STRICHARTZ ESTIMATES FOR WAVE EQUATIONS WITH
COEFFICIENTS OF SOBOLEV REGULARITY
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ABSTRACT. Wave packet techniques provide an effective method for proving
Strichartz estimates on solutions to wave equations whose coefficients are not
smooth. We use such methods to show that the existing results for C1'! and
Ch@ coefficients can be improved when the coefficients of the wave operator
lie in a Sobolev space of sufficiently high order.

1. INTRODUCTION

Strichartz estimates refer to a family of dispersive estimates solutions to the wave
equation. That is, estimates on functions w : [—tg,to] X R™ — C that are solutions
to the following Cauchy problem

P(z,D)u(t,z) : = (p(2)9; — Az, D))u(t,x) = F(t,x) € L*([to, to]; H*(R"))
(1.1) u(0,z) = f(z) € H*T(R")
Ou(0,2) = g(x) € H*(R")
where A(z, D) is a second order elliptic differential operator and the P(x, D) is the
wave operator.

In their original formulation, Strichartz estimates appear as the following

(1.2) Nl (—to,to:L2 mr)) < C(\|f||Hs+l(Rn) + gl s rmy + ”FHL%([fl,l];HS(R")))

where 2 < p,q < o0, n > 2 and
1 n n 2 n—-1 n-1

. TS =— z <
(1.3) erq 5 (s+1), er . =2
with the exception of the endpoint (s,p,q) = (0,2,00) in dimension n = 3. Such
estimates are well established in the case where the coefficients of the wave opera-
tor P(z, D) belong to C*°(R™). The first estimates of this type were proved by R.
Strichartz in [10], [11]. See [5], [3], and [4] and references therein for the full range
of estimates.

When the assumption of C'°° coefficients is removed the issue becomes much
more delicate. The techniques used to prove Strichartz estimates for smooth wave
equations usually rely on asymptotic methods, which are inapplicable when the
coeflicients are of limited differentiability. The challenge is thus to find alternative
approaches for proving such estimates in the low regularity setting.

One such approach is to employ the technology of “wave packets” to construct
a parametrix for the wave operator that is suitable for proving estimates. This was
1
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used by H. Smith in [6] to show Strichartz estimates in dimensions n = 2,3 under
the assumption that the coefficients of the wave operator were at least C1:1(R™).
More recently in [12], [13],and [14], D. Tataru was able to use the methods of the
“FBI transform” to show that the full range of Strichartz estimates hold under the
weaker assumption that the coefficients a;; of the wave operator P(z, D) are time
dependent and satisfy

(1.4) OFp(t,x),0Fa;;(t,x) € L' ([—to, to]; C*F(R™)) 0<k<2

CH1(R™) is the actually the lowest degree of continuity in = that the coefficients
of P(x, D) must possess to guarantee that the Strichartz estimates hold. Indeed,
it was shown by counterexamples in [7] that Strichartz estimates fail to hold for
certain wave equations with coefficients in C»*(R"), 0 < a < 1. This does not
mean, however, that weaker estimates of this type are not available. In [14], Tataru
was also able to show that when the coefficients a;; of the wave operator are time
dependent and satisfy

OFp(t, x), 0Fa;;(t,x) € L*([~to, to]; C*T**(R?)) where 0 < a <1and k=0,1

then a weaker family of Strichartz inequalities hold. Specifically, for z € C we let
(D)* denote the Fourier multiplier operator on R™ with symbol (£)? := (1 + [£]?)3,
then Tataru’s results imply that
(1.5)

(D) ™* " P ull Lr 11 (= to o) xrm) < C(If I @ny + 119l L2@ny + 1F I L2 (—to,t0) x®))

where 0 = t—g Such estimates are indeed weaker as they ask for more regular-
ization of u to get an estimate on the LYL% norm and hence we have “lost” >

derivatives in the estimate.

The purpose of this paper is to explore opportunities for improving such results
for wave operators with time independent coefficients that lie in a L™ Sobolev space
of sufficiently high order with r» € (1,00). Specifically, we aim to prove that es-
timates of the form (1.5) hold with ¢ = 0 when the coefficients lie in the space
L™*(R™) (the L" Sobolev space of order ) with £ > 2=L + 2. Thus by assuming
some Sobolev regularity on coefficients, we can obtain Strichartz estimates with no
loss of derivatives even though the continuity of the coefficients is below C1:!'. We
also intend to show that when the coefficients lie in the space L™*(R™) N Lip(R™)
with k = ”771 + 14 «a, a € (0,1), then inequalities of the type (1.5) hold with
o= é;—g and « taken as in the definition of k. In both cases, this gives us esti-
mates with a loss of fewer derivatives when compared to what would be obtained
by using Sobolev embedding and applying the results above.

To motivate why such inequalities should hold we first examine some of the issues
lying at the heart of the previously mentioned results for operators with coefficients
that satisfy (1.4). A crucial matter here is the regularity of the Hamiltonian flow
induced by the wave operator. That is, the flow on the cotangent bundle of R™,
T*R"™, determined by

dx %_

(1.6) i —H(t,x,€) i H,(t,z,€)

where H(t,z,£) denotes the roots of the principal symbol of P as a quadratic in
7. Loosely speaking, the energy contained in the Cauchy data travels along these
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curves. Hence the dispersive qualities of solutions to the wave equation are largely
determined by our ability to control the geometry of the flow induced by (1.6).

When a;;(t, z), p(t, ) have the properties detailed in (1.4), Gronwall’s inequality
shows that these curves exist and are unique for ¢ € [—tg,to]. Additionally, the
transformation x; : T*R"™ — T*R"™ given by following the integral curves of (1.6)
up to time t is a diffeomorphism on 7T*R"™ that descends to a distance-preserving
map on the cosphere bundle S*(R") = R™ x S~ By this we mean that there
exists C' independent of (z,£), (z,€) € T*(R™) \ {0} and t € [—t, to] such that

O Mm@, &) = (&, )] < [m(xe(, €)) = m(xe(, )| < Cl(a, €) = 7(&, )

where 7(z, &) = (x, Ig—l) denotes projection onto the cosphere bundle. It is this con-
trol over the geometry of the flow t — x; that allows one to show these dispersive
estimates.

However, when the continuity of our coefficients in the z-variable drops below
CY! this control over the geometry is not guaranteed. Indeed, uniqueness of solu-
tions to (1.6) is not clear and we also lack the preservation of distance as above. In
order to get results such as (1.5) for such operators, the situation is first reduced
to finding estimates on solutions to the wave equation that are localized to dyadic
frequency shells via Littlewood-Paley theory. Estimates on these dyadic pieces are
then obtained by first truncating the @;; to a frequency scale which depends on the
dyadic shell. The coefficients are then dilated so that their C? norm is uniformly
bounded and the previously mentioned results can be applied to the smoothed out
operator. The ideas behind this “truncation/rescaling” approach appear in the
work of Bahouri and Chemin (see [1] and [2]), though Tataru was the first to use
this procedure to show weighted Strichartz estimates such as (1.5) (see [13] and [14]).

We now turn our attention back to the case where the coefficients of the wave
operator lie in L™", for some x > "T_l =+ 2. Such coefficients have the property that

(1.7) 07 (aij 0 T)(2),07(p o T)() € Lige(Ry; L (R7)) 6] <2,

for all T € O(n) and x = (z1,2’). Furthermore, for any isometry S(z) = T'(x) + b
where T' € O(n), b € R"

(1.8) 1107 (aij © S)Ls ((—11);z25(-1,0-1): 102 (p 0 St ((~1,1)225(-1,1ym-1) £ C
for some constant C' independent of choice of S.

With this in mind, reconsider the integral curves defined by (1.6). Assume that,
in addition, [la;; — 6;jl|Lip, [P — 1||lLip < & so that A(z, D) is a perturbation of the
Laplacian. Suppose our initial data (z(0),£(0)) is such that &;(0) > |£(0)’| (here
€ =(&,¢&") € R™), that is, £(0) lies in a small cone about the positive £; axis. Since
H(-,€) € Lip, we can conclude that, for ¢y chosen sufficiently small (with choice
based on the Lipschitz norm of the coefficients), £(¢) lies in a slightly larger cone
about the ¢, axis for ¢ € [~to,%o]. This implies that %21 = —H, (2(t),£(t)) < 0 and

di
hence the curve segment (¢, z(t),£(t)), —to <t < to admits a reparametrization in
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x1 satisfying the differential equations
dt 1 de’  He d  H,

dry  He,’ dry — He’ dry  He,

But given (1.7) (with T taken to be the identity) and (1.8), we can again apply
Gronwall’s Lemma and control the geometry of the flow determined by (1.6) when
restricted to the product of R™ with a cone about the &;-axis. By rotating coordi-
nates, this line of reasoning holds equally well for any cone of comparable aperture.
Therefore, we should be able to control the geometry of the flow determined by (1.6)
on all of T*R™. We thus expect that Strichartz estimates of the form (1.2) and (1.5)
should hold, the latter with o = 0, for wave operators with these assumptions.

When the coefficients are in L™", k = "T_l + 1+ a we have the related property
that

(1.9)  9(ai; 0 T)(2),07(po T)(w) € Lige(Roy; IR |8 < 1.

Hence we should be able to use elements of the “truncation/rescaling” approach to
prove estimates of the form (1.5) with o = 37 and « as in (1.9).

A slightly different perspective on the problem will also be of use to us. Suppose
again that the coefficients lie in L™*(R"), k = 2 + 14 o, and [|a;; — 65 Lip, [0 —

1|Lip < 1 as before. By rewriting the principal operator of —P(z, D) as

a11612 +2Za1j813j — (p&f — Z aijﬁiﬁj)

j=2 2<i,j<n

we can view the wave operator as an operator that is hyperbolic in x; when re-
stricted to frequencies {(7,€) : |7| > |(&2,..,&x)|} (where (7,€) denotes Fourier
transform variables in ¢ and z) as this means that the symbol of the operator is a
quadratic in & with 2 distinct real roots. We thus expect that the estimates (1.5)
should hold for v with Fourier transform supported in {(7,€) : |7] >> |(&2, ..., &n)|}-

However, in view of (1.9), there is nothing special about the z-axis in this line
of reasoning—we can repeat the argument above for any coordinate axis or for any
direction in R™ so the estimates (1.5) should hold as long as the Fourier transform
of the solution is sufficiently localized near the 7-axis. By representing solutions to
the wave equation as a sum of localized pieces we then expect that we should be
able to establish Strichartz-type estimates with a loss of ﬁ derivatives for any
solution to a wave equation with coefficients in L™". Similar considerations hold
equally well when a > 1 and we wish to prove estimates with no loss of derivatives.

