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Abstract. We study the Sasaki cone of a CR structure of Sasaki type on a
given closed manifold. We introduce an energy functional over the cone, and
use its critical points to single out the strongly extremal Reeb vectors fields.
Should one such vector field be a member of the extremal set, the scalar
curvature of a Sasaki extremal metric representing it would have the smallest
L2-norm among all Sasakian metrics of fixed volume that can represent vector
fields in the cone. We use links of isolated hypersurface singularities to produce
examples of manifolds of Sasaki type, many of these in dimension five, whose
Sasaki cone coincides with the extremal set, and examples where the extremal
set is empty. We end up by proving that a conjecture of Orlik concerning the
torsion of the homology groups of these links holds in the five dimensional
case.

1. Introduction

The study of a Sasakian structure goes along with the one dimensional foliation
on the manifold associated to the Reeb vector field. In the case where the orbits
are all closed, the manifold has the structure of an orbifold circle bundle over a
compact Kähler orbifold, which must be algebraic, and which has at most cyclic
quotient singularities. For a long time, techniques from Riemannian submersions,
suitably extended, were used to find interesting canonical Sasakian metrics in this
orbibundle setting. This led to the common belief that the only interesting such
metrics occurred precisely in this setting. Compact Sasakian manifolds with non-
closed leaves —irregular Sasakian structures— were known to exist, but there was
no evidence to suspect they could be had with Einstein metrics as well. It was
thought reasonable that all Sasaki-Einstein metrics could be understood well by
simply studying the existence of Kähler-Einstein metrics on compact cyclic orb-
ifolds.

The existence of Sasaki-Einstein metrics is of great interest in the physics of
the famous CFT/AdS Duality Conjecture, and the discovery of irregular Sasaki-
Einstein structures [18] was a rather remarkable feat, in particular if we take into
account their rather explicit depiction in coordinates. An attempt to study them
using a treatment inspired in the use of classical Lagrangians, replaced in this con-
text by a Riemannian functional whose critical points define the canonical metrics
we seek, was started in [13] using the squared L2-norm of the scalar curvature as the
functional in question, with its domain restricted to the space of metrics adapted
to the geometry of the underlying Sasakian structure under consideration. This
choice of Lagrangian is well known in Kähler geometry, which was and remains a
guiding principle to us, and is quite natural since Sasakian geometry sits naturally
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in between two Kähler geometries, that of the transversals to the one dimensional
foliations associated to the Reeb vector field, and that of the metric cones inside
which the Sasaki manifolds sits as a base. Not surprisingly, the Sasakian metrics
that are critical points of the Lagrangian we use are those that are transversally
extremal in the sense of Calabi, and several important results known in Kähler
geometry have now a counterpart in the Sasakian context [13, 17] also.

In the theory we developed [13], a given CR structure (D, J) of Sasaki type is
the analogue in the Sasaki context of a complex structure on a manifold of Kähler
type, and the Reeb vector field ξ in a Sasakian structure with (D, J) as underlying
CR structure is the analogue of a choice of a class in the Kähler cone. The Sasaki
cone κ(D, J) of the CR structure arises naturally, and ξ ∈ κ(D, J) is said to be
canonical or extremal if there exists a Sasakian structure (ξ, η, Φ, g), with underlying
CR structure (D, J), for which the metric g in the structure is Sasaki extremal. The
set of vector fields in the cone for which this happens is denoted by e(D, J). In
this article we present a number of examples where κ(D, J) = e(D, J), as well as a
number of examples where e(D, J) is the empty set.

In the cases where κ(D, J) = e(D, J), it is natural to ask which is the optimal
choice we could make of a Reeb vector field, be as it may that each one admits a
Sasaki extremal representative. In effect, this question turns out to be natural in
general, even in the cases where e(D, J) is the empty set. We briefly discuss this
here also, introducing the notion of strongly extremal Reeb vector field. A detailed
elaboration of this idea will appear elsewhere.

The specific examples we give are links of isolated hypersurface singularities. For
these manifolds, there is a long standing conjecture of Orlik whose validity would
describe the torsion of their homology groups. We present a proof of this conjecture
in dimension five, as obtained recently by the second author.

This article developed from partial results obtained by the three authors while
working on an ongoing project. It is presented here by the first and last author in
memory of their friend and collaborator KRIS GALICKI.

2. Preliminaries on Sasakian geometry

A contact metric structure (ξ, η, Φ, g) on a manifold M is said to be a Sasakian
structure if (ξ, η, Φ) is normal. A smooth manifold provided with one such structure
is said to be a Sasakian manifold, or a manifold of Sasaki type. We briefly spell
out the meaning of this definition in order to recall the relevant geometric set-up it
brings about. A detailed discussion of Sasakian and contact geometry can be found
in [7].

The triple (ξ, η, Φ) defines an almost contact structure on M . That is to say, ξ
is a nowhere zero vector field, η is a one form, and Φ is a tensor of type (1, 1), such
that

η(ξ) = 1 , Φ2 = −1l + ξ ⊗ η .

The vector field ξ defines the characteristic foliation Fξ with one-dimensional leaves,
and the kernel of η defines the codimension one sub-bundle D. We have the canon-
ical splitting

(1) TM = D⊕ Lξ ,

where Lξ is the trivial line bundle generated by ξ.
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The sub-bundle D inherits an almost complex structure J by restriction of Φ,
and the dimension of M must be an odd integer, which we set be 2n + 1 here.
When forgetting the tensor Φ and characteristic foliation, the sub-bundle D by
itself defines what is called a contact structure on M .

The Riemannian metric g is compatible with the almost contact structure (ξ, η, Φ),
and so we have have that

g(Φ(X), Φ(Y )) = g(X, Y )− η(X)η(Y ) .

Thus, g induces an almost Hermitian metric on D. This fact makes of (ξ, η, Φ, g)
an almost contact metric structure, and in that case, the canonical decomposition
(1) is orthogonal. The orbits of the field ξ are geodesics, a condition that can be
re-expressed as ξ dη = 0, and so dη is a basic 2-form. We have the relation

(2) g(ΦX,Y ) = dη(X, Y ) ,

which says that (ξ, η, Φ, g) is a contact metric structure. Notice that the volume
element defined by g is given by

(3) dµg =
1
n!

η ∧ (dη)n .

On the cone C(M) = M × R+ we have the metric

gC = dr2 + r2g ,

and the radial vector field r∂r satisfies the relation

£r∂rgC = 2gC .

We have also an almost complex structure I on C(M) given by

I(Y ) = Φ(Y )− η(Y )r∂r , I(r∂r) = ξ .

The contact metric structure (ξ, η, Φ) is said to be normal if the pair (C(M), I) is
a complex manifold. In that case, the induced almost complex structure J on D is
integrable. Further, gC is a Kähler metric on (C(M), I).

2.1. Transverse Kähler structure. For a Sasakian structure (ξ, η, Φ, g), the in-
tegrability of the almost complex structure I on the cone C(M) implies that the
Reeb vector field ξ leaves both, η and Φ, invariant. We obtain a codimension one
integrable strictly pseudo-convex CR structure (D, J), where D = ker η is the con-
tact bundle and J = Φ|D, and the restriction of g to D defines a symmetric form
on (D, J) that we shall refer to as the transverse Kähler metric gT . By (2), the
Kähler form of the transverse Kähler metric is given by the form dη. Therefore,
the Sasakian metric g is determined fully in terms of (ξ, η, Φ) by the expression

(4) g = dη ◦ (1l⊗ Φ) + η ⊗ η .

The Killing field ξ leaves invariant η and Φ, and the decomposition (1) is orthogonal.
Despite its dependence on the other elements of the structure, we insist on explicitly
referring to g as part of the Sasakian structure (ξ, η, Φ, g).

