and gradient trajectories of
Morse functions within each critical submanifold. Let us now state the
definitions and theorems which make the above summary precise. All
of the following can be found in [BEH+03], or [Bou02].

These spaces are, first of all, defined in terms of stable nodal Riemann
surfaces. Let Σ denote a genus 0 Riemann surface which is possibly
disconnected. Suppose further that we are given two disjoint finite
collections of points D and V , where D has an even number of elements
which we interpret and will write as pairs (di, di) ∈ D×V ⊂ Σ. The set
D is the set of special marked points. The stability condition means
that we require the union of the two sets of marked points to have
cardinality at least 3. From such a collection we get a new (possibly
singular) Riemann surface by identifying the points of each pair (di, di).
Finally we let Z denote a finite set which we call punctures.

Definition 2.12. A stable nodal Riemann surface is a quintuple
(Σ, j, V, Z,D), where the sets V, Z and D are defined in the preceding
paragraph, and j is a complex structure on Σ.

Definition 2.13. Let (M, η) be a contact manifold, W its symplec-
tization, J an almost complex structure defined as in 2.1. A nodal

holomorphic curve, or a holomorphic building of height 1 is a
proper holomorphic map of finite energy

ũ = (a, u) : Σ \ Z−−→W = R× V

where a : Σ \ Z−→R and u : Σ \ Z−→M , and ũ satisfies ũ(di) = ũ(di)

for each pair (di, di) ∈ D × V .

We require the stability condition that at least one component of the
image of such a curve is different from a cylinder over a Reeb orbit, and
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that for each constant component of such a map, that the associated
component of Σ is stable. Moreover the set Z is divided into two
disjoint sets of positive and negative punctures.

The space of holomorphic buildings of height 1 is not compact.
Therefore we need to define the space of height k holomorphic buildings.
Suppose that we are given k possibly disconnected height 1 holomor-
phic buildings

ũm = (am, um,Mm, Zm, Dm), m = 1, · · · , k.

We can then consider the nodal Riemann surface obtained by match-
ing Reeb orbits corresponding to boundary circles around the negative
punctures of Zm to the positive punctures of Zm−1, then we know that
the positive asymptotics of um−1 match up with the asymptotics of the
negative puncture of um. Given a cross ordering on the sets M j along
with local orientation reversing diffeomorphisms from neighborhoods of
positive puncture of ũm−1 to neighborhoods of the negative punctures
of ũm, we obtain what is called a holomorphic building of height k.

The main compactness theorem for symplectizations is ([BEH+03],
Section 10)

Theorem 2.14. Given a sequence of stable holomorphic buildings of
height 1 there is a subsequence converging to a stable curve of height k.

This theorem is valid as long as the contact form, and almost complex
structure remain fixed. However, to really use the full power of the
Morse-Bott set up, one needs to see what happens when a sequence
is given where all given structures vary. In other words we have a
sequence of curves, which have non-degenerate asymptotics (i.e., the
closed Reeb orbits are isolated), where the contact form in the limit has
degenerate asymptotics (i.e., the closed Reeb orbits come in families).
The question is what does this compactification look like?

To describe the limit curves we must first look at the manifolds of
Reeb orbits coming from our contact form of Morse-Bott type. Let
T be some period of the Reeb vector field, and let NT denote the
manifold foliated by orbits of period T. We choose a Morse function,
f , on NT invariant with respect to the Reeb flow, and constant in the
normal direction to NT . Now for ǫ > 0 sufficiently small we get the
new contact form

ηǫ = (1 + ǫf)η.

We now get corresponding symplectic forms on W , and new almost
complex structures Jǫ defined by

Jǫ|D = J
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and

Jǫ
∂

∂s
= Rǫ.

Here Rǫ denotes the Reeb vector field of ηǫ. We want to see what the
limits of height one curves look like when ǫ→ 0.

Definition 2.15. A generalized holomorphic curve with l sub-

levels consists of a collection of the following data: l holomorphic
buildings of height 1 satisfying the conditions for a holomorphic build-
ing of height l with the added condition that there are l + 1 collections
of cylindrical gradient trajectories of Morse functions corresponding to
the asymptotics of each holomorphic building of height 1.

Indeed it was proved in [Bou02] that the boundary ofMJ(S
+, S1, . . . , Sk)

consists exactly of broken curves with Morse trajectories as in definition
2.15. Thus, we have

Theorem 2.16. A sequence of holomorphic curves defined as in the
previous paragraph, has a subsequence converging to a generalized holo-
morphic curve of height l as ǫ→ 0.

On the other hand, we really want to know that these generalized
holomorphic curves tell the whole story, i.e., we would like to know
that these are enough to make our computations later. More precisely,
we would like to know if, given a rigid generalized holomorphic curve
for an almost complex structure determined by our contact form of
Morse-Bott type, that there is a sequence of Jǫ-holomorphic curves
converging to it. To do this one must construct a family of approx-
imately holomorphic curves obtained by gluing together fragments of
holomorphic cylinders, and then finding nearby genuinely holomorphic
cylinders. Then one uses Floer’s Picard lemma to prove that such a
map must be surjective. A proof is sketched in [Bou02].

2.4. The differential. We define for p ∈ CH∗ the differential on gen-
erators

(14) dp = ∂MSWp+ dCHp

where ∂MSW is the differential on the Morse-Smale-Witten complex
determined by our choice of Morse function. dCH is defined by

dCHp =
∑

A∈H2(Z,Z)

∑

dimM(S+,...,Sk)/R=0

1

κp
#algM(S+, . . . , Sk)/Rq1·. . .·qne

A.

This is to be extended to the whole algebra by linearity and the graded
Leibniz rule. Here κp denoted the multiplicity of the Reeb orbit asso-
ciated to p. The qj ’s denote critical points of a Morse function, f , on
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each orbit space STj
, or alternatively closed Reeb orbits of a perturbed

contact form ηf . A denotes the homology classes of a pseudoholomor-
phic curve asymptotically cylindrical over the specified Reeb orbits
associated to each critical point. In other words, dCH counts rigid gen-
eralized pseudoholomorphic curves [Bou02] with positive asymptotics
in S+ and negative asymptotics in S1, . . . Sk. There is a sign as in the
non-degenerate case as defined in [BM04]. This will not matter much to
us since in our cases these signs never get a chance to show up. Notice
that dCH vanishes as long as the relevant moduli spaces have dimension
greater than 1 before the R quotient by translation. As mentioned be-
fore, eA is a convenient notation for keeping track of the homology class
of a rigid J-holomorphic curve. Here we have suppressed the choice of
Riemann surface trivializing an orbit corresponding to p.

Proposition 2.17. When M is the total space of an orbibundle of a
symplectic orbifold, then there are no rigid holomorphic curves into the
symplectization of M .

Proof. There is an effective R-action, as well as that of a circle on the
moduli spaces; hence, these spaces have dimension at least 2. So they
can never be rigid. �

Remark 2.18.[Note on transversality]. Though in some special cases
we can use the nice properties of toric manifolds to determine regu-
larity of the moduli spaces of curves defined above, the proofs both
of invariance of contact homology, as well as to make the proof that
the Morse-Bott complex actually computes the homology of the per-
turbed complex requires the use of abstract perturbations of the ∂̄J
operator. The authors believe that the results of Hofer, Wysocki, and
Zehnders polyfold theory shall provide a good framework for this prob-
lem, however, we make it a standing assumption that there exists an
abstract perturbation of the ∂̄J operator which makes its linearization
surjective. Proposition 2.17 requires no transversality result for the ∂̄J
operator since we can get at least these two dimensions without any
appeal to abstract Fredholm theory. This does not make the transver-
sality problem go away, however, since it is still needed in proofs of
invariance, and independence of choices. Moreover, when one wishes
to analyze higher dimensional moduli spaces by adding marked points,
one needs the relevant dimension formulae to hold, although this can
be handled in many cases using the fact that J can be chosen integrable
in these toric situations. We should also mention that, even without
the transversality assumption mentioned here, we can obtain a weaker
version of invariance as we shall see later.
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3. Toric Contact Structures of Reeb Type

It is well understood [BM93, Ler02] that toric contact structures on
manifolds of dimension greater than three come in two types, those
where the action of the torus is free, and those where it is not. The lat-
ter contain an important special subclass known as toric contact struc-
tures of Reeb type [BG00b], and the former cannot occur on S3-bundles
over S2 so we shall not consider them further in this paper. Moreover,
toric contact structures of Reeb type are always quasi-regular, and cor-
respond to convex polyhedral cones in the dual of the Lie algebra of
the torus [BG00b, Ler02].

Definition 3.1. A toric contact manifold (M,D,A) is a contact
manifold of dimension 2n + 1 together with an effective action of a
torus T of dimension n+ 1 that leaves the contact structure invariant,
i.e. if A : T ×M−−→M denotes the action map then A∗D = D.

By averaging over T we can always find a contact 1-form η repre-
senting D such that A∗η = η. In this case we also have A∗R = R for
the Reeb vector field. A toric contact manifold is said to be of Reeb
type if there is a contact form η ∈ C+(D) whose Reeb vector field lies
in the Lie algebra t of T .

Definition 3.2. Two toric contact manifolds (M,D,A) and (M ′,D′,A′)
are said to be equivariantly equivalent (or equivalent toric contact
manifolds) if there exists a diffeomorphism ϕ : M−−→M ′ such that
ϕ∗D = D′ and ϕ ◦ A = A′ ◦ ϕ.

Toric contact manifolds were classified by Lerman [Ler02]. Notice
that the first condition of Definition 3.2 says that the diffeomorphism
ϕ is a contactomorphism, while the second condition says that A′ is
conjugate to A under ϕ. So if the second condition fails the tori gen-
erated by A and ϕ−1 ◦ A′ ◦ ϕ belong to distinct conjugacy classes in
the contactomorphism group Con(M,D). Furthermore, to each such
conjugacy class there is an associated toric CR structure (D, J) which
by Theorem 7.6 of [Boy10] is unique up to biholomorphism.

3.1. Contact Reduction. It is well known (cf. [BG00b, Ler02]) that
every contact toric structure of Reeb type can be obtained by symme-
try reduction of the standard sphere by a compact Abelian group T ,
and that this is equivalent to the symplectic reduction of the standard
symplectic structure on CN \ {0} by a compact Abelian group which
commutes with the action of dilations of the cone. For this one must
choose the zero level set of the toral moment map. This equivalence
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can be described by the commutative diagram (cf. [BG08], pg 293):

(15)
S2N−1

w ←→ CN \ {0}
⇓ ⇓

M2n−1 ←→ C(M2n−1),

with dimT = N − n. According to Lerman [Ler04] π1(M) = π0(T )
and π2(M) = π1(T ) = ZdimT . This implies

Lemma 3.3. Let M be an S3-bundle over S2. Every toric contact
structure on M can be obtained by contact circle reduction of the stan-
dard contact structure on S7.