This will be our approach to solving the problem.

As mentioned above, we will consider 2 types of wave operators, with A(z, D)
either taking the form

A(Z‘,D)Z Z (91(CLU($)BJ) or A(Z‘,D)Z Z aij(x)aiaj.
1<i,5<n 1<i,5<n

The former set of operators being called divergence operators in contrast to the
latter nondivergence form. For convenience, we will assume that p = 1 whenever P
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is in nondivergence form. We also assume the following bounds on the coefficients

cHe? < Zam 2)&&; < clgf? p(x) >t >0
with ¢ independent of (m, ) € R™,

We will occasionally write our wave operator in the form
P(x,D) = p(x)d? — Z ai;(x Zb
1<i,j<n

The convention here will be that b;(x) = Zi(aiaij)(:r) when P is in divergence
form and p =1, b; = 0 when P is in nondivergence form.

Our approach here will be to use wave packet techniques as pioneered in [6],
which provide an effective method for representing solutions, but do not provide
the desired Strichartz estimates in dimensions n > 4. For simplicity, we will consider
3 sets of instances of (1.3). However, the arguments here should be generalizable
enough to show the full range of possibilities (1.3) in dimensions n = 2, 3.

Theorem 1.1. Suppose p — 1,a;; — §;; € L""(R"), with k > ”Tfl + 2. Then we
have the following estimate for solutions u to the Cauchy problem (1.1) with z =0

(1.10)  |KD) " *ull L La (1~ to,t0] xmm)

< O(Iflmam + lgllzeam) + 1l g2z e
where one of the following hold

1 2n + 1)
1.11 =— =q=—" =2
(1.11) 5=-3 P=q=—" n=23
2
(1.12) s=0 p:7q6,6§q<oo n=3.
q—

Theorem 1.2. Suppose p—1,a;;—6;; € L™*(R")N Lip(R"), with k = =L +1+a,
0 < a < 1. Then we have the following estimate for solutions u to the Cauchy
problem (1.1) with z =0

(1.13) ”<D>_S_%u||LfLZ([—t0,to]XR")
< Ol ey + gl 2qeny + 1Flly 2 o1 e

where o = 3;—3‘ and s,p,q,n either satisfy (1.11) or (1.12).

It is actually not difficult to show that Theorem 1.1 implies that estimates of the
form (1.2) hold for coefficients of the same regularity and s, p, ¢ asin (1.11) or (1.12).
However, this is not necessarily the case when a;;, p are as in Theorem 1.2, so we
will restrict our attention to showing estimates on (D)~ %u, (D)~*t°/Py as appro-
priate.

Unfortunately, our methods do not handle coefficients in L™" with k = ”Tfl—kl—l—oa
and a = 0 or & = 1. Sobolev embedding does not provide for the estimate (1.9)
with @ = 0 in the former case and in the latter case it does not give us (1.7). When
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a = 0 we are thus unable to provide any results, and when a = 1, the best we can
provide is Strichartz estimates with an arbitrarily small loss of derivatives.

Before proceeding, we will make a few additional assumptions about our coeffi-
cients and our solution. We will always assume that a;;, p € Lip(R™) satisfy

(1.14) llaij = 0ijllzips o = Ulzip <€

for some sufficiently small but fixed € > 0. Additionally, we will assume that ¢ty = 1
and that u(t,-) is supported in the cube (—32,2)" for all t € (—=2,2). The extra
hypotheses are somewhat superfluous as the general case can be reduced to these as-
sumptions by first showing that we can restrict our attention to solutions supported
in small sets and then rescaling the problem so that (1.14) is satisfied. See [13] pp.
394-5 for a suitable approach. We will also assume that u solves the homogeneous
Cauchy problem with F' = 0. By Duhamel’s principle it is not difficult to see that

the general case reduces to such an assumption.

The paper is organized as follows, Section 2 details the main strategy of the
paper, which focuses on obtaining estimates on components of the solution whose
Fourier transform is highly localized. Sections 3 and 4 then uses wave packet
techniques to provide the desired estimates for coefficients satisfying (1.7), eventu-
ally leading to a proof of Theorem 1.1. Section 5 then expounds on the trunca-
tion/rescaling arguments needed to prove Theorem 1.2.

We end with a few comments on the notation to be used in the following sections.
Unless otherwise stated, the expression X < Y means that X < CY for some
constant C' depending only on the dimension n and on the Lipschitz/L™" bounds on
the p,a;;. Elements y € R™ will often be denoted as y = (y1,3’), so that ¥’ denotes
the last n — 1 components of y. Also, for a function v(¢, z), and a subinterval I C R
and a measurable set U C R", ||v|[ 71 pr2, [|v]l 71 pr2 (1<) Will both abbreviate the
norm on the Banach space L™ (I; L™ (U)) the former abbreviation being used when
it is well understood from the context what I is.

Acknowledgement. This work is a result of the author’s doctoral dissertation
research at the University of Washington. The author would like to thank Professor
Hart Smith for his introduction to the problem and for his encouragement and
guidance throughout the research.

2. LOCALIZING THE SOLUTION

In this section we outline the key elements in the strategy for proving Theo-
rems 1.1 and 1.2. The main idea is to exploit the potential for P to be “hyperbolic
in £1” by reducing the problem to showing estimates on the components of u where

T >> (€2, .., 6n)]-

Before we begin localizing our solution in frequency, we make a small alteration
of our solution for technical reasons. Replace u(t,x) by ¢(t)u(t,z) where ¢(t) is
a smooth bump function equal to 1 on [—1,1] and supported in (—%, %) It now
makes sense to look at u as an element of a Sobolev space in n+ 1 variables. Hence
H}*, will denote the L? Sobolev space of order w on R"*! in the (¢, z) variables and
H"™ will denote the Sobolev space on R™ in only the x variables. This modification
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of u means that it is no longer a solution to the homogeneous problem. However,
energy estimates allow us to control [P, ¢] so that we have the following inequality
for all t € R

(2.1) [(Pu)(t ) ze < ([ fllmeer + llglme) -

2.1. Localization in frequency. Here we discuss our main approach to the prob-
lem, which involves localizing our solution in frequency to dyadic pieces where P
should be hyperbolic in ;. Take a sequence of smooth Littlewood-Paley cutoffs
{Bk}k>0, so that §;(€) is a smooth function defined on R™ with ), B, = 1 and
supp(Br) C {€ € R™ : 28=3 < |¢] < 253} when k # 0 and supp(fo) C Bi(0).
We can also take the sequence so that (j(-) = B(27%.) for k > 1 for some function
B e C5°(R™).

By multiplying 8y by another smooth cutoff in 7, we can extend 3y to be smooth
cutoff supported in the unit ball in R**! and one in a neighborhood of the origin
in R"*1, that is, there exists 5y (7, £) with the above properties such that 3y(0,&) =
Bo(€). Treating By(D) as a Fourier multiplier on w in the (£,2) variables, By(D) is
a smoothing operator and hence by Sobolev embedding and energy estimates

(D)= Bo(D)ullLr o 1.1)x@ny) < Nullaz, S (1l +llgllz2) -

Now choose a conic cutoff AT € C°(R"*!\ {0}) such that supp(A™) C {(7,€) :
971¢] < 7 < 9|¢|} and is identically 1 on the slightly smaller cone {(7, &) : 871[¢| <
7 < 8J¢|}. Since we already have estimates on Fyu we will replace AT by A (I — )
so that At is smooth on all of R"*! and vanishes on in a neighborhood of the origin.
Also, set A=(1,&) = AT(—7,£). Our approach will be to get estimates on each of
the following

AT (D)u, A~ (D)u, and (I — AT (D) — A~ (D) — Bo(D))u.

The Strichartz estimates for ATu, A~u will require further localization. Let
Q&) € C*(R™)\ {0} be a conical cutoff such that supp(2) C {£ : & > 200/¢’|} and
identically 1 on a slightly smaller cone. Set T'*(7, &) = Q(&)A* (7, ). By employing
a family of similar cutoffs, we can represent ATu as a finite sum of functions sup-
ported in cones in £ of comparable aperture, so it will suffice to show estimates for
the localized 't (D)u. Similarly, we will show them for T'Fu as estimates for I'"u
will follow by an identical argument, so from now on we will suppress the '+’ in I't
and refer to it as I'.

Set I'w(D) = Br(D) o T'(D) so that ['yu = F~HBL(ET (1, &)u(r, €)}. Let 1 be a

smooth cutoff in x; that is identically 1 on a neighborhood of [—%, %] and supported

in (—2,2) so that ¥ (z1)u(t,x) = u(t,z). We pause to mention that for any z; € R,

the partial Fourier Transform of ¢TIy u in ¢,z’ is supported in the set

supp(¥T4u) (-, 21,7) C {(1.€) s 7 2 22[¢/|} N {(7.€) : 2°717% < | (7€) < 2°447E)
The rest of this section will now be devoted to proving the following theorem:

Theorem 2.1. Let p—1,a;; — 0;; € L™* N Lip with k = "= + 1 + o where either

0<a<1ora>1. Suppose the following estimates hold on the YI'yu

T kullLrpa (=11 xRm) §2k(s+%)(Qk||Fku\|Lf°Lg([—1,1]an)

(2.2) + I Vew (@l ru)| Lo L2 (ro+t) + HP(¢Fku)HL}anﬁz,(R"H))
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where o is taken to be ;—3 when 0 < a < 1 and o = 0 otherwise. Then Theorem 1.1
holds if « > 1 and Theorem 1.2 holds if 0 < o < 1.