We consider the set

(5) S(ξ) = {Sasakian structure (ξ̃, η̃, Φ̃, g̃) | ξ̃ = ξ} ,

and provide it with the C∞ compact-open topology as sections of vector bundles.
For any element (ξ̃, η̃, Φ̃, g̃) in this set, the 1-form ζ = η̃ − η is basic, and so
[dη̃]B = [dη]B . Here, [ · ]B stands for a cohomology class in the basic cohomology
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ring, a ring that is defined by the restriction dB of the exterior derivative d to the
subcomplex of basic forms in the de Rham complex of M . Thus, all of the Sasakian
structures in S(ξ) correspond to the same basic cohomology class. We call S(ξ) the
space of Sasakian structures compatible with ξ, and say that the Reeb vector field
ξ polarizes the Sasakian manifold M [13].

Given a Reeb vector field ξ, we have its characteristic foliation Fξ, so we let
ν(Fξ) be the vector bundle whose fiber at a point p ∈ M is the quotient space
TpM/Lξ, and let πν : TM → ν(Fξ) be the natural projection. The background
structure S = (ξ, η, Φ, g) induces a complex structure J̄ on ν(Fξ). This is defined by
J̄X̄ := Φ(X), where X is any vector field in M such that π(X) = X̄. Furthermore,
the underlying CR structure (D, J) of S is isomorphic to (ν(Fξ), J̄) as a complex
vector bundle. For this reason, we refer to (ν(Fξ), J̄) as the complex normal bundle
of the Reeb vector field ξ, although its identification with (D, J) is not canonical.
In this sense, M is polarized by (ξ, J̄).

We define S(ξ, J̄) to be the subset of all structures (ξ̃, η̃, Φ̃, g̃) in S(ξ) such that
the diagram

(6)
TM

Φ̃→ TM
↓πν ↓πν

ν(Fξ)
J̄→ ν(Fξ),

commutes. This set consists of elements of S(ξ) with the same transverse holo-
morphic structure J̄ , or with more precision, the same complex normal bundle
(ν(Fξ), J̄).

2.2. The Sasaki cone. If we look at the Sasakian structure (ξ, η, Φ, g) from the
point of view of CR geometry, its underlying strictly pseudo-convex CR structure
(D, J), with associated contact bundle D, has Levi form dη.

If (D, J) is a strictly pseudo-convex CR structure on M of codimension one, we
say that (D, J) is of Sasaki type if there exists a Sasakian structure S = (ξ, η, Φ, g)
such that D = ker η and Φ|D = J . We consider the set

(7) S(D, J) =
{ S = (ξ, η, Φ, g) : S a Sasakian structure

(ker η, Φ |ker η) = (D, J)

}

of Sasakian structures with underlying CR structure (D, J).
We denote by con(D) the Lie algebra of infinitesimal contact transformations,

and by cr(D, J) the Lie algebra of the group CR(D, J) of CR automorphism of
(D, J). If S = (ξ, η, Φ, g) is a contact metric structure whose underlying CR struc-
ture is (D, J), then S is a Sasakian structure if, and only if, ξ ∈ cr(D, J).

The vector field X is said to be positive for (D, J) if η(X) > 0 for any (ξ, η, Φ, g) ∈
S(D, J). We denote by cr+(D, J) the subset of all of these positive fields, and
consider the projection

(8) S(D, J) ι→ cr+(D, J)
(ξ, η, Φ, g) 7→ ξ

.

This mapping identifies naturally cr+(D, J) with S(D, J). Furthermore, cr+(D, J) is
an open convex cone in cr(D, J) that is invariant under the adjoint action of the Lie
group CR(D, J). The identification (8) gives the moduli space S(D, J)/CR(D, J)
of all Sasakian structures whose underlying CR structure is (D, J). The conical
structure of cr+(D, J) justifies the following definition:
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Definition 2.1. Let (D, J) be a CR structure of Sasaki type on M . The Sasaki
cone κ(D, J) is the moduli space of Sasakian structures compatible with (D, J),

κ(D, J) = S(D, J)/CR(D, J) .

The isotropy subgroup of an element S ∈ S(D, J) is, by definition, Aut(S). It
contains a maximal torus Tk. In fact, we have the following result [13]:

Theorem 2.2. Let M be a closed manifold of dimension 2n + 1, and let (D, J) be
a CR structure of Sasaki type on it. Then the Lie algebra cr(D, J) decomposes as
cr(D, J) = tk + p, where tk is the Lie algebra of a maximal torus Tk of dimension
k, 1 ≤ k ≤ n + 1, and p is a completely reducible Tk-module. Furthermore, every
X ∈ cr+(D, J) is conjugate to a positive element in the Lie algebra tk.

Theorem 2.2 and (8) imply that each orbit can be represented by choosing a
positive element in the Lie algebra tk of a maximal torus Tk. So let us fix a
maximal torus Tk of a maximal compact subgroup G of CR(D, J), and let W

denote the Weyl group of G. If t+k = tk ∩ cr+(D, J) denotes the subset of positive
elements in tk, we have the identification κ(D, J) = t+k /W. Each Reeb vector field
in t+k /W corresponds to a unique Sasakian structure, so we can view t+k /W as a
subset of S, and we have

Lemma 2.3. Let (D, J) be a CR structure of Sasaki type on M , and fix a maximal
torus Tk ∈ CR(D, J). Then we have that

⋂

S∈t+k /W

Aut0(S) = Tk ,

where Aut0(S) denotes the identity component of the isotropy group Aut(S). In
particular, Tk is contained in the isotropy subgroup of every S ∈ t+k /W.

Now the basic Chern class of a Sasakian structure S = (ξ, η, Φ, g) is represented
by the Ricci form ρT /2π of the transverse metric gT . Although the notion of
basic changes with the Reeb vector field, the complex vector bundle D remains
fixed. Hence, for any Sasakian structure S ∈ S(D, J), the transverse 2-form ρT /2π
associated to S represents the first Chern class c1(D) of the complex vector bundle
D.

When k = 1, the maximal torus of CR(D, J) is one dimensional. Since the Reeb
vector field is central, this implies that dim aut(S) = dim cr(D, J) = 1. Hence, we
have that S(D, J) = cr+(D, J) = t+1 = R+, and S(D, J) consists of the 1-parameter
family of Sasakian structures given by Sa = (ξa, ηa,Φa, ga), where

(9) ξa = a−1ξ , ηa = aη , Φa = Φ , ga = ag + (a2 − a)η ⊗ η ,

and a ∈ R+, the 1-parameter family of transverse homotheties.
In effect, the transverse homotheties (9) are the only deformations (ξt, ηt, Φt, gt)

of a given structure S = (ξ, η, Φ, g) in the Sasakian cone κ(D, J) where the Reeb
vector field varies in the form ξt = ftξ, ft a scalar function. For we then have
that the family of tensors Φt is constant, and since £ξtΦt = 0, we see that ft

must be annihilated by any section of the sub-bundle D. But then (2) implies that
dft = (ξft)η, and we conclude that the function ft is constant. Thus, in describing
fully the tangent space of S(D, J) at S, it suffices to describe only those deforma-
tions (ξt, ηt,Φt, gt) where ξ̇ = ∂tξt |t=0 is g-orthogonal to ξ. These correspond to
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deformations where the volume of M in the metric gt remains constant in t, and
are parametrized by elements of κ(D, J) that are g-orthogonal to ξ.

The terminology we use here is chosen to emphasize the analogy that the Sasaki
cone is to a CR structure of Sasaki type what the Kähler cone is to a complex
manifold of Kähler type. Indeed, for any point S = (ξ, η, Φ, g) in κ(D, J), the
complex normal bundle (ν(Fξ), J̄) is isomorphic to (D, J). In this sense, the com-
plex structure J̄ is fixed with the fixing of (D, J), the Reeb vector field ξ polarizes
the manifold, and the Sasaki cone κ(D, J) represents the set of all possible polar-
izations. We observe though that when we fix ξ ∈ κ(D, J), the underlying CR
structure of elements in S(ξ, J̄) might change, even though their normal bundles
are all isomorphic to (D, J).

Let ξ ∈ κ(D, J). We may ask if there are canonical representatives of S(ξ, J̄).
We can answer this question using a variational principle, as done in [13]. For let
M(ξ, J̄) be the set of all compatible Sasakian metrics arising from structures in
S(ξ, J̄), and consider the functional

(10)
M(ξ, J̄) → R ,

g 7→
∫

M

s2
gdµg .