We now describe this reduction. First the standard T 4 action on C4

is zj 7→ eiθjzj , and its moment map Υ4 : C4 \ {0}−−→t∗4 = R4 is given
by

(16) Υ4(z) = (|z1|
2, |z2|

2, |z3|
2, |z4|

2).

Now we consider the circle group T (p) acting on C4 \ {0} by

(17) (z1, z2, z3, z4) 7→ (eip1θz1, e
ip2θz2, e

−ip3θz3, e
−ip4θz4),

where p denotes the quadruple (p1, p2, p3, p4) with pi ∈ Z+ and we as-
sume gcd(p1, p2, p3, p4) = 1. We have an exact sequence of commutative
Lie algebras

(18) 0−→t1(p)−→R4
˜̟
−→ t3(p)−→0

where t1(p) is the Lie algebra of T (p) generated by the vector field
Lp = p1H1 + p2H2 − p3H3 − p4H4.

Dualizing (18) gives

(19) 0−→t∗3(p)
˜̟ ∗

−→(R4)∗−→t∗1(p)−→0.

The moment map Υ1 : C4 \ {0}−−→t∗1 = R for this action is given by

(20) Υ1(z) = p1|z1|
2 + p2|z2|

2 − p3|z3|
2 − p4|z4|

2.

Now consider the 1-form

(21) η0 = −
i

2

n∑

j=0

(zjdz̄j − z̄jdzj).

on C4 \ {0} together with the vector field

(22) Rp =
∑

j

pjHj

where Hj = −i(zj
∂
∂zj
− z̄j

∂
∂z̄j

). Imposing the constraint η0(Rp) = 1

gives S7 represented as
∑

j pj |zj|
2 = 1. Then η0 pulls back to a contact
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form on S7, also denoted by η0, with Reeb vector field Rp = p1H1 +
p2H2 + p3H3 + p4H4. By a change of coordinates one easily sees that
this represents the standard contact structure on S7.

So the zero level set Υ−1
1 (0) is diffeomorphic to a cone over S3 × S3,

or equivalently restricting to S7, the zero level set of µη0 is S3 × S3,
represented by

(23) p1|z1|
2 + p2|z2|

2 =
1

2
, p3|z3|

2 + p4|z4|
2 =

1

2
.

The action of T (p) is free on this zero set if and only if gcd(pi, pj) = 1
for i = 1, 2 and j = 3, 4. So assuming these gcd conditions our reduced
contact manifold is the Mp = (S3×S3)/T (p) whose contact form is the
unique 1-form ηp satisfying ι∗η0 = ρ∗ηp where ι : µ−1

η0
(0)−−→S7 and ρ :

µ−1
η0

(0)−−→Mp are the natural inclusion and projection, respectively. In

order to identify Mp we consider the T 2(p) action on µ−1
η0 (0) ≈ S3×S3

generated by the S1 action (17) together with the S1 action generated
by the Reeb vector field Rp. We have

Definition 3.4. We say that the quadruple p = (p1, p2, p3, p4) of posi-
tive integers is admissible if gcd(pi, pj) = 1 for i = 1, 2 and j = 3, 4.
We denote the set of admissible quadruples by A.

Let us describe some obvious equivalences. We can interchange the
coordinates z1 ↔ z2, likewise z3 ↔ z4. Thus, without loss of generality
we can assume that p1 ≤ p2 and p3 ≤ p4. We can also interchange the
pairs (z1, z2) and (z3, z4).

We are now ready for

Lemma 3.5. Let p be admissible. Then quotient space of µ−1
η0 (0) ≈

S3 × S3 by the T 2(p) action is the orbifold CP(p̄1, p̄2) × CP(p̄3, p̄4)
where (p1, p2) = k(p̄1, p̄2) and (p3, p4) = l(p̄3, p̄4) with gcd(p̄1, p̄2) =
gcd(p̄3, p̄4) = 1. Moreover, the cohomology class in H2

orb(CP(p̄1, p̄2) ×
CP(p̄3, p̄4),Z) of this orbibundle is the class of the Kähler form ωp =
lωp̄1,p̄2 + kωp̄3,p̄4.

Proof. The T 2(p) action on S3 × S3 splits as a weighted S1 action on
each factor. Setting k = gcd(p1, p2) and l = gcd(p3, p4) we see after
reparameterizing that the quotient of the first factor is CP(p̄1, p̄2), and
similarly for the second factor. Note that p ∈ A implies gcd(k, l) = 1.

We have an exact sequence of groups

0−→T (p)−→T 2(p)−→S1(Rp)−→0
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where S1(Rp) is the circle generated by the Reeb vector field Rp. Thus,
we have the commutative diagram

(24) S3 × S3

π1×π2

��

ρ

((RRRRRRRRRRRRRRR

Mp .

π
vvlllllllllllllll

CP(p̄1, p̄2)× CP(p̄3, p̄4)

We want to determine the integral orbifold first Chern class (Euler
class) of the S1 orbibundle given by the southwest arrow. That is, we
look for the class aα + bβ ∈ H2

orb(CP(p̄1, p̄2) × CP(p̄3, p̄4),Z) which
transcends to the zero class on Mp where α and β are primitive classes
in each factor. (See Chapter 4 of [BG08] for a discussion of these
orbifold classes.) For this we take the Bochner-flat Kähler metrics on
the weighted projective spaces as described in [Bry01, DG06, Gau09]
whose area is 2. We denote the corresponding Kähler forms by ωp̄1,p̄2
and ωp̄3,p̄4, so that α = [ωp̄1,p̄2], and β = [ωp̄3,p̄4]. Now according to
the action (17) the circle wraps around k times on the first factor and
l times with the reverse orientation on the second. So if we take the
Kähler form to be

(25) ωp = lωp̄1,p̄2 + kωp̄3,p̄4,

its class pulls back to zero under π, since π∗[ωp̄1,p̄2] = kγ and π∗[ωp̄3,p̄4] =
−lγ where γ is a generator of H2(Mp,Z) ≈ Z. �

Under these conditions we have

Theorem 3.6. Mp is diffeomorphic to S2 × S3 if p1 + p2 − p3 − p4 is
even, and diffeomorphic to X∞, the non-trivial S3-bundle over S2, if
p1 + p2 − p3 − p4 is odd.

Proof. We know from the reduction procedure and Lemma 3.3 that
Mp is simply connected and π2(Mp) = Z. So by the Barden-Smale
classification of simply connected 5-manifolds Mp is determined by its
second Stiefel-Whitney class w2(M). Moreover, since TMp splits as
Dp plus a trivial line bundle, w2(M) is the mod 2 reduction of c1(D).
So the theorem will follow immediately from the following lemma. �

Lemma 3.7. The first Chern class of the contact bundle Dp = ker ηp
on Mp is given by

c1(Dp) = (p1 + p2 − p3 − p4)γ

where γ is the positive generator of H2(Mp,Z) ≈ Z.
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Proof. We begin by computing the orbifold first Chern class of

CP(p̄1, p̄2)× CP(p̄3, p̄4).

From [BG08] we see that p∗corb1 is given by
(26)
(p̄1 + p̄2)[ωp̄1,p̄2] + (p̄3 + p̄4)[ωp̄3,p̄4] ∈ H

2
orb(CP(p̄1, p̄2)× CP(p̄3, p̄4),Z)

which pulls back to the basic first Chern class c1(FRp
) in the basic coho-

mology groupH2
B(FRp

) under the natural projection π : Mp−−→CP(p̄1, p̄2)×
CP(p̄3, p̄4) by the circle action of Rp. Now we have an exact sequence
[BG08]

0y
H2(Mp,Z)y

0−→H0
B(FRp

)
δ
−→H2

B(FRp
)

ι∗
−−→ H2(Mp,R) −→· · ·

with ι∗c1(FRp
) = c1(Dp)R and δa = a[dηp]B. So c1(Dp)R is c1(FRp

)
mod [dηp]B where ηp is the contact form on Mp. Now since π∗ωp =
dηp, we know from the proof of Lemma 3.5 that π∗[ωp̄1,p̄2] = kγ and
π∗[ωp̄3,p̄4] = −lγ holds over Z. Thus, since π1(Mp) = {1l} we have over
Z

c1(Dp) = (p̄1 + p̄2)π
∗[ωp̄1,p̄2] + (p̄3 + p̄4)π

∗[ωp̄3,p̄4]

= k(p̄1 + p̄2)γ − l(p̄3 + p̄4)γ = (p1 + p2 − p3 − p4)γ.

This completes the proof of the lemma. �

Corollary 3.8. Every toric contact structure on an S3-bundle over S2

can be realized as an orbifold fibration over CP(p̄1, p̄2)×CP(p̄3, p̄4) for
some quadruple of positive integers (p1, p2, p3, p4) satisfying gcd(pi, pj) =
1 for i = 1, 2 and j = 3, 4 and (p1, p2, p3, p4) = (kp̄1, kp̄2, lp̄3, lp̄4). Thus,
every toric contact structure on an S3-bundle over S2 has a positive
Sasakian structure in its Sasaki cone.

Proof. The first statement follows by combining Lemma 3.3 with the
proof above, and the second statement follows since the base orbifold
CP(p̄1, p̄2)× CP(p̄3, p̄4) is log del Pezzo. �

We also have a characterization of the Sasaki cone.
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Lemma 3.9. The (unreduced) Sasaki cone t+3 (p) is given by

t+3 (p) = {R ∈ t3(p) | R =

4∑

i=1

ai̟(Hi) | piaj+pjai > 0 ∀i = 1, 2; j = 3, 4}.

Proof. The Sasaki cone is determined by the positivity condition η0(R) >
0 restricted to the zero level set of the T (p) moment map. Using Equa-
tion (23) this gives

p4(p2a1 − a2p1)|z1|
2 + p2(p4a3 − a4p3)|z3|

2 +
a2p4 + a4p2

2
> 0

from which we obtain the result. �

It is easy to see that the argument in [Ler03] can be generalized to
give

Proposition 3.10. As a complex vector bundle Dp is determined uniquely
by p1 + p2 − p3 − p4.

Let A(Mp) denote the set of homotopy classes of almost contact
structures onMp. This corresponds precisely with the homotopy classes
of almost complex structures on the cone C(Mp) [Sat77], so c1(D) is
an invariant of the homotopy class of almost contact structures.

3.2. Contact Homology for toric contact 5-manifolds. Let us
consider the differential graded algebra (DGA) discussed above. We
start with the set of critical points of a Morse function as picked earlier.
Since we are working with toric manifolds of Reeb type in dimension
5 we actually know that the fixed points of the T 3-action are isolated,
hence the norm squared of the symplectic moment map on Z is a
perfect Morse function.