2.2. Flux estimates. In order to control the L2 L7 ,(R™!) norm of the ¢T;u,
we need a family of estimates called “flux estimates” that exploit the fact that the
Fourier transform of ¢I'yu is supported in a region where P can be viewed as a
hyperbolic operator in x7.

Proposition 2.2. Suppose w(t,z) € C*(R"*!) satisfies 8595111 e L}, for|B] <2
and the coefficients of P satisfy (1.14) for some e > 0 sufficiently small. In addition,
suppose that for all y1 € R, (R, w)(t,z") := w(t,y1,2'), the restriction of w to the
x1 = y1 hyperplane has Fourier Transform satisfying

— 1
supp(Ry,w) € {(m,¢) : [¢]* < §|T|2}\B%(0)-

Then given a subinterval I C R and any y1,71 € I, there exists some constant Cy
depending only on I, n, and on the Lipschitz norm of the coefficients of P such that

Y1
IVeawCoyn )z, < Cr(IVeawl e, + / |Pw(, 21z, dz).

Ty
Proof. Define

1 1 1
Bt = [ gan(@w?+ 5p0w) - 5 Y ay(0u)(0yu) dids
T1=Y1 i,j>2
Differentiating this expression under the integral sign followed by an integration by
parts in ¢ and 2’ allows us to obtain the following estimate

dE? -
— < / |01w||Pw| + (|0sw]|* + Z |0;w|?) dtda’.
diy T1=11 1
We now use the support condition on m and Plancherel’s equality to get that
when e > 0 is chosen sufficiently small in (1.14),

1 n
(2.3) E(y1)* > ﬁ(”atw(nyla ')H%j, + ) 0w (1,072 ,)-
@ = t,x

Using Cauchy-Schwartz, this allows us to conclude that

dE  1dE?
By)— =-—<E Pw(-,y1,- E(y1)?
(yl)aly1 3 dyy Wl Pw(yrs)lez |, + Ely)

Given (2.3), we can divide through by F(y;) and apply Gronwall’s inequality to
prove the result.
O

2.3. Local estimates to global estimates. Before we prove the main theorem
of this section, we need a few technical lemmas.

Lemma 2.3. Let R denote a pseudodifferential operator in t,x determined by a
symbol R(t,x,1,§) € SRO(R”“), and P a wave operator with Lipschitz coefficients.
Then

[P,R]: H}, — L,
continuously with operator morm depending on the symbol estimates and on the
Lipschitz norm of the coefficients of P.
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Proof. As a corollary of the commutator theorem of Coifman-Meyer we have that
[P, RL [aij7 R] : H_l - Lg,z and [p7 R]’ [aij7 R] : Lg,z - Htlm

. t,x
with the desired operator norm properties (see Proposition 3.6B and the surround-
ing discussion in Section 3.6 of [15]). By continuity of differential operators in
Sobolev spaces, the former mapping easily provides the result for nondivergence
operators and the latter mapping does the same for divergence operators. ([l

Lemma 2.4. Let {T}}32, be a sequence of linear operators mapping S(R™) (the
Schwartz class functions on R™) to S'(R™) ( tempered distributions on R™). Suppose
for any 6 € R, >, 0Ty, is a well defined mapping from S(R™) — S'(R™) that
extends to a continuous map from H*(R™) to H* (R™) with operator norm uniformly
bounded in 0. Then there exists C' depending on Ty such that

S ITih o ey < CllAI oy
k=0

for all h € H*(R™).

Proof. Replacing Ty, by (D)“ Ty (D)~ * if necessary it suffices to proof the lemma in
the case where z = w = 0. By Plancherel’s equality we have

oo o o 2
ZHTth%Z(Rn)z/ / S e (T @) dwdd < 2mC e,
k=0 0 JR" g

for some C independent of 8. This proves the claim. ([l

Proof of Theorem 2.1. We first reduce matters to estimates on I'u by handling the
term (I —AT —A~)u. The Fourier transform of this function is supported in a region
where P is elliptic and hence by elliptic regularity results for pseudodifferential
operators with rough symbols (see Theorem 2.2B in [15], which also holds in the
Sobolev space setting) we have

I = AT = A7 )ullgz, S IPI— AT = A7 ull 2,
SIP T = AT = A Jullz, + [|Pullzz, S I f e+ llgllze,

the last inequality following by Lemma 2.3, energy estimates, and (2.1). This
estimate along with Sobolev embedding estimate (D)~* : H? , < LYLZ(R"*!) now
implies that

(D)~ (I = A* = A7 )ull rpansry S (1 llen + llgllze-

Turning our attention to I'u, we observe that by Littlewood-Paley theory

—s—Z P 1 — s+
D) =5 Tullugrs = I D)™ FThu)Hlpas S (30 272D ITeuly )
k k

M

so it suffices to dominate the latter sum by || f||z: + |lgllz2-

We now use the fact that (1 — ¢)u =0 to write Tyu = YT pu + [1 — ¢, T'yJu. To
control the terms involving ¥I'yu, first observe that as a consequence of the flux
estimates we have

1960 @l 2, S IVeal@le)C =28+ IPGTROIZ, o g

< IP@Tsw)3;
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with the last inequality following from the compact support of ¥ in x;. Hence
by (2.2), the sum over ¥T'yu is now dominated by

Z272k(s+%)||¢rku||im S Z(”Fkuuif([fl,l];Hl) + ”P(Qbrku)“if’w)
k

k
We first estimate P(1T'yu). Begin by writing

(2.4) P(YTu) = [P, ]kt + [P, Diu + 4Ty Pu.

First consider the middle term. 1 is a bounded function, so we wish to control the
sum ), [T, Pluf|z2 . Indeed, the estimate

2 2
(2.5) SR Tul; Sl
k
follows by Lemma 2.4 once it is observed that an application of Lemma 2.3 shows
[P,>, ¢*'Ty] : H}, — L}, continuously with operator norm bounded by some
constant independent of 6. Given energy estimates and (2.1), the remaining terms
in (2.4) are also easily dominated by | f||3;: + ||g/|3> when we sum their squares

over k.

Let ¢(t) be the smooth cutoff function in t defined above that is identically 1 on
[~1,1] and zero outside (—5,2). Energy estimates yield

HFkU”L;’O([fl,l];Hl) S ||P(¢FkU)HLf,I-
An estimate in the vein of (2.4) and (2.5) now controls . ||IUCUJ||2L?Q([71 1H1)-

We are now left to control the sum ), 9~ 2k(s+3) II[1

accomplished by Sobolev embedding and the fact that [1 — w Eelk‘gZ (S+%)Fk]

_1—<
is a pseudodifferential operator with symbol estimates in S1 0 ’ independent of
0. O

-1, I‘k]u||Lqu This is easily

3. PARAMETRICES FOR THE WAVE OPERATOR

Now that we have reduced the main theorems to showing estimates on the ¥I';u,
we wish to be able to represent such functions in a manner that is suitable for prov-
ing Strichartz inequalities. As noted in the introduction, we will use wave packet
techniques as developed in [6].

Our strategy is motivated by the observations in the introduction. We first
construct a pseudodifferential operator with rough symbol P such that Ig(w) =
iP(w) for functions w whose partial Fourier transforms are indeed supported in
a region where 7 >> |£’|, yet is hyperbolic in the 1 variable rather than in t. We
then proceed to use wave packet methods to construct a parametrix for P. Once
we have a suitable representation of the solution, Section 4 will demonstrate the
desired Strichartz estimates.

Throughout this section and in Section 4 we will assume that

(3.1) 07ai;(x), 07 p(x) € Ly, LY (R") 6l <2,
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for some 1 < r < oo. As alluded to in the introduction, this condition holds when
the coefficients of the wave operator satisfy the hypotheses of Theorem 1.1 and
a smoothing procedure will ensure this holds when a;;, p satisfy the conditions of
Theorem 1.2.

To construct P, let ¥ € C°(R™ \ {0}) be a smooth, homogeneous of degree 0
function in (7,¢’) such that supp(¥) C {(7,¢&') : 7 > 5[¢/|} and is identically 1 on
the slightly smaller region {(7,£’) : 7 > 6[¢’|}. Next we pick a smooth radial cutoff
Q2 such that €2 is identically 1 on a neighborhood of By (0) € R™ and zero outside

B3 (0) and replace ¥ by W(1 —(2) so that W is smooth on all of R". Additionally,

3
V(r, &) = ¥(n&)/I(n ) for |(r &)l = 7.
We now set a;; = a;j/a11,p = p/ann and define P as the pseudodifferential

operator with rough symbol given by

P, 7€) = (Zau D6E — (@)= Y ay(@)es) ) (e

Here either p(z) = 1 and b; = 0 for nondivergence operators or b; = aj;! Z?Zl 0jaij
for divergence operators.

We will also need to smooth the coefficients of P by truncating their Fourier
transform in z to frequencies less than 25. Let ¢ = €, define ¢y (z) = 2"Tk P25 z),
and then set d = ¢y *aij, p* = dr * p. We need a few estimates on the a a - and pF.
We first show the existence of an L™ (R) function o such that ||(a;; — afj)(xl, ML= <

27%o(z1). Set
ID2 A1, Iz == > > 10%aij(@r, )l + D 108 (w1, )L
la|=2 4, |a]=2

and let o(x1) denote the Hardy-Littlewood maximal function associated to the
L"(R) function 1 — |[D2A(x1,-)|r. Note that since 1 < r < oo, o(z1) € L"(R)
as well. We next observe that for any Schwartz function h € S(R) and A > 0

(3.2) /||D925A(x1 = 2, h(Az)Adz < Cho(z1)

for some constant C}, depending only on h. This is a consequence of Theorem 2 in
Chapter III, Section 2 of [9)].