Its critical points define the canonical representatives that we seek. Furthermore,
by the identification of κ(D, J) with t+k , we may then single out the set of Reeb
vector fields ξ in t+k for which the functional (10) admits critical points at all.

Definition 2.4. We say that (ξ, η, Φ, g) ∈ S(ξ, J̄) is an extremal Sasakian structure
if g is a critical point of (10). A vector field ξ ∈ κ(D, J) is said to be extremal if
there exists an extremal Sasakian structure in S(ξ, J̄). We denote by e(D, J) the set
of all extremal elements of the Sasaki cone, and refer to it as the extremal Sasaki
set of the CR structure (D, J).

Notice that (ξ, η, Φ, g) ∈ S(ξ, J̄) is extremal if, and only if, the transversal metric
gT is extremal in the Kähler sense [13]. We also have that e(D, J) is an open subset
of κ(D, J) [13], a Sasakian version of the the openness theorem in Kähler geometry
[27, 38].

3. The energy functional in the Sasaki cone

By Lemma 2.3, given any Sasakian structure (ξ, η, Φ, g) in S(D, J), the space
of gT -Killing potentials associated to a maximal torus has dimension k − 1. We
denote by Hξ = Hξ,g(D, J) the vector subspace of C∞(M) that they and the
constant functions span. This is the space of functions whose transverse gradient
is holomorphic.

Given a Sasakian metric g such that (ξ, η, Φ, g) ∈ S(D, J), we define the map

(11)
C∞(M) → Hξ

f 7→ πgf

to be the L2-orthogonal projection with Hξ as its range. Then the metric g in
M(ξ, J̄) is extremal if, and only if, the scalar curvature sg = sT

g − 2n is equal to its
projection onto Hξ [39]. Or said differently, if, and only if, sg is an affine function
of the space of Killing potentials. The functional (10) then admits the lower bound

M(ξ, J̄) 3 g 7→
∫

s2
gdµg ≥

∫
(πgsg)2dµg ,
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where the right side only depends upon the polarization (ξ, D, J), and it is only
reached if the metric g is extremal. This reproduces in this context a situation
analyzed in the Kähler case already [40, 41].

We define the energy of a Reeb vector field in the Sasakian cone to be the
functional given by this optimal lower bound:

(12)
κ(D, J) E→ R

ξ 7→
∫

(πgsg)2dµg ,

Definition 3.1. A Reeb vector field ξ ∈ κ(D, J) is said to be strongly extremal
if it is a critical point of the functional (12) over the space of Sasakian structures
in κ(D, J) that fix the volume of M . The Sasakian structure (ξ, η, Φ, g) is said to
be a strongly extremal representative of κ(D, J) if ξ is strongly extremal, and if
g ∈ S(ξ, J̄) is an extremal representative of the polarized manifold (M, ξ, J).

4. The Euler-Lagrange equation for strongly extremal Reeb vector
fields

We now discuss some of the variational results that play a rôle in the derivation
of the Euler-Lagrange equation of a strongly extremal Reeb vector field. Complete
details of this derivation will appear elsewhere.

Let us consider a path ξt ∈ κ(D, J), and a corresponding path of Sasakian
structures (ξt, ηt, Φt, gt). The path of contact forms must be of the type

(13) ηt =
1

η(ξt)
η +

1
2
dcϕt ,

where ϕt is a ξt-basic function. For convenience, we drop the subscript when we
consider the value of quantities at t = 0. Then, we have that η(ξ) = 1, ϕ is constant,
and ϕ̇ a ξ-basic function.

Proposition 4.1. Let (ξt, ηt,Φt, gt) be a path of Sasakian structures that starts at
(ξ, η, Φ, g), such that ξt ∈ κ(D, J) and ηt is of the form (13). Then we have that

dµt = 1− t

(
(n + 1)η(ξ̇) +

1
2
∆Bϕ̇

)
dµ + O(t2) ,

and
d

dt
µgt(M) = −(n + 1)

∫
(η(ξ̇)) dµ .

Volume preserving Sasakian deformations are given by variations ξt of the Reeb
vector field whose infinitesimal deformation is globally orthogonal to it, that is to
say, such that η(ξ̇) is orthogonal to the constants. Finally,

D2µ(ξ̇, β̇) = (n + 1)(n + 2)
∫

(η(ξ̇)) (η(β̇)) dµ .

Proof. By differentiation of (3), we obtain the variational expression for the
volume form. The expression for the infinitesimal variation of the volume follows
by Stokes’ theorem, and the one for the Hessian by an iteration of this argument. ¤



8 C.P. BOYER, K. GALICKI, AND S.R. SIMANCA

Proposition 4.2. Let (ξt, ηt,Φt, gt) be a path of Sasakian structures that starts at
(ξ, η, Φ, g), such that ξt ∈ κ(D, J) and ηt is of the form (13). Then we have the
expansion

st = sT − 2n− t

(
n∆B(η(ξ̇))− sT η(ξ̇) +

1
2
∆2

Bϕ̇ + 2(ρT , i∂∂ϕ̇)
)

+ O(t2) ,

for the scalar curvature of gt.

Proof. We have the relation st = sT
t − 2n, where sT

t is the scalar curvature of
the transverse Kähler metric dηt. Since the latter is

sT
t = −2(dηt, i∂∂ log det (dηt))dηt ,

taking the t-derivative, and evaluating at t = 0, we obtain the desired result. Just
notice that the dη-trace of dη̇ is equal to the dη-trace of −η(ξ̇)dη + i∂∂ϕ̇, as the
trace of d(η(ξ̇)) ∧ η is zero. ¤

We may now sketch the computation of the variation of the functional (12)
along the curve ξt. If the subscript t denotes quantities associated to the Sasakian
structure (ξt, ηt, Φt, gt), we have that

d

dt
E(ξt) = 2

∫
(πtst)(

d

dt
(πtst))dµt +

∫
(πtst)2

d

dt
dµt ,

and by the results of the previous propositions, the value at t = 0 is given by

(14)
d

dt
E(ξt) |t=0= 2

∫
(πs)

[
(−n∆B + sT )η(ξ̇) + π̇s

]
dµ− (n+1)

∫
(πs)2η(ξ̇)dµ .

We may compute the variation of π, but need less than that for our purposes.
Indeed, if Gg is the Green’s operator of the metric g, we have that

∫
(πs)π̇s dµ =

∫
(sT − πsT )2iGg∂

∗
g(∂

#πs dη̇) ,

where given a basic function f , ∂#f is the operator obtained by raising the indices
of the (0, 1) form ∂f using the transversal Kähler metric dη, and since

i∂#
g πs dη̇ = −∂(πs η(ξ̇)) ,

we obtain that

(15)
∫

(πs)π̇s dµ =
∫

(sT − πsT )2iGg∂
∗
g(∂

#πs dη̇) = −
∫

(sT − πsT )πs η(ξ̇)dµ ,

where the last equality follows because sT − πsT is orthogonal to the constants.
Combining these results, we obtain the following:

Theorem 4.3. Let (ξt, ηt, Φt, gt) be a path of volume preserving Sasakian structures
that starts at (ξ, η, Φ, g), such that ξt ∈ κ(D, J), and ηt is of the form (13) with ϕt

a constant. Then we have that

(16)
d

dt
E(ξt) |t=0= 2

∫
(πs)

[
(−n∆B + πsT )η(ξ̇)

]
dµ− (n + 1)

∫
(πs)2η(ξ̇)dµ .

The Reeb vector field ξ ∈ κ(D, J) is a critical point of (12) over the space of
deformations with gt of fixed volume if, and only if,

(17) πg

[−2n∆Bπgsg − (n− 1)(πgsg)2
]
+ 4nπgsg = λ ,

for λ a constant. ¤
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4.1. Some examples of critical Reeb vector fields. We may define a character
that obstructs the existence of extremal Sasakian structures (ξ, η, Φ, g) ∈ S(ξ, J̄)
where the scalar curvature sg of g is constant [13]. This is analogous to the Futaki
invariant [16, 14] in the Kähler category.