We are interested in the orbit structure of the T 3(p) action on Mp.

Lemma 3.11. Consider the toric contact structure Dp on Mp, an S3-
bundle over S2. Then there are exactly four 1-dimensional orbits under
the action of T 3(p), and they are closed. Moreover, these four orbits
are Reeb orbits for all Reeb fields in the Sasaki cone t+3 (p), as well as
for a Reeb vector field in con(Mp, ηp) that is arbitrarily close to one in
the Sasaki cone. Moreover, for a generic such Reeb vector field these
are the only closed orbits.

Proof. We have an exact sequence of groups,

{0}−−→T (p)−−→T 4−−→T 3(p)−−→{0},

and we consider the action of T 3(p) on the level set given by Equation
(23) thought of as T 4/T (p). If z1 6= 0, then we can choose θ = θ1 of
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the standard T 4 angles. The remaining T 3 orbit will be 1-dimensional
only if z2 = 0 and one of the z3 or z4 is zero. This gives two closed
S1-orbits. On the other hand if z1 = 0, then we must have z2 6= 0,
so we choose θ = θ2, and as above this gives exactly the two close
orbits with either z3 or z4 vanishing. Clearly, any Reeb vector field in
t+3 leaves these Reeb orbits invariant, and since every Reeb vector field
in the Sasaki cone is arbitrarily close to a quasi-regular one, the last
statement follows from a result of Bourgeois [Bou02]. �

Let t2(p) denote the Lie algebra of T 2(p). It is generated by the two
vector fields Lp, Rp. We have an exact sequence of Lie algebras

(27) {0}−−→t2(p)−−→t4
ρ
−−→g2(p)−−→{0},

where g2(p) is generated by the vector fields H̄1 = ρ(H1), H̄3 = ρ(H3).
We have a toric symplectic orbifold

(28) (CP(p̄1, p̄2)× CP(p̄3, p̄4), ωp)

where the symplectic form is given by Equation (25), and the torus
G2(p) is generated by the Lie algebra g2(p). The moment map µ2 :
CP(p̄1, p̄2)× CP(p̄3, p̄4)−−→g2(p)∗ is given by µ2(z) = (|z1|

2, |z3|
2).

Proposition 3.12. The function f = |µ2|
2 is a perfect Morse function

on the quotient Mp/S
1 ≈ CP(p̄1, p̄2)×CP(p̄3, p̄4) whose critical points

are precisely the four Reeb orbits of Lemma 3.11.

Proof. Since the critical points are isolated f is a Morse function, and
Morse-Bott functions that are the norm squared of a moment map are
perfect [LT97]. It is easy to check directly (see also Lemma 3.1 of
[Kir84]) using the relations

H1 ≡ aH2 mod g2(p), H3 ≡ bH4 mod g2(p)

for some a, b ∈ R that f has precisely the four critical points

[1, 0]× [1, 0], [1, 0]× [0, 1], [0, 1]× [1, 0], [0, 1]× [0, 1]

and these correspond to the four Reeb orbits of Lemma 3.11. �

Theorem 3.13. In the case of circle reductions in dimension 5, which
have four Reeb orbits fixed by the T 3-action, the differential in Morse-
Bott contact homology vanishes. Moreover, the contact homology is
determined completely by the homology of the base orbifold. More pre-
cisely, it is given by the the homology groups of each orbits space. The
degree of each generator is given by the degree of the corresponding gen-
erator in homology, with a degree shift given by the Robbin-Salamon
index.
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Proof. By Proposition 2.17 there are no rigid holomorphic curves. So
dCH vanishes. But also since |µ|2 is a perfect S1-invariant Morse func-
tion, the Morse-Smale-Witten differential ∂MSW vanishes as well. Thus,
the full differential (14) vanishes. For each period of the Reeb flow, we
get a new Reeb orbit, corresponding to some critical point of f. Since
f is perfect, these critical points correspond not just to chains but to
actual homology classes. The statement about the grading follows from
12. �

The next proposition, though not a general proof of invariance of
contact homology, does tell us that we do get an invariant in the world
of S1-orbibundles, whose bases admit a perfect Morse function.

Proposition 3.14. Let M be a quasiregular contact manifold, such
that its quotient by the Reeb vector field is a symplectic orbifold which
admits a perfect Morse function. Then if M ′ is contactomorphic to
M , is quasiregular, and the quotient by its Reeb vector field is also a
symplectic orbifold which admits a perfect Morse function, then the two
contact homology algebras are isomorphic.

Proof. The conditions on M , M ′, and their bases ensure that all parts
of the differential vanish. Therefore we may construct a map between
these two algebras as in [EGH00] counting rigid curves in a symplectic
cobordism between M, M ′. The main difficulty is in seeing that this
map is a chain map. However, since the differentials vanish on both
ends, the map is trivially a chain map, hence the two contact homology
algebras are isomorphic. �

To compute the grading on contact homology it is useful to consider
a special case of the join construction [BGO07]. Since we can view
our toric sphere bundles as quotients of S3 × S3 we have a convenient
way to compute indices. This is of particular interest for strata of
positive codimension, since the orbits in the codimension 0 stratum
behave exactly as in the regular case. To define the join construction
we start with two quasiregular contact manifolds, M1,M2 with contact
forms η1, η2, and bases Z1,Z2 with symplectic forms ω1 and ω2. Then
the product M1×M2 is a T 2-bundle over Z1×Z2. We take the quotient
of M1×M2 by the action of the circle obtained by gluing together Reeb
orbits on each piece i.e.,

(29) (z, w) 7→ (eik1θz, e−ik2θw).

The admissibility conditions of Definition 3.4 are precisely the condi-
tions that guarantee that the quotient by this action is smooth in which
case it yields a new quasiregular contact manifold with base Z1 × Z2,
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contact form η1 + η2, contact distribution given by D1⊕D2, and Reeb
vector field Rη1 +Rη2 . This contact structure is exactly the one coming
from the principal circle bundle obtained by requiring that its curvature
form is the pullback of the sum of the two symplectic forms on each
base space. We obtain new Reeb orbits as equivalence classes of pairs
of Reeb orbits one from each of M1,M2. When k1, k2 are different from
1, we have a similar contact manifold, except the curvature is given
by pulling back k1 and k2 multiples of the symplectic forms, namely
dα = π∗(k2ω1 + k1ω2). In this case Reeb orbits in the new total space
will correspond to pairs, one wrapping k1 the other wrapping k2 times
(in addition to the multiplicity of the orbit as a Reeb orbit in one of
the three spheres). In the following, M1,M2 are both standard three
spheres. Index calculations on three dimensional spheres are standard,
however, we present the following lemma for completeness and also to
illustrate the inherent role of the orbifold structure.

Let us consider the contact structure on the quotient of the product
of two standard weighted three spheres with weights p1, p2, p3, p4. As
before we take k1 = gcd(p1, p2), k2 = gcd(p3, p4), and pi = pi

k1
for

i = 1, 2, and pj =
pj

k2
for j = 3, 4. We view this as a product of

hypersurfaces in C4 with coordinates (z1, z2, z3, z4) with zj = xj + iyj,
subject to the action (29). This manifold is the total space of an
orbibundle over an orbifold S2 × S2 with orbifold singularities at the
products of the north and south poles, and for the products of the
north and south poles with copies of S2 These singularities correspond
to setting one or two of the zj to 0. The Reeb vector field is given by
(30)
p1y1∂x1

−x1p1∂y1+p2y2∂x2
−p2x2∂y4+p3y3∂x3

−x3p3∂y3+p4y4∂x4
−p4x4∂y4

and the contact distribution is given by the span of the vectors

(31) −
1

p1
x2∂x1

+
1

p1
y2∂y1 +

1

p2
x1∂x2

−
1

p2
y1∂y2

(32) −
1

p1
y2∂x1

−
1

p1
x2∂y1 +

1

p2
y1∂x2

+
1

p2
x1∂y2

(33) −
1

p3

x4∂x3
+

1

p3

y4∂y3 +
1

p4

x3∂x4
−

1

p4

y3∂y4

and

(34) −
1

p3
y4∂x3

−
1

p3
x4∂y3 +

1

p4
y3∂x4

+
1

p4
x3∂y4 .
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In the following we restrict ourselves to the case where p3 = p4 = k2.
To get our hands on an orbit in the quotient, we must, for each time
around the fiber, pick an appropriate circle out of the fiber of the torus
bundle. It is easy to see that the equivalence relation gives us a circle
obtained by wrapping around the first circle k2 times and around the
second circle k1 times. Let us now parametrize the fiber. We may
choose coordinate for a Reeb orbit by:

γ(t) = (0, cos(k2p2t) + isin(k2p2t), 0, cos(p2t) + isin(p2t)).

Now when t = 1
p2

we have wrapped around the first orbit k2-times and

the second one k1 times. Here the action is 1
p2
. This is the smallest

action since we have assumed that p2 > p1. What about when the first
orbit wraps around more than once in S3? Let us see how to look at
such an orbit. This corresponds to taking

(35) γ(t) = (cos(k2p1t) + isin(k2p1t), 0, 0, cos(
p1

m
t) + isin(

p1

m
t))

where m is the multiplicity. Now when t = m
p1
, we wrap around the

first orbit mk2 times and the second one k1 times. As long as m <
min{k2, p1} we do not enter a higer dimensional orbit space. Similar
considerations remain true for z1 = 0. Let us compute the Robbin-
Salamon index of the orbits (35). To do this we must choose a disk D
with boundary γ. Such a disk can be written explicitly. We begin by
producing a disk in S3 × S3.

(36) (cos(θ), sin(θ)e2πik2p2t, cos(θ), sin(θ)e2πi
p2t

m )

The above disk clearly has boundary γ (the boundary occurs when
θ = π

2
) and we have θ ∈ [0, π

2
]. To pull back the contact distribution we

plug the coordinates into (31)-(34)
(37)

−
1

p1
sin(θ)cos(2πik2p2t)∂x1

+
1

p1
sin(θ)sin(2πik2p2t)∂y1 +

1

p2
cos(θ)∂x2

(38)

−
1

p1
sin(θ)sin(2πik2p2t)∂x1

−
1

p1
sin(θ)cos(2πik2p2t)∂y1 +

1

p2
cos(θ)∂y2

(39)

−
1

p3
sin(θ)cos(2πi

p2t

m
)∂x3

+
1

p3
sin(θ)sin(2πi

p2t

m
)∂y3 +

1

p4
cos(θ)∂x4
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and
(40)

−
1

p3
sin(θ)sin(2πi

p2t

m
)∂x3
−

1

p3
sin(θ)cos(2πi

p2t

m
)∂y3 +

1

p4
cos(θ)∂y4 .