Since ¢ is radial and hence [ y;¢(y)dy = 0, a Taylor expansion of d;; with second
order error yields the estimate
ko kn
iy(o) — aly )] = | [ (@y(0) — iy (o — )o(2)2 % dy

= 2%/ /HDiA(xl — (L= t)y1, )1 (25 91)° @ (27 91)2% dy dt.
0
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with ®(y1) = [|¢(y1,y')|dy’. For 0 < ¢ < 1 we make a change variables z; =
(1 —t)y; in the last integral and apply (3.2) with h(z) = 22®(2) to get that

I (@1, ) = ag; (21, )y S 27 e(an).

Note that we also get identical results for p*.

A second application of the maximal function result above allows us to conclude

1058 (21, ) |5 1077 (@1, )l sy < Cp22 177 () for | 3] > 2.

a:zj

Since agj,p € Lip(R™) we also have that for [8| < 1, |9Zaf;|| L~ < C for some C
independent of k and that

E(18]—
|07 af [l os, 105 7¥ || e < Cp22 0017 for |5] > 1.

wz]

Define P* (z, D) as the pseudodifferential operator with smooth symbol obtained
by replacing a;;, p by dfj, p* in the definition of P. By choosing ¢ > 0 in (1.14)
sufficiently small, we see that the principal symbols of ﬁ, P* are quadratics in &
with 2 real roots, that is, they are operators that are hyperbolic in ;. We will
employ wave packet techniques to construct a parametrix for }5, so to provide a
more intuitive exposition we will reverse the roles of t and x1 and assume that Pis
hyperbolic in £. So for the rest of this section we will prove results about hyperbolic
operators P(t z,T,§), Pk (t,z,7,£) obtained by switching the roles of the variables
(t,7) and (ml,gl).

Define @, Q* as the principal symbols of ]S,ﬁk respectively. Let H,f(t,;z:,{),
H*(t,z,€) denote the roots of the symbols of Q¥ Q respectively as a quadratic in
7. We can now write the operator Q*(t, x, D) as

(3.3)  Q"(t,x,D) = (i0, + H} (t,x, D)) o (i0; + H; (t,x, D)) + Ef (t,x,D)

with error term E,j(t, x, D). Therefore, to create an approximate solution operator

for ﬁ;@ it should suffice to construct an evolution operator which loses no derivatives
when composed with (i9; + H, (¢, z, D)). Indeed, we will write out E; (¢, x, D) be-
low and argue that the error brought about by the this term and the first order
terms will contribute to the loss of only one derivative.

Lastly, we observe that since the roles of ¢ and x; are switched, the estimates on
the smoothed out coefficients of P* take the form

(34) @y —aly)(t, )z, 16— 7°)(t, )lre < C27"0(t),

(3.5) 107 p1f; (8, )l 2o 190708 (8 e < Cp22 P2 p(t)  for |8] > 2,
(3.6) 107 ol e, 10707F | ne, < Cp2207170) for |5] > 1.
3.1. Wave Packets. Here we review the essential properties of “wave packets”,
which are a frame of functions on L?(R™) with properties that are well suited for

analysis of wave operators. This frame will be used to construct a parametrix for
P. This section is essentially a summary of the results in Section 2 of [6].
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To construct this frame we begin by taking a partition of unity

o (&) +ZZ [ (€

k=1 w

on R"

spaced by a distance of = 2-5. These functions can be taken so that

—1) .
z vectors on the unit sphere, equally

supp(hy) C {€ €R™: 2073 < g <2 Eyn{g e R : |w —g/l¢l| <275}
with derivatives that satisfy
‘ o
[(w, ) OB (€)] < Cp 273 1A,

Such a partition of unity is constructed in Chapter 9, Section 4.4 of [8].

For each pair w,k let =¢ be the rectangular lattice in R™ evenly spaced by
distance 27" in the w direction and spaced 2-% is the directions orthogonal to w.
Given any triplet v = (29, k,w) where zo € Z¢, set

Py(6) = (2m)~ %27
By using Fourier series, it can be shown that this forms a frame of functions for
L? in the sense that if f € L*(R"), and ¢, = [ f(y y) dy, then

ch% /|f |2 dy = Z |C“/|2

However, these frame elements, which we will refer to as “wave packets”, are not
mutually orthogonal or even linearly independent. In space, these wave packets are

k(n+1)
4

e "0t hg (€).

now localized to a region of width 27* in the w direction and width 2~ 5 orthogonally
in the sense that
(3.7
o i . k(n+1) | k “la i
|(y = 20)™(w, y = 20) (w, 8y (W, 8y) 05 (y)| < Capiy 2 7 F2IPIZIaDFRU=D

where w' is an any direction orthogonal to w. We also note that this frame also

allows us to represent tempered distributions in an L? Sobolev space with norm
approximated by || f]|7. gy = 32, 22ks|c |2,

We next observe the correspondence between matrices on Uy, 2 x U, xE¢ and
operators on L?(R"). Indeed given any operator T on L?(R") we can associate a
matrix to it given by

b7,y = / 220 (Tpy) (W) dy.

Conversely, given any matrix {b(v,7')},,,» we can formally associate an operator
to it determined by

Tf=> b(y,7)ey ey
7Y

Below we will discuss conditions on matrices on U, =% X U, 1E¢ for which its
associated operator is bounded on L?(R™).
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This frame of functions is well-suited for analysis on the cosphere bundle of R™,
S*(R™) = R™ x S"~1. We place a natural pseudodistance on the cosphere bundle
given by

d(z,w; &,&) = {w,z — )| + (@, 2 — )| + min(|z — |, |z — Z|?) + |w — @[
We also have the following useful estimates on d
d(z,w;Z,0) = |(w,r — )| + min(|z — &, |z — Z|?) + |w — &
d(z,w;Z,0) < 6(d(z,w; 2, W) + d(z',w'; ,)).

This pseudodistance can now be used to define a weight function on U, 1E}. For
v = (z,w,k),y = (2,0, k) € Uy, ,EY we define

d(z,w;a’,w") —n=o
2k 12K

po(1:7) = (1 [k — K/[)~ta G k=k] (1 +

The weight function now allows us to give sufficient conditions on a matrix
in Uy, k2% X Uy, k=% so that its associated operator is bounded on L?(R") or is
continuous between L? Sobolev spaces. Given a mapping x on S*(R"), we say that
the matrix b(y,~’) belongs to the class Mj(x) if

(3-8) (v, 7)< Cu2™ ps(v,x(+"))

where x(v') = (x(2',w’), k). We also define M"(x) = (550 M5(x). An operator
T defined as a map from Schwartz class functions on R"™ to tempered distribu-
tions, is of class Z"(x) if its associated matrix in the wave packet frame belongs
to M"(x). As a result of Theorem 2.7 in [6] we have that whenever x1,x2 are
invertible mappings on S*(R"™) that satisfy

(3.9)  C7ld(z,w;a’, W) < d(xi(z,w);xi(2', W) < Cd(z,w; 2’ W), 1=1,2
then
I"(x1) s H*(R") — H*7"(R") and  ZI"(x1) o Z"(x2) C T (x1 © X2)-

3.2. The approximate solution operator. Here we construct an approximate
solution operator for (i0; + H ,j' (t,z, D)) in the sense that when it is composed with
(i0y + H," (t,x, D)) the result is an operator that loses no derivatives. It is then
shown that this implies that the operator composed with P yields a mapping that
loses only one derivative. The first portion of the discussion in this subsection ac-
tually holds for either HT or H~ so we will often drop the superscript when there
is no need to distinguish between the two.

Since H(t,x,&) = |{|H(t,x,&/[€]) for [£] > 3 we can redefine H (and similarly
Hy,) whenever €| < 2 so that H is homogeneous of degree 1 in £. This redefinition
will not effect the results we prove concerning the operators H(t,x, D), Hy(t,x, D)
as they will almost always be applied to data at frequencies supported away from
B 3 (0). Allowing H and Hj to be homogeneous of degree one now allows us to
take the flow on T*(R™), the cotangent bundle on R™, determined by the vector
field (—He(t, x,&), Hy(t, z,€)) and project it down to a flow on the cosphere bundle
S*(R™) = R™ x S*~ 1.
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Given any v = (z,w, k), let (z(s),w,(s),O4(s)) be the solution to

O o (Hyu(s, )
(3.10) Ccll% = (Hg)z(s,2,w) — (w, (Hg) (s, z,w0))w
% = 0w - (Hk)x(s,x,w)T — (Hi)z(s,2,w) ~wT]

with initial conditions (x(0),w(0),©~(0)) = (z,w,,I). This flow preserves
S*(R™) x O(n) and has the property that ©,(t)w,(t) = w, for all time ¢ as
4O, (t)wy(t) = 0. Set ©y(s,y) = ©4(04(s)(y — z4(s)) + z,) and define the

operator
ek(t)(zcvﬁpv)(y): Z v (L, Y).

v:ky=k
The key result of this section will be to prove that >, e(t) is indeed an approxi-
mate solution operator for P.

Before proceeding, we need to collect a few facts concerning the flows induced
by H and Hj. For each k > 1, let x¥ : S*(R") — S*(R") denote the mapping
XF(z,w) = (x(t),w(t)), where the curves (x(s),w(s)) are solutions to the first 2
equations in (3.10) with initial values (z,w). Also let x; be the analogous mapping
induced by the nonsmooth Hamiltonian H (that is, the mapping determined by
replacing Hy by H in (3.10)).

First observe that Gronwall’s inequality allows us to easily adapt Lemma 2.2
in [6] to our slightly weaker conditions on H and conclude that
(3.11) Cd(w,w; 3,0) < d(xs(z,w); x:(F,@)) < Cd(,w; F,0)

where C' is independent of ¢ € [—2,2]. Hence the results of the previously men-
tioned Theorem 2.7 in [6] apply, and will be used implicitly, in what follows below to
show that certain linear transformations are continuous as a maps between Sobolev
spaces.

In the same vein, Lemma 3.6 of [6] is also easily adapted to allow us to conclude
that
(3.12) d(xt (z,w); xe(z,w)) < C27".
where C is again independent of ¢ € [—2,2].