Indeed, for any transversally holomorphic vector field ∂#
g f with Killing potential

f , the Sasaki-Futaki invariant is given by

(18) Fξ(∂#
g f) = −

∫
f(sg − s0)dµg ,

where g is any Sasakian metric in M(ξ, J̄), sg is its scalar curvature, s0 is the
projection of sg onto the constants. This expression defines uniquely a character
on the entire algebra of transversally holomorphic vector fields, and if (ξ, η, Φ, g)
is an extremal Sasakian structure in S(ξ, J̄), the scalar curvature sg is constant if,
and only if, Fξ ≡ 0.

Proposition 4.4. Suppose that (ξ, η, Φ, g) ∈ S(ξ, J̄) is such that πgsg is a constant.
Then, for any other Sasakian structure (ξ, η̃, Φ̃, g̃) in S(ξ, J̄), we have that πg̃sg̃ is
constant also, and equal to πgsg.

Proof. The proof follows by the same reasoning used to prove an analogous
statement in the Kähler context (cf. [42], Proposition 5). ¤
Theorem 4.5. Let ξ ∈ κ(D, J) be such that the Sasaki-Futaki invariant is identi-
cally zero, Fξ( · ) = 0. Then ξ is a critical point of (12).

Proof. If Fξ( · ) = 0, then πgsg is constant, and ξ satisfies (17). ¤
Example 4.6. Under the assumption that the cone C(M) = M ×R+ is a Calabi-
Yau manifold, the Hilbert action over Sasakian metrics has been extensively ana-
lyzed [29]. When considered as a function of Reeb vector fields of charge n+1, this
functional is a multiple of the volume∗, and its variation over such a domain is a
constant multiple of the Sasaki-Futaki invariant. Thus, a critical Reeb vector field
ξ has vanishing Sasaki-Futaki invariant, and if (ξ, η, Φ, g) is a Sasakian structure
corresponding to it, the function πgsg is necessarily constant. By the convexity of
the volume functional (see Proposition 4.1), the critical Reeb vector field of this
functional is unique. We thus see that the critical Reeb field singled out by the
Hilbert action, on this type of special manifolds, must be a critical point of our
functional (12) also, as was to be expected. ¤

5. Sasakian geometry of links of isolated hypersurface singularities

Many of the results we discuss from here on involve the natural Sasakian ge-
ometry occurring on links of isolated hypersurface singularities. In the spirit of
self-containment, we provide a brief review of the geometry of links in arbitrary
dimension, which we shall use mostly in dimension 5 later on.

Let us recall (cf. Chapters 4 and 9 of [7]) that a polynomial f ∈ C[z0, . . . , zn]
is said to be a weighted homogeneous polynomial of degree d and weight w =
(w0, . . . , wn) if for any λ ∈ C×

f(λw0z0, . . . , λ
wnzn) = λdf(z0, . . . , zn) .

∗In earnest, this is done in [29] assuming that M is quasi-regular, but the result holds in
further generality. Notice also that in the statement for the charge of the Reeb vector field, we
have made adjustments between the convention we use for the dimension of M , and the one in
the said reference.
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We are interested in those weighted homogeneous polynomials f whose zero locus
in Cn+1 has only an isolated singularity at the origin. We define the link Lf (w, d)
as f−1(0) ∩ S2n+1, where S2n+1 is the (2n + 1)-sphere in Euclidean space. By the
Milnor fibration theorem [30], Lf (w, d) is a closed (n− 2)-connected manifold that
bounds a parallelizable manifold with the homotopy type of a bouquet of n-spheres.
Furthermore, Lf (w, d) admits a Sasaki-Seifert structure S = (ξw, ηw, Φw, gw) in
a natural way [44, 5]. This structure is quasi-regular, and its bundle (D, J) has
c1(D) = 0. This latter property implies that

(19) c1(Fξw) = a[dηw]B

for some constant a, where Fξw is the characteristic foliation. The sign of a deter-
mines the negative, null, and positive cases that we shall refer to below.

The Sasaki-Futaki invariant (18) is the obstruction for the scalar curvature of the
metric g in an extremal Sasakian structure S = (ξ, η, Φ, g) to be constant [13]. One
particular case where this obstruction vanishes is when there are no transversally
holomorphic vector fields other than those generated by ξ itself. In that case,
the Sasaki cone of the corresponding CR structure turns out to be of dimension
one. If the Sasakian structure is quasi-regular, the transversally holomorphic vector
fields are the lifts of holomorphic vector fields on the projective algebraic variety
Z = M/S1

ξ , where S1
ξ is the circle generated by the Reeb vector field.

Let us recall that a Sasakian metric g is said to be η-Einstein if

Ricg = λg + νη ⊗ η

for some constants λ and ν that satisfy the relation λ + ν = 2n. They yield
particular examples of Sasakian metrics of constant scalar curvature, a function
which in these cases is given in terms of λ by the expression sg = 2n(1 + λ).

The only transversally holomorphic vector fields of a negative or a null link of
an isolated hypersurface singularity are those generated by the Reeb vector field.
These links have a one-dimensional Sasaki cone, and by the transverse Aubin-Yau
theorem [11], any point in this cone can be represented by a Sasakian structure
whose metric is η-Einstein (see examples of such links in [8, 7]). We thus obtain
the following

Theorem 5.1. Let Lf (w, d) be either a negative or null link of an isolated hy-
persurface singularity with underlying CR structure (D, J). Then its Sasaki cone
κ(D, J) is one-dimensional, and it coincides with the extremal Sasaki set e(D, J).

The case of positive links is more complicated. This can be deduced already
from the fact that if we were to have a Sasakian structure S = (ξ, η, Φ, g) such
that c1(Fξ) = a[dη]B with a > 0 and where g is η-Einstein, then there would exist
a transverse homothety (9) that would yield a Sasaki-Einstein metric of positive
scalar curvature, and generally speaking, these types of metrics are difficult to be
had.

In order to understand this case better, we begin by stating the following result
that applies to links in general, and which follows by Corollary 5.3 of [13]:

Proposition 5.2. Let Lf (w, d) be the link of an isolated hypersurface singularity
with its natural Sasakian structure S = (ξw, ηw, Φw, gw). If g ∈ S(ξw, J̄) is an
extremal Sasakian metric with constant scalar curvature, then g is η-Einstein.
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By Lemma 5.5.3 of [7], if the weight vector w = (w0, . . . , wn) of a link Lf (w, d)
is such that 2wi < d for all but at most one of the indices, then the Lie algebra
aut(S) is generated by the Reeb vector field ξw. We have the following

Theorem 5.3. Let Lf (w, d) be the link of an isolated hypersurface singularity with
2wi < d for all but at most one of the indices, and let (D, J) by its underlying CR
structure. Then the dimension of the Sasaki cone κ(D, J) is one.

Even if we assume that for a given positive link Lf (w, d) the hypothesis of
Theorem 5.3 apply, and so its Sasaki-Futaki invariant vanishes identically, there
could be other obstructions preventing the existence of extremal Sasakian metrics
of constant scalar curvature on it. Indeed, as was observed in [19], classical estimates
of Bishop and Lichnerowicz may obstruct the existence of Sasaki-Einstein metrics,
an observation that has produced a very effective tool to rule out the existence
of these metrics in various cases. Employing the Lichnerowicz estimates [19] in
combination with the discussion above and some results in [13], we obtain the
following:

Proposition 5.4. Let Lf (w, d) be a link of an isolated hypersurface singularity
with its natural Sasakian structure, and let I := |w|−d = (

∑
j wj)−d be its index.

If
I > n min

i
{wi} ,

then Lf (w; d) cannot admit any Sasaki-Einstein metric. In that case, S(ξw, J̄) does
not admit extremal representatives.

Combining Theorem 5.3 and Proposition 5.4, we may obtain examples of positive
links whose Sasaki cones are one dimensional, and whose extremal sets are empty.

Theorem 5.5. Let Lf (w, d) be a positive link of an isolated hypersurface singularity
whose index I satisfies the relation I > n mini {wi}, and such that 2wi < d for all
but at most one of the indices. If (D, J) is its underlying CR structure, we have
that the dimension of the Sasaki cone κ(D, J) is one, and that the extremal set
e(D, J) is empty.