When θ = π
2
, these 4 vectors become

1

p1

(−cos(2πik2p2t)∂x1
+ sin(2πik2p2t)∂y1),

1

p1
(−sin(2πik2p2t)∂x1

− cos(2πik2p2t)∂y1),

1

p3
(−cos(2πi

p2t

m
)∂x3

+ sin(2πi
p2t

m
)∂y3),

and
1

p3
(−sin(2πi

p2t

m
)∂x3
− cos(2πi

p2t

m
)∂y3).

Disks for the other orbits mapping into branch divisors have a similar
expression. The key point is that we only see vectors corresponding to
the coordinates which have been set to zero.

Now we can easily compute the Robbin-Salamon index of these or-
bits. Recall that given a path of symplectic matrices, Φ(t), a number
t is called a crossing if Φ(t) has an eigenvalue equal to 1. To compute
the Robbin-Salamon index of a path of symplectic matrices on [0, T ]
one computes

1

2
signature(Γ(0)) +

∑

crossings t6=0,T

signature(Γ(t)) +
1

2
signature(Γ(T )).

Here the crossing form is

ø(Φ̇(t)v, v))

restricted to the subspace on which Φ has eigenvalues equal to 1. In this
case at each crossing the crossing form is just ø(v, J0v), so this gives
signature 2 on each two dimensional subspace consisting of eigenvectors
with eigenvalue 1. At crossings the vectors above spanning D above
become − 1

p1
∂x1, −

1
p1
∂y1, −

1
l
∂x3, and −1

l
∂y3.

Recall that the linearized Reeb flow is of the form



e2πip1t 0 0 0
0 e2πip2t 0 0
0 0 e2πik2t 0
0 0 0 e2πik2t
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Each complex block of the matrix looks like
[
cos(2πpjt) −sin(2πpjt)
sin(2πpjt) cos(2πpjt)

]

The time derivative of each block looks like
[
−2πpjsin(2πpjt) −2πpjcos(2πpjt)
2πpjcos(2πpjt) −2πpjsin(2πpjt)

]

At crossings these blocks become
[

0 −2πpj
2πpj 0

]
.

The crossings which have the first two vectors as 1-eigenvectors occur
at integers multiples of 1

k2p1
, and those for the second two occur at

integer multiples of k1m
k2

. As we saw above the flow splits into two parts.
That corresponding to the first two coordinates and that corresponding
to the second two. This means the second part, for multiplicity m is
2mk1. Now we add the normal part. For orbits of multiplicity m we
get contribution 1 + 2⌊m

p1
⌋. Therefore for multiplicity m these orbits

have Robbin-Salamon index

2k1m+ 2⌊
mp2

p1
⌋ − 1,

similarly, setting p2 to zero we obtain

2k1m+ 2⌊
mp1

p2
⌋ − 1.

We label these orbits γm,i.
The goal here is to distinguish contact structures. We know that

p2−1
p2

> p1−1
p1
. We have then that the index of γ = 2(p1 − 1). This tells

us that we have p1 − 1 + p2 − 1 orbits of index less than 2(p2 − 1)
Theorem 3.13 gives us a complete picture of the contact homology of

the manifolds given by admissible 4-tuples up to knowing the Robbin-
Salamon indices. Let us spell this out in the case (p1, p2, k2, k2) In
this case there are essentially two different kinds of orbit spaces. We
have 2-dimensional orbit spaces which project to 2-spheres in the base,
and we have copies of the whole manifold. The 2-dimensional orbits
spaces consist of orbits having action k2m

pi
for pi 6 |m. The 4-dimensional

orbit spaces consist of orbits of integer action. For each 2-dimensional
orbit space, S k2m

pi

we obtain exactly two orbits contributing to contact

homology with grading difference two. We denote these orbits ˆγm,i,
and ˇγmi

corresponding to the maximum and minimum of the Morse
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function on S k2m

pi

. For such orbits with action less than 1 we have

grading

| ˆγm,i| = µRS(γm,i) + 1

| ˇγm,i| = µRS(γm,i)− 1.
(41)

For each 4-dimensional orbit space we have 4 generators for contact
homology, again corresponding to critical points. We label these

γ̂m, γ̌m, γ
s1
m , γ

s2
m

for the maximum, minimum, and two saddle points, respectively. With
a choice of disk D projecting to the spherical homology class Σ ∈
H2(Z,Q) we have

|γ̂m| = µRS(γm, D) + 2

|γ̌m| = µRS(γm, D)− 2

|γs1m | = µRS(γm, D)

|γs2m | = µRS(γm, D)

(42)

In (42) µRS(γm, D) = 2k2m〈c
orb
1 (Z), (Σ)〉. Moreover for 2-dimensional

orbit spaces with action greater than 1 by the catenation property of the
Robbin-Salamon index, we may decompose the orbit into a part with
biggest possible integer action and a part with action smaller than 1.
We then add the indices of these two orbits to get the Robbin-Salamon
index. Note that for these two dimensional orbit spaces, the tangential
part of the flow is a loop, but the normal does not complete a loop, this
explains the appearance of the summand 1 in the above formulae. Note
that, here, the Robbin-Salamon index is non-decreasing with respect
to action. Thus we may count the number of orbits with index less
than 1. This will give a count of generators of contact homology of
index less than 2(p1 + p2 + 2) − 2. From the above discussion there
are p1 − 1 + p2 − 1 such orbits coming from lower dimensional orbit
spaces, and then one coming from ǧ1. This gives exactly p1 + p2 − 1
orbits in degree less than 2(p1 + p2 +1). The discussion of the previous
paragraphs now implies proposition 3.15.

Proposition 3.15. Let (p1, p2, l, l) and (p′1, p
′
2.l

′, l′) be two admissible
4-tuples. If p1 + p2 6= p′1 + p′2, then the corresponding contact manifolds
cannot be contactomorphic.

This applies directly to the Y p,q manifolds. In this case the invariant
is 2p− 1, note that it does not depend on q.

As an application let us use the preceeding discussion to distinguish
contact structures on the toric contact 5-manifolds corresponding to
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the 4-tuple (1, 2k− 1, l, l) for positive integers k, l such that the tuple,
(1, 2k − 1, l, l), is admissible. Then we see that c1(D) = 2k − 2l. Let
us fix the first Chern class of the contact distribution and see what
happens. We see then that we must have

k =
c1(D) + 2l

2
.

Now using proposition 3.15 we see that there are 2k − 1 generators in
contact homology of degree less than 4k + 2.

3.3. A remark on the regular case. In the regular case the situation
is somewhat simpler, but on the other hand there is less information
available at first glance. In this case there is geometrically only one
orbit spaces, Z itself. To get a handle on the contact homology let
us look at the case (k, k, k − c, k − c). This gives a regular contact
manifold with c1(D) = 2c. We choose a basis L1, L2 of H2(Z,Z) So
that L1 = xS1 + yS2, and L2 lifts to a class which evaluates to 0 under
π∗ø. x, y, are chosen so that they give action 1 for a disk that projects
to L1. We define x, y as follows. Let m be the smallest number so that
mk ≡ −1 mod 3. Then we define x = km+1

c
, y = x − m. It is easy

to see that x, y satisfy the above properties. With these choices the
grading for contact homology, for orbits of action N is given by

|γ̂| = N(2x+ 2y) + 2

|γ̌| = N(2x+ 2y)− 2

and

|γ
sj

N | = N(2x+ 2y)

In this picture for N = 1, γ̌ gives the smallest possible grading. By
varying k, we obtain infinitely many distinct contact structures whose
contact distribution has the same Chern class.

3.4. Another way to distinguish contact structures. As described
in Section 2.9.2 of [EGH00] there is another situation where symplectic
field theory can be used to distinguish toric contact structures. The
following theorem is a generalization to smooth orbifolds of Proposition
2.9.4 of [EGH00]:

Theorem 3.16. Suppose we have two simply connected quasi-regular
toric contact manifolds of Reeb type in dimension 5, such that each
orbifold stratum is non-singular in the sense that its underlying space
is a smooth submanifold. Suppose that under the quotient of the Reeb
action one of the base manifolds has an exceptional sphere while the
other does not, then these two manifolds are not contactomorphic.
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Proof. We show that there is an odd element in the contact homology
algebra of one manifold specialized at a class which is not in the other
for any specialization. We assume here that all of the weights of the
torus action are greater than 1 for the manifold containing no excep-
tional spheres. As in [EGH00] the potential specialized to the Poincaré
dual of an exceptional divisor will give the potential for a standard S3,
but then for a chain which lifts to the volume form for this 3-form there
is always a holomorphic curve to kill it as a generator for homology spe-
cialized at this 3 class. Hence this homology contains no odd elements.
Let us consider first the case where the base is a manifold. We look
at the manifold containing no exceptional sphere. We must compute
the Gromov-Witten potential. Unfortunately it does not vanish, but,
for any 2-classes the potential always vanishes. This is because the
Gromov-Witten invariant

GW 0
A,k(α, . . . , α) 6= 0

for a 2-dimensional class α only if

2k = 4 + 2c1(A) + 2k − 6⇔ c1(A) = 1

But the weights make this impossible. Thus all coefficients for such
curves vanish, and the potential vanishes on Z, hence on M . So for a 3
class in the contact manifold obtained from integration over the fiber of
a two class, there is no holomorphic curve to kill it. Hence specialized
at such a 3 class we have an odd generator which does not exist in
the presence of exceptional spheres. The orbifold case is similar. The
computation for the Gromov-Witten potential on the manifold with
the exceptional sphere follows from the divisor axiom. To see that the
coefficients for the Gromov-Witten potential vanish in the case where
there is no exceptional sphere we note the Gromov-Witten invariant
is non-zero only if the first Chern class evaluated on A is equal to
one minus the degree shifting number of x, which in the absence of
exceptional spheres in the stratum in question is impossible. �

Remark 3.17. We should mention here that since the base is four
dimensional the results of [HLS97] tell us that we can indeed use the
dimension formula above for computation of the Gromov-Witten in-
variants for the manifold case. To adjust for orbifold structure we use
extra point conditions since all strata in this case are actually smooth
manifolds additionally endowed with orbifold structure.
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4. The Contact Equivalence Problem

It is the purpose of this section to prove the equivalence of cer-
tain toric contact structures that are inequivalent as toric contact
structures. If two toric contact structures Dp and Dp′ are equiva-
lent as contact structures, but inequivalent as toric contact structures,
it means that there is a contactomorphism ϕ : Mp−−→Mp′ such that
ϕ∗Dp = Dp′, but there is no T 3-equivariant contactomorphism. Then
their 3-tori correspond to distinct conjugacy classes of maximal tori in
the contactomorphism group [Ler03, Boy10].