Theorem 3.1. Let {Hy(t,z, D)}, be the family of pseudodifferential operators
with symbols Hy(t,-,-) € Si(Rp x RY) defined above. Then for each fized t we
have

Zek(t)a Z(Zat + Hk(t’va))ek(t) € IO(Xt)»
k k
> 00 (i0y + Hi(t, x, D))e(t) € T' (x1).
k

Furthermore, if b(t,~',~) denotes the matriz of > x(10+Hy(t,z, D))ei(t), at a fived
time t, we then have the following estimates on the matrices for any t € [—1,1] and
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N,6>0
= Cs(1 t ! ko > ky —2
bt o7) < 5(1+ of ))ua(j];z(vt(v))/ 2y =2,
Con(1+0)27 N us (v, xe (7)) Ky < ky = 3.
The constants Cs,Cs n are independent of t € [—2,2].
Proof. Since the claim Y, ex(t) € Z°(x) follows as in Theorem 3.2 of [6], we focus
on proving the other results. Consider the operator i0s + Hy(s,z, D) applied to

©~(s,y) and abbreviate the integral curve (z(s),w~(s), ©,(s)) defining the function
by (zs,ws, Os). A straightforward computation shows that

(313) 8590"/(87?“/) = L(S»xsawmyvay)@v(say)

where

(3.14) L(s,axw,y,ay) = <(Hk)n(37xaw>7ay> + <(Hk)w(8a$7w)ﬂy - x><wvay>
= (w,y — 2)((H)a (s, ,w), Oy)

By employing a Taylor expansion of H(s,y,n) about the point (xs,|n|ws) with
second order error term R(7,s,y,n) it is not hard to see that the operator

ZL(S7 ‘rS? wS? y7 61/) + (Hk)(87 y7 D)
has the symbol

(Hk)a(s,zs,ws),y — xs)|nl((ws, ws —n/[nl))
+ <Ws; Yy— x8><(Hk)r(57Isaws)an> + R(’Y? 5 Y, 77)

Call the operator determined by the first 2 terms in the sum T, ;, and let
05T, s be the operator obtained by differentiating its symbol with respect to s.
Also, abbreviate the operator determined by R(v,s,:) by R, s and take a simi-
lar convention for d; R, s. By using the Fourier transform we see that for [ = 0,1,

J(OLT, s04)(s,y)p5(y) dy vanishes unless both |wy —ws| < 275 and |k, — k5| < 1.
Using standard estimates on the spatial localization of the wave packets we have
that for any § > 0 there exists Cy such that

G15) | [0, 007 di] < Ca st (2),9) % G52 s (s (0),)

with the latter approximation following from (3.12).

Now let Fy, Fs5, F f; be the unique homogeneous symbols of degree 0 such that
R(v,s,y,m) = > (y—a)* Il FA (v s,0,m)+ D> (n—Inlws)*nl ™ Fsb(v, 5,9, m)
|a]=2 |a]=2

+ D ()il —nlws); F13 (7, 5, 9,m).-
1<ij<n

Also, observe that (3.5) implies the following estimates on F = F2, F or Fi3 for
1 € supp(p4)
|8§8518§2F(7, s,9,m)| < Cg, p,(0(s) + 1)2§(|51|+j)|77‘—|ﬂ2|.
Writing
85((T'y,s + RW,S)SDW(& )): (asT’y,s + asR'y,S)SD'y(Sv )+ (Tw,s + Rv,S)assow(Sa )
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we see that the theorem is now a consequence of (3.15), (3.13), and the following
Lemma. O

Lemma 3.2. Let B(y,n) € Si 1 with symbol estimates of the form
’2

@,
001022 By, )| < M - Cp, 5, (n)!+ 2" 717

where M > 0 is some constant independent of Bi,B2. Suppose also that 1 is a
function of the form

(3.16) @(5) - e—i(%vf)Qk(i—j+@—|if2‘—l+%ﬂ—%).
(wy, O (w3, Be)™ (wr, ) (w3, E)2IEN (€ — [€lwq) ™ Ry (€).-

Then for v = (x,wy, ky), ¥ = (x5,ws, ky) we have the following inequality:
(3.17)

M - C52% s (7,5 ky —ky| <2
|/<Pw D)y (y)dy| < M.C —mgn(k )Ic~)N N i
- Cs N2 PN s (v, ) Ry —ky| >3

where Cs, Cs n depend on §, N, the constants Cg, g,, and on the sequence of indices
taken in (3.16), but not on M or the choice of v, 7.

Proof. For the purposes of this proof, given a sequence K of indices and/or quanti-
ties, C'x will denote some constant depending only on K and the constants Cpg, g,.
We will also often abbreviate k., by k.

Integrating by parts in the integral defining B(y, D)1, (y) yields estimates of the
form

(3.18)  [{wy,y — x7>j(y — @) <WAJ,_, 8y>a28;‘3B(y, D)y (y)]

k(nt1) k —laq |—25
< MGy gy 252 Rz 215 s |=29)

where C o, ,a,,05 15 independent of M. This shows that such the function is con-

centrated in space to a rectangle of width 2* in the w. direction and width 2%
orthogonally. Let Bt abbreviate B(-, D)i.,. As a result of the estimates above,

integration by parts in the integral deﬁning B/QEY(E ) gives us

(3.19) B (§)] < MON2M= 55 (14 27F |t ()2 + 272H]g[2) N

where 72 denotes projection on to the subspace orthogonal to w-. Hence B/\wv(«f ) is

concentrated in a rectangle of width 2% in directions orthogonal to w, and length
2% in directions parallel to Wy

Another important estimate on B/qu(f ) is obtained through integration by parts
with respect to n and y in the integral

(3.20) Bir(€) = [ [ 9 By, (n)dndy,
This allows us to obtain the following estimates for any N

B2 BRI < MO [ (kg Vay

supp(@~)
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When |k, — k3| < 2 and (wy,ws5) > —3

5 we use the inequalities (3.19) after
observing that for £ € supp($5) we have

T (€)] > e(2F|w, — ws| — 2%)

with ¢ uniform over all such v, 7. This yields

— = _k(nt1) _ _k _
|/wasoa|SMcN2 ; +kl/ (14 27*|(wy, )] + 27 [n () ) >V e

supp($5)
S MCN(l + 2k|w7 - w5|2)_N.

Now consider the case where either (a) |ky — k5| < 2 with (w5, w,) < —2% or (b)

|ky—k5| > 3 with no restriction on w-, w5. In this case, there exists c independent of
choice of such 7,4 such that £ — 5| > c2max(kvk5) for ¢ € supp(pz), n € supp(pz).
We can thus apply (3.21) to get

|/-B/1Ey(p7§d£| < MCvN2max(k,y,k::y)(n+1)+k.yl(1+2max(k.y,k.-y)fN

These inequalities, along with the results established in the previous case, yield
the following estimates without restriction on -y, %

| [ @58, | < MONCN, By, g2t 851V (14 98, — )

where
27kN ks >k +3
C(N, k5, ky) < 41 ks —ky[ <2
27k N ks <k, -3
To obtain the conclusion of the lemma when |ky — k| < 2, we incorporate the
estimates (3.18) on B, as well as the standard inequalities (3.7) on 5 to get that

-N
< MCy2H <1+ d(%v“w%v”i)) .

k 2\—2N —
(1 +2 |w"/ _Wﬁ/‘ ) ‘/QO'NYBw'Y 27]9 _’_2_k,~y

The result follows for |ks — k| < 2 by observing that this implies
7B

A similar calculation establishes the desired estimate when |ks — k4| > 3. O

2
S CN22klM22—2‘k,y—k‘:y‘N(1 + 2k+1|w’y _ w;)'/|2)_2N '/%Bwry

< ON2MIMP N (7, 7)?

We are now able to show the following:

Theorem 3.3. Suppose Hy = H,j so that ey(t) is defined by the integral curves of
H,j. Then

> (i + Hy (t,x, D)) o (i0; + H;l (t,x, D))ex(t) € I (xs)-
k
Proof. As a consequence of Theorem 3.1 we have that

> iy o (i0; + Hyl (t,x, D))ex(t) € ' (xa)-
k
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So it remains to show that
> Hy (t,,D)o (i0, + H}f (t,z, D))ex(t) € T (xz).
k

Let W (¥, 7), wk(7,7) denote the matrices associated to H, (t,z,D) and (i0; +
H (t,x, D)ey(t) respectively. Our strategy will be to show that for any 3 triples
7,7,7 with |k — k| <1 and § > 0 that there exists Cs independent of choice of
triples such that

@3 (F, V) wr (7, 7)] < C525 s (7, V) s (v, xe (7))
The theorem then follows by Lemma 2.5 and Theorem 2.7 in [6].

When ky > k -2,

Hy (s,5,m) (Br, —1() + Br, (1) + B, +1(n))

1
17l7

in k. The desired inequalities are then a result of Lemma 3.2 and Theorem 3.1.

is a symbol of order S with symbol estimates that can be taken to be uniform

The case k, < k — 2 is more involved. Integration by parts in the integral

_k(ntl) (y—x — w
(Trpy)(y) =27 7 /e e /- (s,y,m)hi, (n)dn
yields the estimates
(3.22)
(n+1)
‘ang(p’y(y” < Ca,N2k'Y+M 4+ +max(k,y,§)|a\(1 + 2k”|<w,y i :17>| + Qkﬂ,|y . LZJ|2)7N.

This result, along with the estimates on the m it induces, gives us the following
matrix estimates which are much weaker than that of Lemma 3.2

| / (Thpr 5] < Cr2E204) 455 )

However, due to the estimates of Theorem 3.1 when k, < k — 2 we have

[k (3, ) wr(7,7")] < G525 (2FCOF27H8) 15 (5, 7)) (27207 s (4, xa (7))
As noted above, this completes the proof. O

We are now able to show that )", ex(t) is indeed an approximate solution oper-
ator for P.

Theorem 3.4. Let ey (t) be defined by the integral curves of H,j as in Theorem 3.3.
Then for —1 < z <1,

> " P(t,x, D)er(t) : H*T(R") — H*(R"),
k

with operator norm bounded by C(o(t) + 1) fort € [-2,2].