Besides the conditions given above on the weight vector of a link, there are
other interesting algebraic conditions that suffice to prove the existence of extremal
Sasakian metrics on it. These arise when we view the link as a Seifert fibration over
a base X with orbifold singularities. If the Kähler class of the projective algebraic
variety X is a primitive integral class in the second orbifold cohomology group, and
the constant a in (19) is positive, they serve to measure the singularity of the pair
(X, K−1 + ∆), where K−1 is an anti-canonical divisor, and ∆ is a branch divisor,
and are known as Kawamata log terminal (Klt) conditions (cf. Chapter 5 of [7]).

A weighted homogeneous polynomial of the form

(20) f = za0
0 + · · ·+ zan

n , ai ≥ 2 ,

is called a Brieskorn-Pham (BP) polynomial. In this case the exponents ai, the
weights wi, and degree are related by d = aiwi for each i = 0, . . . , n. We change
slightly the notation in this case, and denote by Lf (a), a = (a0, . . . , an), the link
that a BP polynomial f defines. These are special but quite important examples
of links. Their Klt conditions were described in [9]. The base of a BP link Lf (a)
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admits a positive Kähler-Einstein orbifold metric if

(21) 1 <

n∑

i=0

1
ai

< 1 +
n

n− 1
min
i,j

{ 1
ai

,
1

bibj

}
.

where bj = gcd(aj , C
j) and Cj = lcm{ai : i 6= j}. This condition leads to the find-

ing of a a rather large number of examples of Sasaki-Einstein metrics on homotopy
spheres [9, 10] and rational homology spheres [4, 25].

In the special case when the integers (a0, . . . , an) are pairwise relatively prime,
Ghigi and Kollár [20] obtained a sharp estimate. In this case, the BP link is always
a homotopy sphere, and if we combine the now sharp Klt estimate with Proposition
5.4 above, we see that, when the ais are pairwise relatively prime, a BP link Lf (a)
admits an extremal Sasakian metric if, and only if,

n∑

i=0

1
ai

< 1 + n min
i

{ 1
ai

}
.

Other applications of the Klt estimate (21) exist [8, 7]. If f is neither a BP
polynomial nor a perturbation thereof, alternative estimates must be developed.
Further details can be found in [7].

Notice that in all the link examples we have discussed above, information about
the topology of the underlying manifold is absent. We end this section addressing
that issue in part.

Topological information about links was first given by Milnor and Orlik in [31]
through the study of the Alexander polynomial. They computed the Betti numbers
of the manifold underlying the link of any weighted homogeneous polynomial of an
isolated hypersurface singularity, and in the case of a rational homology sphere,
the order of the relevant homology groups. A bit later, Orlik [32] postulated a
combinatorial conjecture for computing the torsion, an algorithm that we describe
next (see Chapter 9 of [7] for more detail).

Given a link Lf (w, d), we define its fractional weights to be

(22)
( d

w0
, · · · ,

d

wn

)
≡

(u0

v0
, · · · ,

un

vn

)
,

where

(23) ui =
d

gcd(d,wi)
, vi =

wi

gcd(d, wi)
.

We denote by (u,v) the tuple (u0, . . . , un, v0, . . . , vn). By (23), we may go between
(w, d) and (u,v). We will sometimes write Lf (u,v) for Lf (w, d).

Definition 5.6. (Orlik’s algorithm) Let {i1, . . . , is} ⊂ {0, 1, . . . , n} be an ordered
set of s indices, that is to say, i1 < i2 < · · · < is. Let us denote by I its power
set (consisting of all of the 2s subsets of the set), and by J the set of all proper
subsets. Given a (2n + 2)-tuple (u,v) = (u0, . . . , un, v0, . . . , vn) of integers, we
define inductively a set of 2s positive integers, one for each ordered element of I,
as follows:

c∅ = gcd (u0, . . . , un) ,

and if {i1, . . . , is} ∈ I is ordered, then

(24) ci1,...,is =
gcd (u0, . . . , ûi1 , . . . , ûis , . . . , un)∏

J cj1,...jt

.
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Similarly, we also define a set of 2s real numbers by

k∅ = εn+1 ,

and

(25) ki1,...,is = εn−s+1

∑

J

(−1)s−t uj1 · · ·ujt

vj1 · · · vjt lcm(uj1 , . . . , ujt)
,

where

εn−s+1 =
{

0 if n− s + 1 is even,
1 if n− s + 1 is odd,

respectively. Finally, for any j such that 1 ≤ j ≤ r = [max {ki1,...,is
}], where [x] is

the greatest integer less or equal than x, we set

(26) dj =
∏

ki1,...,is≥j

ci1,...,is
.

¤
Orlik’s torsion conjecture [32] is stated in terms of the integers computed by this

algorithm:

Conjecture 5.7. For a link Lf (u,v) with fractional weights (u,v), we have

Hn−1(Lf (u,v),Z)tor = Z/d1 ⊕ · · · ⊕ Z/dr .

This conjecture is known to hold in certain special cases [36, 34].

Proposition 5.8. Conjecture 5.7 holds in the following cases:
(1) In dimension 3, that is to say, when n = 2.
(2) For Brieskorn-Pham polynomials (20).
(3) For f(z) = za0

0 + z0z
a1
1 + z1z

a2
2 + · · ·+ zn−1z

an
n .

It is also known to hold for certain complete intersections given by generalized
Brieskorn polynomials [36].

Before his tragic accident, by using Kollár’s Theorem 6.1 below, Kris proved that
Conjecture 5.7 holds in dimension 5 also. We present his argument in the appendix.

6. Extremal Sasakian metrics in dimension five

We start by reviewing briefly some general facts about Sasakian geometry on
simply connected 5-manifolds (cf. Chapter 10 of [7]).

6.1. Sasakian geometry in dimension five. Sasakian geometry in dimension
five is large enough to be interesting while remaining manageable, at least in the
case of closed simply connected manifolds where we can use the Smale-Barden
classification.

Up to diffeomorphism, Smale [43] classified all closed simply connected 5-manifolds
that admit a spin structure, and showed they must be of the form

(27) M = kM∞#Mm1# · · ·#Mmn

where M∞ = S2 × S3, kM∞ is the k-fold connected sum of M∞, mi is a positive
integer with mi dividing mi+1 and m1 ≥ 1, and where Mm is S5 if m = 1, or a
5-manifold such that H2(Mm,Z) = Z/m ⊕ Z/m, otherwise. The integer k in this
expression can take on the values 0, 1, . . ., with k = 0 corresponding to the case
where there is no M∞ factor at all. It will be convenient to set the convention
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0M∞ = S5 below, which is consistent with the fact that the sphere is the neutral
element for the connected sum operation. The mis can range in 1, 2, . . ..

Barden [2] extended Smale’s classification to include the non-spin case also, where
we must add the non-trivial S3-bundle over S2, denoted by X∞, and certain rational
homology spheres Xj parametrized by j = −1, 1, 2, . . . that do not admit contact
structures, and can be safely ignored from consideration when studying the Sasakian
case. Notice that X∞#X∞ = 2M∞, so in considering simply connected Sasakian
5-manifolds that are non-spin, it suffices to take a connected sum of the manifold
(27) with one copy of X∞, or equivalently, replace at most one copy of M∞ with
X∞.

What Smale-Barden manifolds can admit Sasakian structures? A partial answer
to this question has been given recently by Kollár [24]. In order to present this, it
is convenient to describe the torsion subgroup of H2(M,Z) for the manifold M in
terms of elementary divisors rather than the invariant factors in (27). The group
H2(M,Z) can be written as a direct sum of cyclic groups of prime power order

(28) H2(M,Z) = Zk ⊕
⊕

p,i

(
Z/pi

)c(pi)
,

where k = b2(M) and c(pi) = c(pi,M). These non-negative integers are determined
by H2(M,Z), but the subgroups Z/pi ⊂ H2(M,Z) are not unique. We can choose
the decomposition (28) such that the second Stiefel-Whitney class map

w2 : H2(M,Z) → Z/2

is zero on all but one of the summands Z/2j . If we now assume that M carries a
Sasakian structure, by Rukimbira’s approximation theorem [37], M admits a Seifert
fibered structure (in general, non-unique) with an associated Sasakian structure, or
a Sasaki-Seifert structure as referred to in [7]. Kollár [24] proved that the existence
of a Seifert fibered structure on M imposes constraints on the invariants k and c(pi)
of (28) above. Namely, for the primes that appear in the expression, the cardinality
of the set {i : c(pi) > 0} must be less or equal than k + 1. For example, both
M2 and M4 admit Sasakian structures but M2#M4 does not. Other obstructions
involving the torsion subgroup of H2(M,Z) apply as well [24, 7].