A complete answer to the equivalence problem appears to be quite
difficult so we restrict ourselves to certain special cases of contact struc-
tures that are Seifert S1-bundles (orbibundles) over Hirzebruch surfaces
which generally has a non-trivial orbifold structure. In this case we
show that certain T 3 equivariantly inequivalent contact structures are
actually T 2 equivariantly equivalent for some subgroup T 2 ⊂ T 3.

4.1. Orbifold Hirzebruch Surfaces. In this section we study a spe-
cial class of toric contact structures on S3 bundles over S2 that can be
realized as circle orbibundles over orbifold Hirzebruch surfaces. Since
the reduction method gives all examples of such toric contact struc-
tures, it is important to make contact (no pun intended) with examples
that are known in the literature. Here we shall always assume that the
quadruple p is admissible.

When working with Hirzebruch surfaces, we often follow [GH78] (but
with slightly different notation) and represent Sn as the projectivized
bundle Sn = P(O(n) + O)−−→CP1 with fibers L = CP1, and sections
E with self-intersection number n, and F with self-intersection −n.
These define divisors in Sn and determine a basis for the Picard group
Pic(Sn) ≈ H2(Sn,Z) ≈ Z2 which satisfy E ·E = n,E ·L = 1 and L·L =
0. However, when working with symplectic forms it is convenient to
use a basis which appear for all admissible complex structures. Thus, it
is convenient to treat the even and odd Hirzebruch surfaces separately.
The even Hirzebruch surfaces S2n are diffeomorphic to S2 × S2, so we
define E0 = E − nL. Then we have

E0 ·E0 = (E−nL) · (E −nL) = E ·E− 2nE ·L+L ·L = 2n− 2n = 0.

In this case the Poincaré duals αL and αE0
are the standard area forms

for the two copies of S2. Similarly, the odd Hirzebruch surfaces S2n+1

are diffeomorphic to CP2 blown-up at a point which we denote by C̃P2.
In this case we define E−1 = E− (n+1)L which gives E−1 ·E−1 = −1.
So E−1 is an exceptional divisor. Again the Poincaré duals αL and αE−1



42 Equivalence Problem for Contact Structures on S
3-bundles over S

2

represent the standard area forms on a fiber and exceptional divisor,
respectively.

As mentioned previously the orbifolds that we encounter are of the
form (X,∆) where X is a smooth algebraic variety and ∆ is a branch
divisor. Specifically we are interested in the orbifolds (Sn,∆) where
∆ =

∑
i(1 −

1
mj

)Dj where Di are Weil divisors on Sn. We refer to

the pair (Sn,∆) as an orbifold Hirzebruch surface. We now wish to
compute the orbifold canonical divisor in this situation. Since we are
working with Q-divisors, we can express the result in terms of E0 even
though it is an honest divisor only on even Hirzebruch surfaces.

Lemma 4.1. Let (Sn,∆) be an orbifold Hirzebruch surface such that
E and F are branch divisors both with ramification index m. Then the
orbifold canonical divisor of (Sn,∆m) is

Korb
(Sn,∆m) = −

2

m
E −

2m− n

m
L = −

2

m
E0 − 2L.

Hence, (Sn,∆m) is a log del Pezzo surface (Fano) if and only if 2m > n.

Proof. We know ([GH78], pg 519) that the canonical divisor KSn
of Sn

is given KSn
= −2E + (n − 2)L = −2E0 − 2L, and the the orbifold

canonical divisor Korb
Sn,∆m

satisfies (cf. [BG08], pg 127)

Korb
Sn,∆m

= KSn
+ (1−

1

m
)
(
E + F )

)
.

Now the divisor E has self-intersection n, and the divisor F has self-
intersection −n, and since they both have intersection 1 with the fiber
L, we have (E + F ) = 2E0. Putting this together gives the formula.

The orbifold (Sn,∆m) is log del Pezzo if and only if the orbifold
anticanonical divisor −Korb

(Sn,∆m) is ample, and this happens if and only
if 2m > n by Nakai’s criterion since E and L are effective. �

4.2. Toric Contact Structures on S2×S3. The toric contact struc-
tures we describe here are not the most general, but are obtained by
setting p = (j, 2k−j, l, l). That is, we consider contact structures of the
form Dj,2k−j,l,l where the pair (k, l) is fixed with k ≥ l, and j = 1, · · · , k.
Now since p ∈ A we also have gcd(j, l) = gcd(2k − j, l) = 1. We de-
note the set of j = 1, · · · , k such that p = (j, 2k − j, l, l) is admissible
by JA = JA(k, l). The first Chern class of this contact structure is
c1(Dj,2k−j,l,l) = 2(k − l)γ where γ is a generator of H2(Mp,Z) ≈ Z.
So in this case Mp is S2× S3. The infinitesimal generator of the circle
action is Lp = jH1 + (2k − j)H2 − lH3 − lH4. Note that this case
includes the Y p,q as a special case, namely, p = k = l and q = k − j.
So Y p,q is Dp−q,p+q,p,p with p > q and gcd(p, q) = 1.
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We want to find a suitable Reeb vector field in the Sasaki cone, so
we try Rj,k,l = (2k− j)H1 + jH2 + lH3 + lH4 which clearly satisfies the
positivity condition η0(R) > 0. The T 2 action generated by Lp and
Rj,k,l is

z 7→ (ei((2k−j)φ+jθ)z1, e
i(jφ+(2k−j)θz2, e

il(φ−θ)z3, e
il(φ−θ)z4).

Making the substitutions ψ = φ− θ and χ = jψ+ 2kθ gives the action

(43) z 7→ (ei(2(k−j)ψ+χ)z1, e
iχz2, e

ilψz3, e
ilψz4).

We define gj = gcd(l, 2(k− j)) and write 2(k− j) = njgj and l = mjgj.
Then gcd(mj, nj) = 1.

Theorem 4.2. Consider the contact manifold (S2×S3,Dj,2k−j,l,l) where
1 ≤ j ≤ k satisfies gcd(j, l) = gcd(2k − j, l) = 1. Then we have

(1) The quotient space by the circle action generated by the Reeb
vector field R = (2k − j)H1 + jH2 + lH3 + lH4 is the Kähler
orbifold (Snj

,∆;ωk,l,j) where Snj
is a Hirzebruch surface, ∆ is

the branch divisor

(44) ∆ = (1−
1

mj
)(E + F ),

and ωk,l,j is an orbifold symplectic form satisfying π∗ωk,l,j =
dηk,l,j where ηk,l,j is the contact 1-form representing Dj,2k−j,l,l

whose Reeb vector field is R.
(2) The orbifold structure is trivial (∆ = ∅) if and only if l divides

2(k − j).
(3) The induced Sasakian structure is positive if and only if l >

k − j.

Proof. For (1) the idea, in the spirit of GIT quotient equals sym-
plectic quotient [Kir84, Nes84], is to identify the symplectic quotient
µ−1(0)/T 2 with a Hirzebruch surface as an analytic subspace of CP1×
CP2.

After shifting by a constant vector a = (a1, a2) the moment map of
the T 2 action (43) is

(45) µ(z) = (2(k − j)|z1|
2 + l|z3|

2 + l|z4|
2 − a1, |z1|

2 + |z2|
2 − a2).

We need to choose the constant vector a so that 0 is a regular value of
µ for all integers j, l such that 0 < j ≤ k, and 0 < l ≤ k. Alternatively,
it suffices to show that the T 2 action on µ−1(0) defined by Equation
(43) is locally free. This will be true if we choose a1, a2 > 0 and
a1 > 2(k − j)a2. Following [Aud94] it is convenient to work with the
corresponding C∗ × C∗ action on C2 \ {0} × C2 \ {0} given by

(46) z 7→ (τnjζz1, ζz2, τ
mjz3, τ

mjz4)
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where τ, ζ ∈ C∗. From this we see that the action is free if z1z2 6= 0 and
locally free with isotropy group Zmj

on the two divisors obtained by
setting z1 = 0 and z2 = 0, respectively. It is not difficult to see [Laf81]
that (z1 = 0) = E and (z2 = 0) = F .

We have a commutative diagram

(47) C2 \ {0} × C2 \ {0}

π′′

!!C
C

C
C

C
C

C
C

C
C

C
C

C
C

C
C

C
C

C
C

C
µ−1(0)?

_oo

π′

��

ρ

%%JJJJJJJJJ

Mk,l,j .

π
yyttttttttt

Zk,l,j

and we want to identify the quotient space Zk,l,j. We know from the
general theory (cf. [BG08]) that Zk,l,j is a projective algebraic orb-
ifold with an orbifold Kähler structure. Viewing Zk,l,j as the C∗ × C∗

quotient by the map π′′ of diagram (47), we can identify Zk,l,j with a
subvariety of CP1 × CP2 as in [Hir51, Laf81] as follows. If we define
homogeneous coordinates in CP1 × CP2 by setting (w1, w2) = (z3, z4)
and (y1, y2, y3) = (z

mj

2 z
nj

3 , z
mj

2 z
nj

4 , z
mj

1 ), we see that Zk,l,j is represented
by the equation

(48) w
nj

1 y2 = w
nj

2 y1.

As an algebraic variety this identifies Zk,l,j with the hypersurface in
CP1×CP2 defined by Equation (48) which is the original definition of
the Hirzebruch surface Snj

. However, the two divisors in Snj
defined

by E = (y3 = z
mj

1 = 0) and F = (z2 = 0(y1 = y2 = 0)) are both mj-
fold branch covers with isotropy group Zmj

. Thus, we have an orbifold
structure on Snj

given by Equation (44) which is trivial if and only if
mj = 1 which happens if and only if l divides 2(k − j).

Furthermore, it follows from the orbifold Boothby-Wang theorem
[BG00a] that Zk,l,j has an orbifold Kähler form ωk,l,j that satisfies
π∗ωk,l,j = dηk,l,j. This proves (1).

For (2) we note that if the orbifold structure is trivial if and only if
mj = 1 which happens if and only if gj = l divides 2(k − j). To prove
(3) we see that Lemma 4.1 states that (Snj

,∆mj
) is log del Pezzo if and

only if 2l = 2mjgj > njgj = 2(k − j). Furthermore, a quasi-regular
Sasakian structure is positive if and only if its orbifold quotient is log
Fano [BG08]. �
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Corollary 4.3. If l ≤ k − j,then the toric contact structure Dj,2k−j,l,l

on S2 × S3 has both a positive and indefinite Sasakian structure in its
Sasaki cone.