Proof. Begin by writing >, P(t,x, D)e(t) as

Zﬁ(t,x, D)ey(t) = Z Q" (t,z,D)ex(t) + (Z bi(t,2')0; + l;l(t,x’)at) o Zek(t)
k k

2 k

(3.23) +Z(Q(tvx’D) - Qk(tvx’D))ek(t)

k
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We begin by considering the first term here. By equation (3.3) and Theorem 3.3 it
suffices to control the sum ), Fy(t,z, D)ey(t) where

(3.24) Ef(t,z,D) = —i(0:H)(t,z,D) —i(0:H,, )(t, x, D)
+ (Hy o Hy )(t,z, D) — (H Hy )(t, 2, D).

Here the symbol of (atH,;t)(t, x, D) is (8,5H,j[)(t, x, &) and the symbol of the operator
(H;H,;)(t,x,D) is H,:(Lx,g)H,;(t,w,f). By splitting the sum up into groups of
integers that are equal modulo 4, it suffices to show that the following sum is a
map that loses one derivative:

ZE‘“‘ (t,z, D)ey(t) (ZE4k (t, 2, D) (Bak—1 + Bak + Bak+1) ) ° (Ze4k(t)).
3

Employing the first claim in Theorem 3.1, the sum is now handled by observing
that by examining the symbol of (3.24)

> Eai(t,x, D)(Bak—1 + Bak + Bars1) € Sia
k

with symbol estimates bounded by C(o(t) + 1).

Next observe that since b;(¢,-) € Lip(R™) with Lipschitz norm bounded by
C(o(t) + 1) the second term in (3.23) also has the desired mapping properties,
as (3.13) permits a straightforward proof that Y, 0; o ej(t) € T (xy)-

Controlling the last term in (3.23) reduces to showing that if a = a;; for some
i,7 or a = p, then the sum

(3.25) > (a(t,2’) — aF(t,2"))Be(D) : H*~'(R") — H*(R")

k

for —1 < z < 1. However, this result follows by the same methods used in Theorem
4.5 of [6] except that in our case the norm of this operator is now bounded by
C(o(t) + 1) for some uniform constant C'. O

We pause to remark that if e (t) is instead defined by the integral curves of H, ,
then a symmetric line of reasoning shows that it is also an approximate solution
operator for P. This fact will be used in the next section.

3.3. Representing the solution. Here we define operators cj(t, s), si(t, s) as in
section 4 of [6]. For a given v = (zy,wy, k), let (z£(t,s), wE(t,5),0%(t, s)) be the
solution to

.’ﬂi
% = —(HE),(t,z,w)
dw*
(3.26) e (H,f)w(t,a:,w) —{w, (H,f)x(t,a:,w»w
o

7 = 0w (Hy)u(t,z,0)" — (Hy )u(t,2,w) - "]
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with the initial conditions (x$(t,s),wf(t,s),@f(t,s))’tzs = (2,w,,I). For each
v with ky > 0, define the function v, by 57(5) = —i2%(w,, &) 713, (£). We now set

@?(L S, y) = @7(@$(t, 8)(y - :L‘Af(t, S)) + :U’Y)

2
v 6:‘: t’ — a3 tv + .
H;_(S,Jj,y’w.y) _H}c_(&Q?'yaw'y) ’Y( 'y( S)(y I’Y( S)) :177)

=+ —
ﬂ'y (tv S, y) -

This leads us to define the operators ck(t, s), sk (t, s) on a function f =3 ¢y, by
1

(er(t,s)f)(y) = 5 D et (ts,y) + 5 (¢ 5,1))
ko =k

(et )P)0) = 5 3 274, (07 (15,9) = 07 (85,3)
ky=k

Now set €(t,s) = Y pock(t,s) and §(¢,s) = ZkaO sk(t,s) + (t—s) Z,Kko Ag

where Ay, is defined by
Ak(z Cyipy) = Cy Py
¥ ky=k
The proof Lemma 4.4 of [6] uses only the fact that ||(HE).(-, -, §)llzge, < C for some

C independent of choice of £ € S*~! and frequency index k and is easily adapted
to our circumstances. It states the following:

Lemma 3.5. For kg sufficiently large and depending on the estimates on the coef-
ficients {a;;(t,z)}ij, the operator 9,5(t, s)|t=s admits a bounded inverse on L*(R™).
This inverse extends to a bounded operator on H*(R™) and is continuous in s in
the norm topology on H*(R™).

We thus choose kg to be as large as required in the lemma and set
s(t,s) =5(t,s) o (9;5(t, 8)|t=s) "
Also, define
c(t,s) = c(t,s) —s(t,s) o (0:€(t, $)|t=s)-
Therefore, c is an operator that loses no derivatives, s is an operator that gains
1 derivative, and the following properties hold

c(t,s)|i=s =1, ore(t, 8)|i=s = 0,
s(t, $)|t=s = 0, Os(t, s)|t=s = 1.
We now define operators Ty, T by
To(t,s) = P(t,x, D)c(t, s) Ty (t,s) = P(t,x, D)s(t, s).

A proof similar to that in Theorem 3.4 now shows the following:
Theorem 3.6. Ty(t,s),T1(t,s) enjoy the following mapping properties for —1 <
z2<2
To(t,s) : H*TH(R") — H*(R")
Ti(t,s): H*(R™") — H*(R")
with operator norm bounded by C(o(t) + 1) fort € [-2,2].

We are now able to represent solutions to hyperbolic pseudodifferential equations
as desired.
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Theorem 3.7. Suppose wy € H*TH(R"),w; € H*(R"),F € L;([-2,2]; H*(R™))
for some —1 < z < 1. Then there exists G € L}([—2,2]; H*) with norm bounded by
1Gl L1 (=2,21:7) < Cllwollg=+1 + willa= + | Fll L1 ((=2,2,17))

such that

w(t, x) = (c(t, 0)wo)(x) + (s(t,0)w1)(2) +/0 (s(t,s)F(s,-))(x) ds

is a solution to the Cauchy Problem

(3.27) w(t, z)|t=0 = wo(x)
(3.28) Oyw(t, z)|i=0 = wi(x)
(3.29) (P(t,z, D)w)(t,z) = F(t,z)

Proof. This is essentially the same proof as in Theorem 4.6 of [6]. As in that
Theorem, we are lead to solve the integral equation

t
G(t, z) +/ Ty(t,s)G(s,xz) ds = F(t,x).
0
where ﬁ‘(t,x) = F(t,z) — (To(t,0)wo)(x) + (T1(t,0)wr)(x).
In order to solve this equation set

t S1 Sn—1 ~
Gn(t,x) = / / / Ti(t,s1)T1(s1,82) - T1(Sn—1,8n)F (8n,x)dsy, - - - ds;
0o Jo 0

and G(t,x) = 3, _,(=1)"Gn(t,x) + F(t,z). As before, this sum converges abso-
lutely in L}([—2,2]; H?) to a solution to the integral equation as a result of the
more complicated estimate

1Gn(t, )|l
// / C™(o(t)+1)(e(s1) +1) -+ (0(sn-1) + DI F(sn, )| r=dsp - - - dsy

S 2 (2,250 ey (0() + DO (L + [lefl )™/ (n = DL
(]

4. ESTIMATES VIA THE PARAMETRIX

We now have the tools to represent solutions w to the wave equation over the
domain R x (—2,2) x R"~! whose partial Fourier transform in ¢, 2’ is supported in
the set

(4.1) supp(w(r, z1,&')) C {(r, &) : 7 > 11|¢'|} \ B4(0).

In this section, given s, p, ¢ as in Theorem 1.1 we will thus discuss how to show the
following estimate for w that can be represented by the wave packet construction
of Section 3 and enjoys the property (4.1):

(4.2)

||w||LfL§([71,l]><(72,2)><]R:,_1) S ||w0||Hf_j} Hlwill,, +IP@)ley, (2208,

Here wy(t,2’) = w(t,0,2") and wy(t,2') = Oy, w(t,0,2"). In practice, w(r,z1,&’)
will always be localized to a dyadic region in (7,£’) and hence (4.2) allows us to
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show the inequalities in the hypotheses of Theorem 2.1.

Now that the parametrix has been constructed we go back to the original roles
of t,x1 so that P is an operator that is hyperbolic in z;. This also means that the
our evolution operators c,s are parameterized by x; so that our w takes the form

w(tv .’L‘) = (C(xh O)w(" 0, '))(tv xl) + (S(l’l, 0)8;,5110(', 0, '))(ta I/)
+/ 1(S(ﬂchyl)Cv’(‘,yl,-))(lﬁ,%’) dy.
0

In this section, {t,(t,z’)}, will denote the family of wave packets constructed
in section 3.1 except taken as functions of (¢,2') and indexed by v rather than ~.
Hence v ranges over triples of the form v = (k,, (t,,2},),w,). We will reserve the

notation {¢~ ()}, to denote the family of wave packets taken to be functions in z.

Let H* (z,7,¢&), I;f;t(as, 7,&’) denote the roots of the principal symbols of ]5, Pk
respectively. The flow on the cosphere bundle is thus determined by solutions to
the ODE

dt ~
E = —(H]j)-,—(ml,fﬁ/,w)
dx’ ~
(43) d.’IJl = _(Hlj)é/(xlax/aw)
dw T+ / T+ /
T& - (Hk o (71,7, w) — (w, (Hk Jtar (21,2, w))w
doe T+ / T 7+ 4 T
dTl = Q[W ' (Hk )t,I’(‘er ,(U) - (Hk )t@/(xl’x ,W) ‘W ]

with a similar definition of the flow when we consider H~.

Thus given a triple v = (k,, (t,,2),),w, ), set

b (t, ) = ¥y (O (21)(t — ty(21), 2" — 2 (1)) + (b0, 2,,))

where ((t,(z1), 2, (1)), wu(21), 04(21))|ay=0 = ((tv,z)),wy,I) and is a solution
to (4.3), with k = k,. These are the traveling wave packets constructed in Sec-
tion 3 now parameterized by x; rather than t.