The case of positive Sasakian structures is particularly attractive since they
provide examples of Riemannian metrics with positive Ricci curvature. Kollár [25]
(see also [26] in these Proceedings) has shown that positivity greatly restricts the
allowable torsion groups. He proved that if a closed simply connected 5-manifold
M admits a positive Sasakian structure, then the torsion subgroup of H2(M,Z)
must be one of the following:

(1) (Z/m)2, m ∈ Z+,
(2) (Z/5)4,
(3) (Z/4)4,
(4) (Z/3)4, (Z/3)6, or (Z/3)8,
(5) (Z/2)2n, n ∈ Z+.

Conversely, for each finite group G in the list above, there is a closed simply con-
nected 5-manifold M with H2(M,Z)tor = G, and remarkably enough, all of these
manifolds can be realized as the links of isolated hypersurface singularities.

Let us recall that a quasi-regular Sasakian structure can be viewed as a Seifert
fibered structure. In dimension five, Kollár [25] has shown how the branch divisors
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Di of the orbifold base determine the torsion in H2(M,Z). For simply connected
5-manifolds, this result is as follows:

Theorem 6.1. Let M5 be a compact simply connected 5-manifold with a quasi-
regular Sasakian structure S, let (Z,

∑
i(1− 1

mi
)Di) denote the corresponding pro-

jective algebraic orbifold base, with branch divisors Di and ramification index mi,
and let k be the second Betti number of M5. Then the integral cohomology groups
of M5 are as follows:

i 0 1 2 3 4 5
Hi(M5,Z) Z 0 Zk Zk ⊕∑

i(Z/mi)2g(Di) 0 Z

where g(D) is the genus of the Riemann surface D (notice that Z/1 is the trivial
group).

6.2. Existence of Extremal Metrics. Here we reproduce a table [7] that lists
all simply connected spin 5-manifolds that can admit a Sasaki-Einstein metric (and
which are, therefore, Sasaki extremal). In the first column we list the type of man-
ifold in terms of Smale’s description (27), while in the second column we indicate
restrictions on these under which a Sasaki-Einstein structure is known to exist.
Any Smale manifold that is not listed here cannot admit a Sasaki-Einstein metric,
but could, in principle, admit an extremal metric. We list the manifolds but not
the number of deformation classes of positive Sasakian structures that may occur,
a number that varies depending upon the manifold in question. For example, there
are infinitely many such deformation classes on the 5-sphere S5 and on k(S2 × S3),
as well as on some rational homology spheres. On the other hand, there is a unique
deformation class of positive Sasakian structures on the rational homology spheres
2M5 and 4M3 [25, 26], and they both admit extremal metrics.

Manifold M S-E
kM∞, k ≥ 0 any k

8M∞#Mm, m > 2 m > 4
7M∞#Mm, m > 2 m > 2
6M∞#Mm, m > 2 m > 2
5M∞#Mm, m > 2 m > 11
4M∞#Mm, m > 2 m > 4
3M∞#Mm, m > 2 m = 7, 9 or m > 10
2M∞#Mm, m > 2 m > 11
M∞#Mm, m > 2 m > 11

Mm, m > 2 m > 2
2M5, 2M4, 4M3, M∞#2M4 yes

kM∞#2M3 k = 0
kM∞#3M3, k ≥ 0 k = 0

kM∞#nM2, k ≥ 0, n > 0 (k, n) = (0, 1) or (1, n), n > 0
kM∞#Mm, k > 8, 2 < m < 12

Table 1. Simply connected spin 5-manifolds admitting Sasaki-Einstein
metrics. The right column indicates the restriction that ensures that the
manifold on the left carries a Sasaki-Einstein metric.
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6.3. Brieskorn-Pham links with no extremal Sasakian metrics. We now
provide a table with examples of Brieskorn-Pham links Lf (a) whose extremal sets
are all empty. These are obtained by using Proposition 5.4, the required estimate
on the index being easily checked. We list the link together with the range for its
parameters, the underlying manifold, and the dimension of the Sasaki cone κ of the
corresponding CR structure. There are infinitely many such links (or Sasaki-Seifert
structures) on each of the manifolds listed.

Manifold M Link Lf (a) Dim κ

M1 L(2, 3, 3, 6l + 1), l ≥ 2 1
M1 L(2, 3, 3, 6l + 5), l ≥ 2 1
M1 L(2, 2, 2, 2l + 1), l ≥ 2 2
M∞ L(2, 2, 2, 2l), l ≥ 3 2
2M∞ L(2, 3, 3, 2(3l + 1)), l ≥ 2 1
2M∞ L(2, 3, 3, 2(3l + 2)), l ≥ 2 1
4M∞ L(2, 3, 3, 6l), l ≥ 3 1
6M∞ L(2, 3, 4, 12l), l ≥ 3 1
8M∞ L(2, 3, 5, 30l), l ≥ 3 1

(k − 1)M∞ L(2, 2, k, 2lk), l ≥ 2, k ≥ 3 2
4M2 L(2, 3, 5, 15(2l + 1)), l ≥ 2 1

2M∞#M2 L(2, 3, 4, 6(2l + 1)), l ≥ 2 1

Table 2. Some examples of 5-dimensional Brieskorn-Pham links whose
associated space of Sasakian structures, S(ξ), does not have extremal
Sasakian metrics. The last column lists the dimension of their Sasaki
cones.

More examples can be had by considering general weighted homogeneous poly-
nomials f instead. In those cases, we go back to the notation Lf (w, d) for the link,
w its weight vector, and d its degree. Their systematic study should be possible
by using the classification of normal forms of Yau and Yu [46]. Here we content
ourselves by giving a few examples. In all of these cases, the Sasaki cone is one
dimensional.

Manifold M weight vector w d

3M∞#M2 (2, 2(4l + 3), 6l + 5, 2(6l + 5)), l ≥ 2 4(6l + 5)
7M∞ (1, 4l + 1, 3l + 1, 2(3l + 1)), l ≥ 2 4(3l + 1)
M4 (4, 3(2l + 1), 4(2l + 1), 4(3l + 1)), l ≥ 5 12(2l + 1)

Table 3. 5-dimensional links of isolated hypersurface singularities that
do not carry Sasakian extremal structure.

In the first row of this table the existence of positive Sasakian structures on the
Smale-Barden manifold 3M∞#M2 is reported here for the first time. As indicated
in the table, for l ≥ 2 these links do not carry extremal Sasakian metrics. It is
unknown if an extremal Sasakian metric exists when l = 1, and generally speaking,
it is not known whether an extremal Sasakian metric exists at all on 3M∞#M2.
A similar situation occurs for the link Lf ((4, 5, 12, 20), 40), which gives a positive
Sasakian structure on the manifold 3M∞#M4, and which is not yet known to carry
extremal Sasakian metrics. Thus, it is natural to pose the following:
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Question 6.1. Are there positive Sasakian manifolds that admit no extremal Sasakian
metrics?

6.4. Toric Sasakian 5-manifolds. The study of contact toric (2n + 1)-manifolds
goes back to [1], where it was shown that toric contact structures split into two
types, those where the torus action is free, and those where it is not, with the free
action case easily described, and the non-free case described via a Delzant type
theorem when n ≥ 2. A somewhat refined classification was obtained later [28],
and the non-free case (again, for n ≥ 2) was characterized in [3] by the condition
that the Reeb vector field belongs to the Lie algebra of the (n + 1)-torus acting
on the manifold. These toric actions were called actions of Reeb type, and it was
proved that every toric contact structure of Reeb type admits a compatible Sasakian
structure. Here we content ourselves with describing the Sasaki cone for a simple
but interesting example. For more on toric Sasakian geometry, we refer the reader
to [12, 17, 15].