Proof. By Corollary 3.8 any toric contact structure on S2 × S3 has a
positive Sasakian structure, and by (3) of Theorem 4.2 the inequality
assures us that Dj,2k−j,l,l has an indefinite Sasakian structure. �

Notice that on subsets of JA(k, l) where gj is independent of j,
the ramification index mj is also independent of j, so the underly-
ing orbifolds are the same. Thus, it is convenient to view gj as a map
g : JA(k, l)−−→{1, · · · , l}, and we are interested in the level sets of this
map. So we decompose JA(k, l) into the level sets of g and then further
decompose the level sets according to whether nj is odd or even, that
is we define

g−1(i)even ={j ∈ JA(k, l) | gj = i, nj is even}

g−1(i)odd ={j ∈ JA(k, l) | gj = i, nj is odd}.

We can then decompose the admissible set as a disjoint union

(49) JA(k, l) =

l⊔

i=1

g−1(i)even ⊔ g
−1(i)odd

We wish to compute the symplectic form on the base orbifold.

Lemma 4.4. Let j ∈ g−1(i)even ⊂ JA(k, l) for a fixed i ∈ {1, · · · , l}
with g−1(i)even 6= ∅. Then the symplectic form ωk,l,i on the quotient
(Snj

,∆i) is independent of j and satisfies

[ωk,l,i] = iαE0
+ kαL.

Proof. We know that corb1 (Snj
) = 2

mi
αE0

+ 2αL and this must pull back

to 2(k − l)γ. So π∗αE0
= mikγ and π∗αL = −lγ. Now the class [ωk,l,i]

must transcend to 0 on S2×S3. So writing [ω] = aαE0
+ bαL and using

imi = l, we see that

0 = aπ∗αE + bπ∗αL =
(
amik − bl

)
γ = mi

(
ak − bi

)
γ.

So taking a = i and b = k gives the result. �

Lemma 4.5. Let j ∈ g−1(i)odd ⊂ JA(k, l) for a fixed i ∈ {1, · · · , l}
with g−1(i)odd 6= ∅. Then i is even and the symplectic form ωk,l,i on the
quotient (Snj

,∆i) is independent of j and satisfies

[ωk,l,i] = iαE−1
+ (k +

i

2
)αL.
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Proof. First i must be even since i = gj = gcd(l, 2(k − j)) and nj =
2(k−j)

i
is odd. The remainder of the proof is the same as that of Lemma

4.4, except for odd Hirzebruch surfaces we express the symplectic class
in term of the exceptional divisor E−1 = E0 −

1
2
L. �

Whenever possible we would like to determine the cardinalities #g−1(i)even
and #g−1(i)odd. First as seen above g−1(i)odd is empty when i is odd.
Moreover, if g−1(l) is not empty, then ∆l = ∅, so the orbifold structure
is trivial. The following lemma is due to Karshon [Kar03]

Lemma 4.6. The following hold:

(1) #g−1(l)even = ⌈k
l
⌉,

(2) #g−1(l)odd = ⌈2k−l
2l
⌉.

Example 4.7. One obtains the Y p,q of [GMSW04a] as a special case of
Theorem 4.2 by putting k = l = p and defining q = k− j. The contact
structures are then Dp−q,p+q,p,p, and the admissibility conditions boil
down to gcd(q, p) = 1. Clearly, we have c1(Dp−q,p+q,p,p) = 0. When p
is odd we have gj = 1, mj = p and Snj

= S2q, whereas if p is even we
have gj = 2, mj = p

2
and Snj

= Sq with q odd. So here we have only
two non-empty level sets of the map g, namely,

(50) JA(p, p) =

{
g−1(1)even, if p is odd;

g−1(2)odd if p is even.
.

Since the only admissibility condition is gcd(q, p) = 1 and p > q, we
see that the cardinality #JA(p, p) = φ(p) where φ is the well known
Euler phi function. For the orbifold canonical divisor Lemma 4.1 gives

Korb
(S2q ,∆) =−

2

p
E −

2(p− q)

p
L = −

2

p
E0 − 2L,(51)

Korb
(Sq ,∆) =−

4

p
E −

2(p− q)

p
L = −

4

p
E−1 − 2

p+ 1

p
L,(52)

so these are all log del Pezzo surfaces. The cohomology class of the
corresponding symplectic forms are

[ωp,p,1] = αE0
+ pαL

on the even orbifold Hirzebruch surface (S2q,∆) with ramification index
m1 = p when p is odd. For even p we have

[ωp,p,2] = 2αE−1
+ (p+ 1)αL

on the odd orbifold Hirzebruch surface (Sq,∆) with ramification index
m2 = p

2
. Note that in both cases there are precisely φ(p) values taken

on by q. Note also that p = 2 implies q = 1 only, and m2 = 1, so we
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have a trivial orbifold structure on (S1, ∅) = C̃P2. A relation between
the Y p,q toric contact structures and Hirzebruch surfaces was noted by
Abreu [Abr10].

Except for the Y p,q case of Example 4.7, we do not have a general
formula for the cardinalities #g−1(i) for i 6= l. Specific cases, of course,
are easy to work out.

Example 4.8. Consider the case (k, l) = (9, 8). We compute JA(9, 8).
The possible values of j are all odd j ≤ 9, and these all satisfy
gcd(8, 18 − j) = 1. Next, we determine gj = gcd(8, 2(9 − j)) and

nj = 2(9−j)
g

. So we have g−1(8)even = {j = 1, 9} with a trivial orb-

ifold (m8 = 1) on the Hirzebruch surfaces S2, S0, respectively. We
also have g−1(8)odd = {j = 5} with a trivial orbifold on S1, and
g−1(4)odd = {j = 3, 7} with m4 = 2 on the odd Hirzebruch sur-
faces S3, S1, respectively. Notice that the cardinalities of g−1(8)even
and g−1(8)odd agree with Lemma 4.6. In total we have #JA(9, 8) = 5.

4.3. Toric Contact Structures on X∞. For the case of X∞ we
consider p = (j, 2k − j + 1, l, l) with 0 < j ≤ k. Here we have
c1(Dj,2k−j+1,l,l) =

(
2(k − l) + 1

)
γ. We consider the Reeb vector field

R∞
j,k,l = (2k − j + 1)H1 + jH2 + lH3 + lH4 which is clearly positive.

The T 2 action generated by this vector field and Lp = jH1 + (2k− j+
1)H2 − lH3 − lH4 is

z 7→ (ei((2k−j+1)φ+jθ)z1, e
i(jφ+(2k−j+1)θz2, e

il(φ−θ)z3, e
il(φ−θ)z4).

Making the substitutions ψ = φ− θ and χ = jψ + (2k + 1)θ gives the
action

(53) z 7→ (ei(2k−2j+1)ψ+χ)z1, e
iχz2, e

ilψz3, e
ilψz4).

Similar to the previous section we define gj = gcd(l, 2k−2j+1) and
write 2k − 2j + 1 = njgj and l = mjgj. Then gcd(mj, nj) = 1.

Theorem 4.9. Consider the contact manifold (X∞,Dj,2k−j+1,l,l) where
1 ≤ j ≤ k satisfies gcd(j, l) = gcd(2k − j + 1, l) = 1. Then we have

(1) The quotient space by the circle action generated by the Reeb
vector field R = (2k− j+1)H1 + jH2 + lH3 + lH4 is the Kähler
orbifold (Snj

,∆;ωk,l,j) where Snj
is an odd Hirzebruch surface,

∆ is the branch divisor

(54) ∆ = (1−
1

mj
)(z1 = 0) + (1−

1

mj
)(z2 = 0),

and ωk,l,j is an orbifold symplectic form satisfying π∗ωk,l,j =
dηk,l,j where ηk,l,j is the contact 1-form representing Dj,2k−j+1,l,l
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whose Reeb vector field is R. Here the integers l, gj, nj, mj are
all odd.

(2) The orbifold structure is trivial (∆ = ∅) if and only if l divides
2k − j + 1.

(3) The induced Sasakian structure is positive if and only if 2l >
2(k − j) + 1.

Proof. The proof is essentially the same as that of Theorem 4.2. The
details are left to the reader. �

Similar to Corollary 4.3 we have

Corollary 4.10. If 2l ≤ 2(k − j) + 1,then the toric contact structure
Dj,2k−j+1,l,l on X∞ has both a positive and indefinite Sasakian structure
in its Sasaki cone.

We denote the set of j = 1, · · · , k such that p = (j, 2k− j+1, l, l) is
admissible by J∞

A
= J∞

A
(k, l). Since the integers gj, nj are both odd for

all j ∈ JA(k, l), the map g maps the set JA(k, l) to the set of positive
odd integers less than or equal to l. Thus, we have

(55) J∞
A

(k, l) =
l⊔

odd i=1

g−1(i)

Similar to Lemmas 4.4,4.5 and 4.6 we find

Lemma 4.11. Let j ∈ g−1(i) ⊂ J∞
A

(k, l). Then the symplectic form
ωk,l,i on the quotient Snj

is independent of j and satisfies

[ωk,l,i] = iαE−1
+ (k +

i+ 1

2
)αL.

Furthermore, #g−1(l) = ⌈2k−l+1
2l
⌉.

Example 4.12. We consider the analogue on X∞ of Example 4.7, so
(k, l) = (p, p) with p odd and j = p − q. The contact structure is
Dp−q,p+q+1,p,p with c1(Dp−q,p+q+1,p,p) = 1. The admissibility conditions
are gcd(q, p) = 1 = gcd(q+1, p). The function g satisfies gj = gcd(2q+
1, p). If p is prime then the set of admissible q is {1, · · · , p − 2}, and
g = 1 except when q = p−1

2
in which case g = p. The latter is smooth

and corresponds to the trivial orbifold (S0, ∅). This has symplectic
class

[ωp,p] = pαE−1
+

3p+ 1

2
αL;

whereas, the p− 3 elements in g−1(1) have symplectic class

[ωp,p] = αE−1
+ (p+ 1)αL.
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For a case when p is not prime consider p = 9. Then J∞
A

(9, 9) =
{2, 5, 8} which corresponds to q = 7, 4, 1. We see that g−1(9) = {5}
giving the smooth first Hirzebruch surface (S1, ∅) with symplectic class
[ω9,9,9] = 9αE−1

+ 14αL, while, g−1(3) = {2, 8} giving the orbifold
Hirzebruch surfaces (S5,∆) with m2 = 3, and (S1,∆) with m8 = 3,
respectively, with symplectic class [ω9,9,3] = 3αE−1

+ 11αL.

4.4. Equivalent Contact Structures. Here we show that certain in-
equivalent toric contact structures are equivalent as contact structures.
The proof uses the fact that the identity map (Sn,∆m)−−→(Sn, ∅) is
a Galois cover, and combines this with the work of Karshon [Kar99,
Kar03] for the smooth case.