We first want to show that we need only consider wave packets whose Fourier
transforms lie in a small cone about the 7-axis. Let ®,® be smooth functions

in (7,¢') such that supp(®) C {(7,¢') : 7 = 10[¢'[} \ B3(0), supp(®)  {(7,¢') :
7 2 8|¢'[} \ B1(0) and identically 1 on the sets {(7,£’) : 7 > 11[¢'|} \ B4(0) and
{(, &) : 7> 9[E'[}\ B%(O) respectively.

For any integral curve (t,(2), 2, (z),w,(z)) of HE on the cosphere bundle, we
have that |w, (21)—w, (22)| < O(e) for 21, 29 € (—2,2) as ||ai; —dij|| Lip, [[p— 1| Lip < €
by our assumption in (1.14). Thus by choosing € > 0 to be sufficiently small, we
can fix things so that given any wave packet with w,(z) ¢ {(7,¢) : 7 > 8|¢|}
for some zp in a finite time interval, then w,(z) ¢ {(r,&) : 7 > 10|¢'|} for

any z € (—2,2). This implies that ®(D)c(z1,y1) = ®(D)E(z1,y1)P(D) and
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®(D)5(x1,51) = ®(D)8(21,y1)@(D), for any z1,y1 € (—2,2).

Hence in order to get the desired estimates (4.2) for w satisfying (4.1) it suffices
to show

(4.4) 19€(21, 0)@h 1y pa(1x-2,2xr7 1) < CllhllEs+i@y ),
||‘I>§(371,yl)‘thLng([—m]X[_z,z]XR;L;l) < C“hHHs(Rzz/)

with C' independent of choice of z1,y; € [—2,2]. For simplicity, we will consider the
estimates on €(z1,0) as the estimates on §(z1,y;) will follow by similar reasoning.
Furthermore, we will only consider the half of ¢(z1, 0) that translates packets along
the curves of H* as an identical argument establishes dispersive estimates for the
other half of the operator.

A crucial step in the proof of the estimates (4.4) is to fix ¢ and realize the family

{thu(t,") : wy € supp(®), [t | < 4}

roughly as a frame of functions on L?(R™) in the z-variable. We will show that
this family shares 2 key properties with the wave packet frame {¢.(z)},. The first
is that a function v, (t,-) is highly concentrated in space and in frequency much
like a single wave packet (though not strictly localized in frequency). To make this
rigorous, we will use the weight functions us to show that ¢, (t,-) is centered at a
certain point in N x S*(R”) in the sense that its representation in the wave packet
frame {¢-(x)}, is rapidly decreasing as v moves away from that point. The second
property is that these points, the centers of the v, (¢, ), are spread out, similar to
the way the collection of indices v = (k, x,w,) are evenly spaced. This allows us
to prove a key technical lemma analogous to Lemma 2.5 in [6].

Once this is accomplished, we will see that the center of a function v, (t,) in
the frame {¢~(x)}, is the image of the center of the function 1,(0,-) under the
transformation at time ¢ determined by a Hamiltonian flow. Specifically, the flow
parameterized by ¢ and determined by the Hamiltonian (%)~ 2 (A¥(z)€,€)2, with
AF(z) denoting the matrix of coefficients {a;(x)};; and k = k,. This entire ap-
proach amounts to arguing that the family of {4, (¢, )}, behave roughly as if they
were wave packets in x translated along characteristics in ¢. We are then able to
adapt the techniques used in Lemmas 6.2 and 6.3 of [6] to complete the proof.

We first reduce the matter to obtaining estimates on wave packets at a fixed

frequency shell. Let Sy be the set of all v such that w, € supp(®) and k, = k. We
consider estimates on the operator By mapping [?(Sy) to measurable functions on
R x [-2,2] x R"~! given by

Bk{cy}uesk = Z C,ﬂ,/},,(t,l’).

uGSk

We wish to show that there exists C' independent of k£ such that

(4.5) | Br{cv}ves ||LfLZ([—1,1] X(=2,2) xR, ) < C2k(s+1) I{ew}ves, ||l2(5k)



WAVE EQUATIONS WITH COEFFCIENTS OF SOBOLEV REGULARITY 25

for p,q,s as in Theorem 1.1. Thus if » = Y ¢,%, for some h € L*(R},) this
implies the stronger estimate

”Bk{Cu}vGSk HLng([fl,l]><(72,2)><]RZ,’1) < C2Fk(s+1) ”hk”L?(Rzr,)

where {hx}r>0 is an appropriate Littlewood-Paley decomposition of h. Since the
Br{c,}ves, are dyadically localized to frequencies near 2% in the t,2’ variables,
Littlewood-Paley theory will then imply (4.4) as

1 s 1
1" Bifevbvesilzrrs S (3 IBileshves 3r00)F S O 220 hel ey )3
k k '

k
S hllaetrey )

and ), By represents the half of €¢(x1,0) that translates packets along H*.

Let ¢ € C§°(R) be a smooth bump function equal to 1 on the interval [—2,2]
and supported in (— 2, 2) Define By, as a map from 12(Sy) to measurable functions
on R™*! by

Ek{CV}VGSk = Z Clﬂ[}(xl)wl/(tvm)

ve Sk

since v is compactly supported this is well-defined for any z; € R. We now focus
on proving a stronger inequality than (4.5):

(4.6) HBk{Cu}ueskHLm Cxen) < C2PETV e, iz sy)-

Hence for the rest of this section we will replace v, by 1), as we will find the
property that 1), is defined on all of R™*! useful in the analysis below.

A duality argument reduces (4.6) to showing

(47) ||BszG||Lqu —1,1]xR") ~ 22k(8+1)”GHLT’ Lq —1,1]xRn)"

We now characterize gkgz by

<@%®@@:/mﬁmammm

where
(Wt]st( .%'1, Z@/JV t :17 / ’L/JV S y ) dy1 dy/.

The inequality (4.7) will now come from interpolation on the pair of estimates in
Theorem 4.1 below (often called the “dispersive estimates”) followed by an appli-
cation of the Hardy-Littlewood-Sobolev inequality. We are now lead to the main
result of this section.

Theorem 4.1. The operator thfs enjoys the following mapping properties:
IWE fllrz@ny < Cllfll2@ny
_n=1
IWE Fllpoe@ny < C2F (1425t = s))™ 7= || fll 1@y
with C' independent of t,s € [—1,1].
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Begin by setting K := {v € Sy : |t,| < 4} and split the integral kernel of W,
into 2 parts

Z%sywutz D syt a) + ) syt o)

veKC veK
Observe that if |tu] > 4, and € > 0 is chosen to be sufﬁciently small in (1.14), then
when z; € (-3, 2), |t (z1)| > |t,| — [t (x1) — t,| > 4 — LL. Hence |t,(z1)] stays a

uniform distance of 1 7 away from the interval [-1, 1] so by modlfymg the standard
estimates on the localization of 1, in space, we have that

W (1, 2)| < (14 2kt — ¢, | + 25 |2 — )N,

for any integer N. By choosing N sufficiently large it is not difficult to obtain C
independent of k such that

| D (s w(ta) < C

veKC

[ 1Y wlwvto)d dn <c

veKC

This shows that the first part of the kernel has the desired mapping properties. It
thus suffices to show the estimates assuming that the kernel is sums only over v € K.

Since we are looking at wave packets at a fixed frequency 2% translated along a
fixed flow in what follows we abbreviate H + as H and specify whenever we need
to work with the rough Hamiltonian. Also, we will always assume implicitly that
¥ =1 in the definition of 15, P* as we are restricting our attention to a sufficiently
small cone about the 7-axis.

This first lemma shows that for v € K, 9,(t,-) is indeed concentrated in space
and in frequency much like a wave packet.

Lemma 4.2. Suppose (t,(x1),z,(x1),w,(21)) is a solution of (4.3) with initial
conditions (t,,x.,,w,), such that t,(z) =t for some z € [—16,16]. Then for any
wave packet ¢ (z) and integer N, we have that

‘ / b, 2)pn () da
< {CNMN(V; o (2220 (2)') 7o (), w00 (2))) hy — by <2

On2™ X M IN (v by, (2,20 (2)), (G (2), wi(2)) Ky — ko] 2 3

where ¢, (2) = H(z,2,(2),w,(2)), 7(n) = n/In| denotes projection onto the unit
sphere, and Cy is independent of v,v

Therefore, the center of ¢, (¢, z) in the frame {p,(x)}, is
(ko, (2, 20(2)), 7 (G (2), wn (2)")).

Proof. Throughout this proof ¢ will remain fixed. Let 7 +— ;- (1) denote projection
onto the subspace orthogonal to ({,(2),w,(2)"). The key 1dea in this proof is to
show the following pair of inequalitieS'

(4.8) [ (tm)]| < 2 M )P + 27 )Y
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(4.9)
— _ 3k(n+1)
Bt )] < Cy2~ 25 /

supp(¢,.)

Indeed, by using the techniques of Lemma 3.2, the lemma follows from these in-
equalities once it is observed that (4.8) and (4.9) are analogues of (3.19) and (3.21)
respectively.