Example 6.2. The Wang-Ziller manifold Mp1,p2
k1,k2

[45] is defined to be the total
space of the S1-bundle over CPp1 ×CPp2 whose first Chern class is k1α1 + k2α2, αi

being the positive generator of H2(CPpi ,Z) with k1, k2 ∈ Z+. These manifolds all
admit homogeneous Einstein metrics [45], and also admit homogeneous Sasakian
structures [6]. However, they are Sasaki-Einstein only if k1α1+k2α2 is proportional
to the first Chern class of CPp1 ×CPp2 , that is to say, only when k1α1 + k2α2 and
(p1 + 1)α1 + (p2 + 1)α2 are proportional.

We are interested in Mp,q
k,l as a toric Sasakian manifold, and treat the five di-

mensional case M1,1
k1,k2

only. We shall also assume that gcd(k1, k2) = 1, for then
M1,1

k1,k2
is simply connected, and diffeomorphic to S2 × S3. If k1 and k2 are not

relatively prime, the analysis of M1,1
k1,k2

can be obtained easily from the simply con-
nected case by taking an appropriate cyclic quotient. We shall also assume that
if (k1, k2) 6= (1, 1), then k1 < k2, for otherwise we can simply interchange the two
CP1s.

We wish to find the Sasaki cone for M1,1
k1,k2

. For that, we identify this manifold
with the quotient S3 × S3/S1(k1, k2), where the S1 action on S3 × S3 is given by

(x,y) 7→ (eik2θx, e−ik1θy) ,

and points in S3 are viewed as points in C2. Alternatively, M1,1
k1,k2

can be obtained
by a Sasakian reduction [21] of the standard Sasakian structure S0 on S7 by the
S1(k1, k2) action, the moment map µ : S7 → R being given by

µ = k2(|z0|2 + |z1|2)− k1(|z2|2 + |z3|2) .

The zero level set is the product S3(R1)× S3(R2) of spheres whose radii are given
by

(29) R2
i =

ki

k1 + k2
.

The Sasakian structure on M1,1
k1,k2

induced by this reduction is denoted by Sk1,k2 =
(ξ, η, Φ, g), where for ease of notation, we refrain from writing the tensor fields with
the subscripts also.
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Let us consider coordinates (z0, z1, z2, z3) in C4, where zj = xj + iyj . Then the
vector fields

Hi = yi
∂

∂xi
− xi

∂

∂yi
, 0 ≤ i ≤ 3 ,

restrict to vector fields on S7 that span the Lie algebra t4 of the maximal torus
T 4 ⊂ SO(8). The base space CP1 × CP1 of M1,1

k1,k2
is obtained from the zero

level set S3(R1) × S3(R2) as the quotient by the free T 2-action given by (x,y) 7→
(eiθ1x, eiθ2y). Let X̃ denote the vector field on CP1 generating the S1-action defined
in homogeneous coordinates by [ζ0, ζ1] 7→ [eiφζ0, e

−iφζ1], and denote by X̃1 and X̃2

the vector field X̃ on the two copies of CP1. We let X1 and X2 denote the lifts of
these vector fields to aut(Sk1,k2).

The Reeb vector field ξ of Sk1,k2 is that induced by the restriction of H0 + H1 +
H2 +H3 to the zero level set S3(R1)×S3(R2) of the moment map µ (see Theorems
8.5.2 and 8.5.3 in [7]). The Lie algebra t3(k1, k2) of the 3-torus of Sk1,k2 is spanned
by the Reeb vector field ξ, and the two vector fields X1 and X2 described above.

We have:

Lemma 6.3. The Sasaki cone κ(Dk1,k2 , J) for the Wang-Ziller manifold M1,1
k1,k2

is
given by the set of all vector fields

Zl0,l1,l2 = l0ξ + l1X1 + l2X2 , (l0, l1, l2) ∈ R3 ,

subject to the conditions

l0 > 0, |k1l1 + k2l2| < (k1 + k2)l0.

Proof. The Sasaki cone κ(Dk1,k2 , J) is equal to the set of {Z ∈ t3 | η(Z) > 0} of
positive vector fields (see Theorem 2.2). The vector fields X1 and X2 are induced on
the quotient M1,1

k1,k2
≈ (S3(R1)× S3(R2))/S1(k1, k2) by the restrictions of H0 −H1

and H2 −H3 to S3(R1)× S3(R2). So we have

η(Zl0,l1,l2) = η(l0ξ + l1X1 + l2X2) = l0 + l1(|z0|2 − |z1|2) + l2(|z2|2 − |z3|2) ,

with l0 > 0. The desired result now follows if we use the expression (29) for the
radii. ¤

For (l0, l1, l2) = (1, 0, 0), we obtain the original Kähler structure on the base
CP1×CP1, with Kähler metric k1ω1 + k2ω2 where ωi is the standard Fubini-Study
Kähler form on the corresponding CP1 factor. The scalar curvature of this metric
is constant, and therefore, the Reeb vector field ξ on M1,1

k1,k2
is strongly extremal.

Moreover, by the openness theorem [13], there exist an open neighborhood of ξ in
κ(Dk1,k2 , J) that is entirely contained in the extremal set e(Dk1,k2 , J). It would be
of interest to determine how big a neighborhood this can be, and how it compares
to the entire Sasaki cone. Although each M1,1

k1,k2
carries a Sasakian structure Sk1,k2

with an extremal Sasakian metric of constant scalar curvature, the only one with
a Sasaki-Einstein metric is M1,1

1,1 . This follows from the fact that c1(Dk1,k2) =
2(k2 − k1)x, where x is the positive generator of H2(S2 × S3,Z).

7. Appendix

We begin describing a graphical procedure that generalizes the now well-known
Brieskorn graphs (see Theorem 10.3.5 and Remark 10.3.1 of [7] for a detailed dis-
cussion).
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To a given link Lf (w, d) = Lf (u,v) defined by a weighted homogeneous polyno-
mial f , of weight vector w and fractional weight vector (u,v), we associate a graph
as follows:

Definition 7.4. Consider the following Rational Brieskorn Polytope

/.-,()*+u0

G(u,v) =
CC

CC
CC

CC
/.-,()*+u1

{{{
{

{{{
{

/.-,()*+u2 /.-,()*+u3

where we think of G(u,v) as a tetrahedron, and

(1) we label the vertices with pairs (ui, αi), i = 0, 1, 2, 3, where αi = 1− 1/vj −
1/vk − 1/vl for a set of distinct indices {i, j, k, l},

(2) we label the edges with the numbers αij = gcd(ui, uj)/vjvj,
(3) we label the faces with numbers αijk = gcd(ui, uj , uk)/vivjvk,
(4) we label the interior of the tetrahedron with the pair

(t, τ) ≡
( u0u1u2u3

v0v1v2v3lcm(u1, u1, u2, u3)
,−1 +

1
v0

+
1
v1

+
1
v2

+
1
v3

)
.

Furthermore,
(5) we define the reduced indices mi to be the factor of ui that is not a factor

of any of the ujs associated to the remaining 3 vertices,
(6) we define numbers gi so that 2gi + αi is computed from the face opposite

to the vertex (ui, αi) as the product of the edge numbers divided by the face
number minus the sum of the edge numbers,

(7) we define κ so that κ + τ − t is the sum of the six edge numbers minus the
sum of four products of edge numbers divided by the face numbers, one such
term for each face.

Using this associated graph, we can reformulate Orlik’s Conjecture 5.7 in dimen-
sion five as follows:

Conjecture 7.5. The second homology group over Z of a five dimensional link
Lf (u,v) is given by

H2(L(a),Z) = Zκ ⊕ (Z/m0)2g0 ⊕ (Z/m1)2g1 ⊕ (Z/m2)2g2 ⊕ (Z/m3)2g3 ,

where κ,mi, gi are the integers given in Definition 7.4.

That κ is the second Betti number of the link was known long ago [31]. There
remains to describe the torsion.