Theorem 4.13. Consider the toric contact structures (S2×S3,Dj,2k−j,l,l)
and (X∞,Dj,2k−j+1,l,l) of Theorem 4.2 and 4.9, respectively. Then,

(1) for each fixed 1 ≤ i ≤ l, the contact structures Dj,2k−j,l,l are T
2-

equivariantly isomorphic for all j ∈ g−1(i)even, and the contac-
tomorphism group Con(Dj,2k−j,l,l) has at least #g−1(i)even con-
jugacy classes of maximal tori of dimension 3;

(2) for each fixed 1 ≤ i ≤ l, the contact structures Dj,2k−j,l,l are T
2-

equivariantly isomorphic for all j ∈ g−1(i)odd, and the contac-
tomorphism group Con(Dj,2k−j,l,l) has at least #g−1(i)odd con-
jugacy classes of maximal tori of dimension 3;

(3) for each fixed 1 ≤ i ≤ l, the contact structures Dj,2k−j+1,l,l

are T 2-equivariantly isomorphic for all j ∈ g−1(i) ⊂ J∞
A

(k, l),
and the contactomorphism group Con(Dj,2k−j+1,l,l) has at least
#g−1(i) conjugacy classes of maximal tori of dimension 3;

(4) The T 2-equivariantly isomorphic contact structures in items (1)−
(3) are not T 3-equivariantly isomorphic.

Proof. The proof of (1)-(3) are quite analogous, so we give the details
for (1) only. By Theorem 4.2 the contact structure is the orbifold
Boothby-Wang construction over the symplectic orbifold (Snj

, ωk,l,j)
and by Lemma 4.4 the form ωk,l,j only depends on gj = i. Then for each
j ∈ g−1(i)even we consider the Galois cover 1lnj

: (Snj
,∆mi

)−−→(Snj
, ∅)

with nj even, and both spaces having the same Kähler form, namely
ωk,l,i of Lemma 4.4. Now Karshon [Kar03] shows that (Snj

, ∅) and
(Snj′

, ∅) are S1-equivariantly symplectomorphic with the same sym-

plectic form ωk,l,i (but not the same Kähler structure) as long as 0 ≤
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j′ = j − 2r for some non-negative integer r. We denote such a sym-
plectomorphism by K. Now we have a commutative diagram

(56)

(Snj
,∆mi

)
Ki

−−−−→ (Snj′
,∆mi

)y1lnj

x1l−1
n

j′

(Snj
, ∅)

K
−−−−→ (Snj′

, ∅)

which defines the upper horizontal arrow Ki and shows that it too is
an S1-equivariant symplectomorphism. We claim that Ki is also an
orbifold diffeomorphism. This follows from Lemma 4.14 below. But
then as shown in [Ler03, Boy10] this symplectomorphism lifts to a T 2-
equivariant contactomorphism.

Here, and hereafter, by g−1(i) we mean any of the three sets g−1(i)even,
g−1(i)odd, or g−1(i) ⊂ J∞

A
(k, l). Since our contact structures are inde-

pendent of j ∈ g−1(i) up to isomorphism, we now denote the con-
tact structures of items (1),(2) and (3) by Dk,l,i,e,Dk,l,i,o, and Dk,l,i,∞,
respectively. To prove (4) we first notice that as in [Kar03] the orb-
ifold symplectomorphism Ki is only S1-equivariant, not T 2-equivariant.
So the corresponding 2-tori belong to different conjugacy classes in
the group Ham((B,∆mi

), ωk,l,i) of Hamiltonian symplectomorphisms,
where B is the symplectic orbifold ((S2×S2,∆mi

)ωk,l,i) or ((X∞,∆mi
)ωk,l,i)

as the case may be. But then by Theorem 6.4 of [Boy10] these lift
to non-conjugate 3-tori in Con(Dk,l,i,e). Hence, the contact structures
Dj,2k−j,l,l for different j ∈ g−1(i) are inequivalent as toric contact struc-
tures. The same holds for Dj,2k−j+1,l,l. �

Lemma 4.14. The Karshon symplectomorphism K of diagram (56)
leaves the divisors (z1 = 0) and (z2 = 0) invariant.

Proof. The T 2 action on any orbifold Hirzebruch surface (Sn,∆m) can
be taken as

(57) ([w1, w2]× [y1, y2, y3]) 7→ ([τw1, w2]× [τny1, y2, ρy3])

where, as in the proof of Theorem 4.2, the coordinates are (w1, w2) =
(z3, z4) and (y1, y2, y3) = (zm2 z

n
3 , z

m
2 z

n
4 , z

m
1 ). By Proposition 4.1 of

[Kar99] K is an S1-equivariant symplectomorphism, where the S1 is
that generated by ρ, and the fixed point set of this action is the dis-
joint union (z1 = 0) ⊔ (z2 = 0). But by Proposition 4.3 of [Kar99] K
also intertwines the two S1 moment maps. But in both cases these are
represented by µS(z) = |z1|

2. So the divisors (z1 = 0) and (z2 = 0) are
left invariant separately by K. �
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(0, k + n
2
i)

slope −n

(0, 0) (i, 0)

(i, k − n
2
i)

◦

◦ ◦

◦
m

m

Figure 1. The Hirzebruch trapezoid with label m on
the two vertical axes corresponding to an orbifold Hirze-
bruch surface (Sn,∆m).

Remark 4.15. Using the Delzant theorem for symplectic orbifolds
in [LT97], it is straightforward to construct the labeled polytope cor-
responding to the symplectic orbifold ((Sn,∆m), ωk,l,i). It is the la-
beled Hirzebruch trapezoid shown in Figure 1. The Galois cover 1lSn

:
(Sn,∆m)−−→(Sn, ∅) induces a map on this Hirzebruch trapezoid that
simply removes the labels on the vertical edges. This implies that the
corresponding Karshon graphs [Kar99] are the same. Hence, Theo-
rem 4.1 of [Kar99] easily generalizes to the types of orbifolds consider
here, and the symplectomorphism Ki in diagram 56 can be constructed
directly from this.

4.5. Inequivalence of Contact Structures. As discussed previously
the inequivalence of contact structures is detected first by the first
Chern class c1(D) and then by contact homology. The contact struc-
tures Dj,2k−j,l,l and Dj,2k−j+1,l,l are clearly inequivalent since they live
on different manifolds, so adopting Proposition 3.15 to our current no-
tation we have

Theorem 4.16. The contact structures Dj,2k−j,l,l and Dj′,2k′−j′,l′,l′, and
Dj,2k−j+1,l,l and Dj′,2k′−j′+1,l′,l′ are inequivalent if k′ 6= k.

Remark 4.17. Unfortunately, combining Theorems 4.13 and 4.16 does
not answer our equivalence problem completely even in our restrictive
cases. For example, it would be nice to know that the Dj,2k−j,l,l are
all contact equivalent as j runs through all admissible values from 1 to
k. However, our equivalence statement in Theorem 4.13 only assures
equivalence on the level sets of the map g, i.e. if we fix i ∈ {1, · · · , l},
then Dj,2k−j,l,l are equivalent for all j ∈ g−1(i). Nevertheless, this is
enough to give a complete answer to the equivalence problem for the
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Y p,q of [GMSW04a] which in our notation is Dp−q,p+q,p,p. See Corollary
4.21 below.

The general case with vanishing first Chern class c1(D) was stud-
ied in [CLPP05, MS05] where it was shown that all the toric contact
structures admit a compatible Sasaki-Einstein metric. These depend
on three parameters a, b, c with values in Z+ which in our notation is
given by Da,b,c,a+b−c. Except for the subclass Y p,q these fall outside of
the scope of our analysis.

Another statement of contact inequivalence is obtained as an imme-
diate consequence of Theorem 3.16, namely

Corollary 4.18. The contact structures on S2×S3 described by items
(1) and (2) of Theorem 4.13 are inequivalent.

4.6. Applications of our Results. Actually more is true than proven
in Theorem 4.13. Since the base orbifolds (Snj

,∆mi
) have the same

symplectic form ωk,l,i for all j ∈ g−1(i), this lifts to a contactomorphism
ϕ : Dj,2k−j,l,l−−→Dj′,2k−j′,l,l such that ϕ∗ηj′,2k−j′,l,l = ηj,2k−j,l,l. Since the
reduction process carries a preferred complex structure J along with it,
the different indices j represent different transverse complex structures
J . So by using the contactomorphisms ϕ for each admissible j, we have

Corollary 4.19. The contact structures Dk,l,i,e, and Dk,l,i,o on S2×S3

and Dk,l,i,∞ on X∞ each admit a Sasaki bouquet BN of toric Sasakian
structures with N = #g−1(i). Furthermore, the intersection ∩jκ(D, Jj)
of all the Sasaki cones is an open subset of the Lie algebra t2 of a 2-
dimensional torus.

Example 4.20. Consider the contact structure D12,8,2,o on S2 × S3.
The admissible j’s are j = 1, 3, 5, 7 and gj = 2 for all j. So (ii) of
Theorem 4.13 gives a T 2-equivariant contact equivalence of the T 3-
equivariantly inequivalent toric contact structures

D1,23,8,8 ≈ D3,21,8,8 ≈ D5,19,8,8 ≈ D7,17,8,8.

This implies that the number of conjugacy classes n(D12,8,2,o, 3) of 3-
tori in Con(D12,8,2,o) is at least 4. Furthermore, by (3) of Theorem
4.2 the induced Sasakian metrics are positive for D5,19,8,8 and D7,17,8,8,
whereas they are indefinite for the remaining two.

Another contact structure with the same first Chern class as D12,8,2,o,
namely c1 = 8γ, is D14,10,2,o. This consists of the two T 3-equivariantly
inequivalent toric contact structures D1,27,10,10 and D7,21,10,10, but only
for the latter is the induced Sasakian structure positive. In this case
we have n(D14,10,2,o, 3) ≥ 2. Moreover, it follows from Theorem 4.16
that the contact structures D12,8,2,o and D14,10,2,o are inequivalent.
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As mentioned previously there is one subclass of contact structures
on S2×S3 where a complete solution to the equivalence problem can be
obtained, and they are all known to admit extremal (actually Sasaki-
Einstein) metrics.

Corollary 4.21. The contact structures Y p,q and Y p′,q′ on S2×S3 are
inequivalent if and only if p′ 6= p. Furthermore, the isotopy class of
the contact structure defined by Y p,1 admits a φ(p)-bouquet Bφ(p)(Y

p,q)
such that each of the φ(p) Sasaki cones admits a unique Sasaki-Einstein
metric. Moreover, these Einstein metrics are non-isometric as Rie-
mannian metrics.

Proof. Applying Theorem 4.13 to Example 4.7 shows that Y p,q is con-
tactomorphic to Y p,1 for all admissible q. But Abreu and Macarini
[AM10] show that the underlying contact structures of Y p,1 and Y p′,1

are inequivalent if p′ 6= p. (This also follows from Proposition 3.15.)
By Corollary 4.19 there are precisely φ(p) Sasaki cones in the bouquet.
The fact that there is a Sasaki-Einstein metric in the Sasaki cone for
each Y p,q was first shown in [GMSW04a] while its uniqueness in the
Sasaki cone is proved in [CFO08].

To prove the last statement suppose to the contrary that the Sasaki-
Einstein metrics gq and gq′ are isometric, that is there is a diffeo-
morphism ψ of S2 × S3 such that ψ∗gq′ = gq. Then by a theorem
of Tanno [Tan70] (see also Lemma 8.1.17 of [BG08]) the transformed
Sasakian structure Sψ is either Sq itself or its conjugate Sasakian struc-
ture Scq = (−Rq,−ηq,−Φq, gq). In either case ψ is a contactomorphism

from Y p,q to Y p,q′ satisfying ψ−1 ◦ Φq′ ◦ ψ = ±Φq. But this implies
that the corresponding 3-tori are conjugate which contradicts (4) of
Theorem 4.13. �

Example 4.22. The analogues of the Y p,qs on the non-trivial bundle
X∞ are described in Example 4.12. For simplicity we consider only the
case when p is an odd prime in which case there are p − 3 admissible
values for q, namely 1, · · · , p−1

2
− 1, p−1

2
+1, · · · , p− 2. These inequiva-

lent toric structures are T 2-equivariantly equivalent contact structures
by (3) of Theorem 4.13 and their induced Sasakian structures are all
positive by (3) of Theorem 4.9. Moreover, the contactomorphism group
of this contact structure has at least p − 3 maximal tori of dimension
3.

4.7. Some Remarks Concerning Extremal Sasakian Structures.

As with Kähler geometry it is of interest to determine the most pre-
ferred Sasakian metrics, and as in Kähler geometry it seems reasonable
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to study the critical points of the (now transverse) Calabi functional
[BGS08, BGS09]. In [Boy11b] the first author described bouquets of
extremal Sasakian structures on S3-bundles over S2, and the existence
of extremal Sasakian metrics on X∞ was proven. It is not our intention
here to delve much further into the existence of such extremal Sasakian
structures, but rather discuss briefly their relation to our current work.

Corollary 4.19 gives a partial generalization of Theorems 4.1 and 4.2
of [Boy11b]. In this reference it was shown that when the quotient
by the Reeb vector field is a smooth manifold, each Sasaki cone in a
bouquet admits an extremal Sasakian metric. This follows from well
known work of Calabi. It would be interesting to generalize this to the
orbifold case by generalizing the method of [GK07] to extremal metrics.

As with toric symplectic structures, all toric contact structures of
Reeb type admit a compatible Sasakian metric [BG00b]. Furthermore,
in our present situation we have

Corollary 4.23. Every toric contact structure on an S3 bundle over
S2 admits extremal Sasakian metrics with positive Ricci curvature.

Proof. By Corollary 3.8 every toric contact structure on an S3 bun-
dle over S2 can be realized as an orbifold fibration over a product
of weighted projective spaces CP(p̄1, p̄2) × CP(p̄3, p̄4) and have posi-
tive Sasakian structures. By a result of Bryant [Bry01] all weighted
projective spaces admit Bochner-flat metrics and these are extremal
[DG06], and the product of extremal Kähler metrics is extremal. So
these extremal Kähler orbifold metrics lift to extremal Sasakian met-
rics [BGS08] which since CP(p̄1, p̄2) × CP(p̄3, p̄4) is log del Pezzo will
have a deformation to a Sasakian metric with positive Ricci curvature
by Theorem 7.5.31 of [BG08]. Moreover, it follows from a theorem of
Calabi [Cal85] that the toric symmetry is retained by these metrics. �

Corollary 4.23 implies that each Sasaki cone in every Sasaki bouquet
BN of toric contact structures on an S3 bundle over S2 admits extremal
Sasakian metrics of positive Ricci curvature. Since the moment cone of
any S3 bundle over S2 has exactly 4 facets, recent results of Legendre
[Leg11b, Leg11a] show that every toric contact structure on an S3

bundle over S2 admits at least one and at most seven distinct rays in
the Sasaki cone consisting of Sasakian structures whose metrics have
constant scalar curvature. Moreover, she shows that for the Wang-
Ziller manifolds M1,1

k,l with k > 5l there exist two distinct rays in the
Sasaki cone whose Sasakian metrics have constant scalar curvature.
This corresponds to the case (p̄1, p̄2) = 1 = (p̄3, p̄4) of Lemma 3.5.
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An interesting question which appears to be unknown at this time
is whether any Sasaki cones on these toric contact structures are ex-
hausted by extremal Sasaki metrics. There are only several known cases
where this occurs, namely, the standard CR structure on the spheres
S2n+1 [BGS08], the Heisenberg group [Boy09], and T 2-invariant contact
structures of Reeb type on T 2 × S3 [BTF11].

Appendix: Orbifold Gromov-Witten invariants

In this appendix, for the convenience of the reader, we layout some
framework and definitions for Gromov-Witten invariants and the so-
called Gromov-Witten potential for compact symplectic manifolds and
orbifolds. In this paper we only consider the genus 0 invariants. The
Gromov-Witten invariants that we are interested in occur in the base
orbifold Z of an orbibundle π : M−−→Z with dim(M) = 5. Hence
we are in the semipositive case and we can define the Gromov-Witten
invariants as in [MS04]. Our version of Gromov-Witten theory for sym-
plectic orbifolds comes from [CR02]. The main difference here is that
our marked points, and hence our cohomology classes taken as argu-
ments for the invariant have constraints determining in which orbifold
stratum the curves in question lie. This is an issue since generally some
homology classes may live in several strata.

Roughly speaking a Gromov-Witten invariant is a count of rigid J-
holomorphic curves representing a homology class A ∈ H2(M,Z)/(torsion)
in general position with marked points in a symplectic manifold M for
which the marked points are mapped into the Poincaré duals of certain
cohomology classes. For example we may ask how many spheres, (or
lines), intersect 2 generic points in CPn. In this case we have 2 marked
points, a top cohomology class, and for A the class of a line, [L].

To make this precise let (M,ω) be a compact symplectic manifold, let
J be an ω-compatible almost complex structure. Consider the moduli
space

MA
0,k(M,J)

of genus 0 stable J-holomorphic curves into M representing the class
A and assume here that we have regularity of the relevant linearized
Cauchy-Riemann operator for the class A, either via some circum-
stances or by some sort of abstract perturbation argument. Note also
that when we discuss Gromov-Witten theory for compact symplectic
manifolds we will consider only somewhere injective curves. We define
maps

evj :MA
0,k(M,J)→M
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and
ev :MA

0,k(M,J)→M×k

by evaluation at the marked points.
By semipositivity the evaluation map represents a submanifold of

M×k of dimension

2n+ 〈2c1(M), A〉 + 2k + 6.

Now we define the Gromov-Witten invariant as a homomorphism

GWM
A,k : H∗(M)⊗k ⊗H∗(M

A
0,k(M.J))→ Q

encoded formally as the integral

GWM
A,k(α1, . . . , αk) :=

∫

MA
0,k

(M.J)

ev∗1α1 ∪ · · · ∪ ev
∗
kαk ∪ π

∗[MA
0,k(M.J)].

This is the definition for manifolds. This definition can be used
without the semipositivity condition as long as there is a construction
of an appropriate object on which to integrate. Since we will be working
in dimension 4 this will not be an issue.

To extend this definition to orbifolds, there are issues with the defini-
tions of J-holomorphic curves, since the idea of a map between orbifolds
can be a rather sticky issue. We content ourselves, here, to know that
we have a notion of good map, and we will defer to [CR04, CR02] for
the analytic set-up. With that said, we still must extend the definition
above so that it makes sense in a stratified space. We should also note
that the orbifold cohomology of Chen and Ruan is not the same as the
orbifold cohomology mentioned earlier. This cohomology is simply a
way to organize how various classes interact with the stratification of
the orbifold. As in the manifold case we start with a compact sym-
plectic orbifold, Z and pick a compatible almost complex structure J.
We then consider moduli spaces of (genus 0) J-holomorphic orbicurves
into M representing a homology class A ∈ H2(Z,Q). But we now need
to consider a new piece of data which organizes the intersection data
so that it is compatible with the stratification. The extra data will be
defined by a k-tuple x, of orbifold strata, (Z1, . . . ,Zk). The length k
of x should coincide with the number of marked points. We will write
such a moduli space as

MA
0,k(Z, J,x),

and require that the evaluation takes the j-th marked point into Zj.
The compactification is similar to the manifold case, and consists of
stable maps with the obvious adjustments, the caveat being that we
must choose our lift to an orbicurve. After an appropriate construction
of cycles as in the manifold case, Chen and Ruan use a virtual cycle
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construction, so we can define this invariant as in the smooth case
above, but we integrate over (the compactification of) MA

0,k(Z, J,x).
We will write these invariants

GWZ
A,k,x(α1, . . . , αk).

Another key difference is that this moduli space differs from the
predicted dimension in the smooth case by a factor of −2ι(x), the so-
called degree shifting number. (Again for the definition see [CR02].)
The Gromov-Witten invariants satisfy a list of axioms developed by
Kontsevich and Manin [KM94, KM97]. We will not list all of the
axioms, but will mention only some which are used in the text. We use
the orbifold notation, for a manifold we would just delete x from the
notation, setting ι(x) = 0.

i. Effective: GWZ
A,k,x(α1, . . . , αn) = 0 as long as ω(A) < 0.

ii. Grading: GWZ
A,k,x(α1, . . . , αn) 6= 0 only if

∑

j

deg(αj) = dim(Z) + 2c1(A) + 2k − 6− 2ι(x).

iii. Divisor: Let xj = x with the jth component removed. Sup-
pose that for each each component of x, xi that if xi is mapped
into the orbifold singular locus, that that stratum is non-singular
as a variety. If deg(αn) = 2 then

GWZ
A,k,x(α1, . . . , αn) = (

∫

A

αn)GW
Z
A,k−1,xn(α1, . . . , αn−1).

Now we are in a position to define the Gromov-Witten potential.
This is a generating function which gives a formal power series whose
coefficients give Gromov-Witten invariants. It is a way to organize all
the information from these invariants into one big package.

We give the definition here for the manifold case. Pick a basis of
H2(M), a1, . . . , an, for a vector t and a cohomology class a, write a :=
at =

∑
i tiai.

Definition 4.24. Let (M,ω) , J be as above. Define the genus 0
Gromov-Witten Potential as

f(at) =
∑

A

∑

k

1

k!
GWM

A,k(at, . . . , at)z
c1(A).

The corresponding formula for orbifolds is obtained by accounting for
the vector x.
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