Before going any further in this direction, we need to reformulate Kollár’s The-
orem 6.1 for 5 dimensional links Lf (w, d). First, let us recall the following two
simple conditions of quasi-smoothness for curves [22] and surfaces [23]:

Proposition 7.6. [22] Let Cd ⊂ CP2(w0, w1, w2) be a curve of degree d defined by
a homogeneous polynomial f . Assume that d > ai, ai integer, i = 0, 1, 2. Then Cd

is quasi-smooth if for all i ∈ {0, 1, 2} the following conditions are satisfied:

(1) the polynomial f has a monomial zai
i zj for some j (here we allow i = j) of

degree d
(2) the polynomial f has a monomial of degree d which does not involve zi.
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Proposition 7.7. [22, 23] A general hypersurface Xd ⊂ CP(w0, w1, w2, w3) defined
by a homogeneous polynomial f is quasi-smooth if, and only if, all of the following
three conditions hold

(1) For each i = 0, . . . , 3 there is an index j such that f has a monomial
zmi
i zj ∈ H0(CP(w),O(d)). Here j = i is possible.

(2) If gcd(wi, wj) > 1 then f has a monomial zbi
i z

bj

j ∈ H0(CP(w), O(d)).

(3) For every i, j either f has a monomial zbi
i z

bj

j ∈ H0(CP(w),O(d)), or f has

monomials zci
i z

cj

j zk and zdi
i z

dj

j zl ∈ H0(CP(w),O(d)) with {k, l} 6= {i, j}.
We are then ready for the following proposition.

Proposition 7.8. Let Lf (w, d) be a link defined by a quasi-smooth weighted ho-
mogeneous polynomial f = f(z0, z1, z2, z3), with weights w = (w0, w1, w2, w3), and
of degree d. Let Lf → Xf ⊂ CP3(w0, w1, w2, w3) be the associated Seifert fibration.
Consider the sets

Di = Xf ∩ {zi = 0} ⊂ CP2(w0, . . . , ŵi, . . . , w3) .

Note that Di need not be an orbifold, so pick i ∈ A ⊂ Ω = {0, 1, 2, 3} such that
Di is a quasi-smooth (orbifold) Riemann surface. Then Di can be singular only if
gcd (w0, . . . , ŵi, . . . , w3) = 1, and we have that

H2(Lf ,Z) = Zκ ⊕
∑

i

(Z/mi)2g(Di) ,

where κ = b2(Lf ) = b2(Xf ) − 1, and the ramification indices are given by mi =
gcd {w0, . . . , ŵi, . . . , w3}. In particular, let us set di = d/mi, and let us normalize
the weight vector by w̃i = 1

mi
(w0, . . . , ŵi, . . . , w3). Then Di ⊂ CP2(w̃i) is an

orbifold Riemann surface of degree di embedded in the weighted projective 2-space
with weights w̃i, and its genus g(Di) is given by the formula [35, 33]

(30) g(Σ(w̃,d)) =
1
2

( d2

w̃0w̃1w̃2
− d

∑

i<j

gcd(w̃i, w̃j)
w̃iw̃j

+
∑

i

gcd(d, w̃i)
w̃i

− 1
)

.

Proof. We only need to show that if Di is singular, then we must have mi = 1
so that Di ⊂ Xreg

f lies inside the smooth part of Xf . This will follow from the
quasi-smoothness condition on f .

Suppose then that m0 = gcd(w1, w2, w3) > 1, and that D0 is singular. We shall
derive a contradiction.

Since m0 > 1, we have gcd(wi, wj) > 1 for all 1 ≤ i < j ≤ 3. Since Xf ⊂
CP3(w0, w1, w2, w3) is quasi-smooth, f(z) must contain the following monomial
terms (other than the terms involving z0):

za1
1 zj , za2

2 zk, za3
3 zl, j, k, l ∈ {1, 2, 3} ,

and
zα
1 zβ

2 , zγ
2 zδ

3 , zτ
3 zρ

1 .

Note that, for example, za1
1 z0 is not possible as this would mean that

d = w0 + w1a1 ,

and m0 divides d and w1 but not w0. Hence, the polynomial g(z1, z2, z3) =
f(0, z1, z2, z3) will contain these six monomial terms. Note that the degree of g is
d̃ = d/m0, and it has weights w̃i = wi/m0. By Proposition 7.6, it is quasi-smooth.
This contradicts the fact that D0 is assumed to be singular. ¤
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7.1. Proof of Orlik’s Conjecture in Dimension 5. In order to prove Conjecture
7.5, we only need to show that the (κ,mi, gi)s of Definition 7.4 are the same as the
ones in Proposition 7.8. We need to pass between the (u,v)-data and the (w, d)-
data.

It suffices to prove the needed statement for i = 0. We first observe that
(m0, k0) = (c123, k123). In terms of the (u,v)-data, we have

m0 =
u0gcd(u0, u1, u2)gcd(u0, u1, u2)gcd(u0, u2, u3)gcd(u0, u1, u3)

gcd(u0, u1, u2, u3)gcd(u0, u1)gcd(u0, u2)gcd(u0, u3)
,

and

2g0 = −1 +
( 1

v1
+

1
v2

+
1
v3

)
−

( u1u2

v1v2lcm(u1, u2)
+

u1u3

v1v3lcm(u1, u3)
+

u2u3

v2v3lcm(u2, u3)

)

+
u1u2u3

v1v2v3lcm(u1, u2, u3)
.

We recall now that

ui =
d

gcd(d, wi)
, vi =

wi

gcd(d,wi)
,

ui

vi
=

d

wi
.

Let us begin with 2g0. The first term is no problem as

1
vi

=
gcd(d,wi)

wi
,

as needed.
Since f is quasi-smooth, gcd(wi, wj) must divide the degree for all i < j. By

this, we have the following

uiuj

vivj lcm(ui, uj)
=

gcd(ui, uj)
vivj

=
gcd(ui, uj) gcd(d,wj) gcd(d, wi)

wiwj

=
gcd

(
ui(gcd(d,wj) gcd(d,wi)), uj(gcd(d,wj) gcd(d,wi))

)

wiwj

=
gcd

(
d gcd(d,wj), d gcd (d,wi)

)

wiwj
=

d gcd
(
gcd (d,wj), gcd (d, wi)

)

wiwj

=
d gcd (wi, wj)

wiwj
,

where the last equality holds because gcd (wi, wj) divides d. Alternatively (an argu-
ment that is simpler), we could get the same result by showing that if gcd (wi, wj)|d,
then

lcm
(

d

gcd (d,wi)
,

d

gcd (d,wi)

)
=

d

gcd (wi, wj)
.

The last term is handled similarly,

u1u2u3

v1v2v3lcm(u1, u2, u3)
=

d2 gcd (w1, w2, w3)
w1w2w3

,

because under the assumption that gcd (wi, wj)|d for all i 6= j, we have that

lcm
(

d

gcd (d,wi)
,

d

gcd (d,wi)
,

d

gcd (d,wk)

)
=

d

gcd (wi, wj , wk)
.



22 C.P. BOYER, K. GALICKI, AND S.R. SIMANCA

Combining all of these terms, we get that

2g0 = −1 +
3∑

i=1

gcd (d,wi)
wi

− d
∑

1≤i<j≤3

gcd (wi, wj)
wiwj

+
d2 gcd (w1, w2, w3)

w1w2w3
.

If we now re-scale

w̃ =
(w1, w2, w3)

gcd (w1, w2, w3)
, d̃ =

d

gcd (w1, w2, w3)
,

we see that for 0 ≤ i < j < k ≤ 3 we have that kijk = 2g(Σ(w̃,d̃)), as desired.
It remains to show that m0 = gcd (w1, w2, w3), which we shall leave as an exer-

cise.
The conjecture follows now by Proposition 7.8. This proposition shows that

when any of the mi > 1, then the corresponding gi is the genus of a quasi-smooth
curve Di, and therefore, 2gi must not only be integral, but also equal to twice that
genus as it was shown. When mi = 1, it does not matter what 2gi is as it does not
enter into the torsion formula in either Kollár’s theorem or in Orlik’s Algorithm.
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