N\ —N
(1+27 = 1O (G wz)) ) drde’

Set q)u(t7 m) = 61/(331>(t - tu(ml)a x' — .’1?1,(3'31)/) so that %(t,w) = wu(q)u@’x) +
(t,,z.)). Since ©, is orthogonal and t,(z) = t, standard wave packet estimates
give us that
(4.10)

[, (t, )] < Cn (1 + 2 (w,, @, (F, 2))| + 25 [t,(2) — b (1) + 23| — 2 (21)' )N

By performing a Taylor expansion about z on the curve (¢, (z1), 2, (x1)") with second
order error term r,(x1) we can use the fact that ©,(x1)Tw, = w,(z1) to write

(@t 2)wy) = ((t =ty (1), 2" — 0 (21)), 0o (21))
= ((t =t (2), 2" = 2,(2)") = (L (1), 20 (1) ) (21 = 2) + 7 (1), w0p (1))
We can now use the fact that ({,(z1),2,(2;)") = — ~T,§/ and homogeneity to get
(4.11) (@u(t, x),wr) = (@1 — 2,2 = 22, (2)"), (G (2), w(2)")) + v ()
where e, (2)] < |(z1 — 2,2" — 2,(2)")|?. By choosing ¢ sufficiently small in (1.14),
we have [t,(z) — t,(z1)| > 1|z — 21| implying that
[t (2) = tu ()] + 2" — 20 (21)'] 2 |(21 — 2, 2" — 2 (2)')]-
Hence as a result of (4.10) we have that for any N > 0
[ (t, @) <
On(1+2%{(21,2") = (2,20(2)"), (G (2), wi (2) D] + 28| (21, 2") — (2,20 (2))*) 7F.
In addition, observe that 0%, (x) is a finite sum of functions of the form hlg’a,
RE and hE*® that have following estimates

B (@) < Ca28 121D (@) — 2o — (o))

with C,, independent of v, k. We now write the phase of the defining integral

k(n-+1)

Bultia) =2 [ @D i (1, ¢ arde

as

iyt 2), (1,8)) = i((21 — 2,2 — 2,(2)"), (G (2), wu (2)NI(7, &)
+iey ()| (1, &) + i@y (¢, 2), (1,6) = (7, §)|wn).-

We are now able to integrate by parts in (z1,2’) in the integral defining 17),\,(75, n) as
in Lemma 3.2 to obtain (4.8) and (4.9). O

To see that the centers of the v, (t,-) in the frame {¢,} are indeed spread out,
we show that the pseudodistance between the centers of 2 of these functions at
a fixed time slice in the frame {¢~(x)}, is bounded below by the pseudodistance
between their centers as functions lying on the hyperplane z; = 0.
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Lemma 4.3. Let
L1 = (tﬂil ) xml’wm) and €y = (Swny;lﬁvm)

denote integral curves of H projected onto the cosphere with wnitial values lying in
the set

{(t.2', 7€) € (—4,4) xR"™' x R™ : 7 > 8|¢'|}.

Suppose in addition t = t(z) = s(w) for z,w € (—16,16). Then there ezists a
uniform constant ¢ such that

d(Z, xlzv 7‘['(?[(27 Q?;, ("')2)7 w;) w y;uv (ﬁ(w y:u’ ’Uw) U;u))
>d( 11)’ww15w7quvw) %d(tmx()awo;s()ayéyUO)
where ™ denotes projection onto the unit sphere as before.

Proof. Consider the map F : (—=16,16) x R"~ x {(7,£') # 0 : 7 > 2|¢'|} given by
F(z,2',7,&") = (z,2', H(z,2',7,¢),&") and let D denote the submanifold

(—16,16) x R" ' x {(r,&) e S ' .7 > 2|¢'|}

Since I;'T is bounded from below on this set, it can be shown that F' descends
to a map F = (Id x 7) o F| 5 that is a diffeomorphism onto its image with with
upper bounds on the pushforward (ﬁ’l)* under the natural coordinates inheirited
by R?". This allows us to conclude there exists ¢ uniform such that

2 = wf + 2l =y, P + [ (H (2,2l w2), L) = w(H (g, 00), 00|
> ez = w + |2l = yo,|* + |we — vul?).
From here it is not hard to see that the latter quantity is greater than
ez — w|2 + [ (tw, 7)) — (SlU?y’:D)‘Q + |wy — Uw|2)

with uniform constant ¢. We can now apply an argument similar to that used
in (4.11) to get

<(}~I(Za x,/z7wz)aw,/z)7 (w - Z7y:u - I;)> = <ww7 (t - tuny:u - xfw)) - e(wa y;u)
with |e(w, y!)| < [(tz, 2%) — (Sw,yl,)|?. This now implies that
|Z - w|2 + |I - yw‘Q + ‘ﬂ—( (Z SC wz)vw ) ﬂ-(H( 5y1/u7fuw)7viu)|2
(2w w2), ), (w = 2,90 = aL)|
2 |ww —vul* + |(tw,xiu) — (5, Y1) 1>+ [(@as (b, 70) = (50, Y2)) |
The first inequality in the conclusion now follows as simple estimates imply that
|(tw,$(};)) - (Suhy:u)l ~ |(Z7xlz) - (way;})‘
The last inequality in the lemma now follows by (3.11). O

This result now allows us to prove a key technical lemma that relies on the set
of centers being sufficiently sparse.
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Lemma 4.4. For anyv € K ={v € Sy : |t,| < 4}, let Sv denote the index
(k, (20,20 (20)"), m(H (20, 7 (20)", w (20)), wi (20)))

where zg is such that t,(z0) = 0. For any v,v',v0 we have the following inequalities

> us(Sv,y) < Cs(1+2"% 75y and > ps(v, Sv)ps(Sv,v0) < Caps(v'70)
veK veK

for some Cs depending only on n and § > 0.

Proof. The collection K N{v : d(Sv,~) < inf, d(Sv,v) + 1} is finite, so there exists
vo such that d(Svg,~y) = min,cx d(Sv, 7). Therefore,

1 1 1
d(Sv,vy) > id(SI/, ) + Ed(SI/(),SZ/) — §d(51/0,7) > cd(vg, V).
The result is now a straightforward adaptation of Lemmas 2.4 and 2.5 in [6]. O
We are now ready to prove the Theorem:

Proof of Theorem 4.1. Recall that we need only consider the part of the kernel that
sums over v € K. As such, given an index v, there always exists w € (—16,16)
such that ¢,(w) = s as it implied by the conditions |t,| < 4 and |t| < 1 for € > 0
sufficiently small. Let b(s, v, ) = [ v (s, x)py(x)dz and let

Xy = (tu(xl)’mV(xl)’TV(xl)vgu(xIY)

be the solution to

dt ~ dr ~
— =—-HF ! = _HFf
dl‘l T (CE,T,&) dZCl t (I’,T, )
da’ ~ dg’ ~
4.12 — =_H' ! =HY !
(4.12) o= @) o = M)

with initial conditions (t,, ), (wy)1,w)). Set

(i) = H (21,2, (1), 7, (21), & (21)')
so that (t,(z1), 21, 2, (21), 7 (1), & (21)) is a null bicharacteristic of P* (with
&(x1) = ((&)1(1),&(21)")). Tt is not difficult to show that for z; € (—16,16)

and € > 0 chosen sufficiently small, this curve admits a reparameterization t —
(t, 2, (t), (1), & (1)) for t € [t(—16),t(16)] such that the curve satisfies

(113) B V() A O = (Hoe(r, 7 ©),
K V) A @E O = —(Hi)a(e,7,)

where Hy(z,7,£) =7 — (ﬁk>_%<gk($)f7f>%-

By homogeneity of H and the fact that ((wy)1(z1),wy(21)') = (7 (21), &0 (21)),
we have

m(H(z,20(2) wu(2)), wu(2)') = 7(&u(2))
for any z. Now let x; denote the transformation on S*(R?) = R? x S"~! induced
by projecting the flow (4.13) down to the cosphere bundle. We now have that if w
is such that ¢, (w) = s, then

(ky, (w, z(w)"), m(§(w))) = xs(Sv).
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This, in conjunction with Lemma 4.2, yields

i . ky — k| <2,
(s, v < { SN0 X (B0) -
Cn2 v FON N (7, xs(SV)) Ry — ky| > 3.

Hence the 1, (¢, z) do indeed behave roughly as if they were wave packets originat-
ing on the t = 0 hyperplane and translated along characteristics parameterized by ¢.

‘We thus have

( ts‘p"/ Zwutx/wusy‘pv dy—zwutx SV,’V)

Hence, the matrix of the operator W, satisfies

< 3 bt

’/‘Pv t ey (b, x) do
< ON D un(Sv x—1(0))in (81, x—s(7) < Cvpn (1, x1-s(7)

Thus Wt’fs is an operator with matrix in M%(x;_,) and the constant appearing
in (3.8) can be taken to be independent of k,t,s. Hence W, W has the desired L?
mapping properties.

To show the second estimate, we wish to show the following bound on the kernel
of W,W¢

>t )t (s, y)| < C2Fn(1 4 28 — s)) =2

veK

with C independent of x,y. Begin by observing the upper bound

Zwutl’%sy

veK

<D ey @)ey )bt v, ) [1b(s, v, 7))

veEK v,y

When |ky — k,| > 3, we can use the extra power of 2~ max(ky k)N 6 get the
upper bound

Z( DID DD DD )mx>w<y>||6<t,m>|B(s,wngc.

VEK N [ky—ku|>3 7 [ky—ky |23 |ky—k,|<2

It now suffices to restrict our attention to the sum

Y wtanenl<Y. Y e @er @I Ibs ).

veK VEK |ky—ky |, |k —ky|<2

Using Lemma 4.4, this sum is dominated by

Cn Y Yo ey @ey @lan (v xe—s (1)) -

ko =k |<2 [k —ky| <2
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By the arguments in Lemma 6.2 of [6], it suffices to show Lemma 6.3 of [6] holds
under the alternate assumption that the Hamiltonian H (z,£) satisfies

(4.14)
16
swp (020 (@)D + Y [ sup |orH(e )| da
lal+18]<2,|al<1 3 <112 a2/ 16 E<lgl<2
<e
for some sufficiently small but fixed € > 0 and the slightly weaker conclusion that
n—1

/Q (1 4+ A (@), g — F@)))2dw < CA-23

where Q := {(w1,w') € S"71 C R" : w; > 8|w'|}. Indeed, (4.14) can be arranged by
scaling the coefficients by a factor of R as

2
/ sup 3102 (aiy (R(z1.2")) — 6:5)| + 102 (p(R(z1,2")) — 1)|dzy < CR'+.

-2 [2'|<2 i,j

Consider the Hamiltonian flow for 7 such that # e

e (5,) = VeH (a(s,1),£(s,7))
% (s,1) =~V H(x(s,1),£(s,m))
33(0,77) =Y 5(0777) =n

When 3 < [n] <2, and [s| < 1 we have

1€(s,m) —n| < O(E)

o o
2(s,m) m\ <0()

as the map n — % has bounded derivatives on this set. Differentiation with respect
to n in the equations above now allows us to conclude that

or I n-nT>’ ‘8{ ‘
- (= - 21 — 1
‘877( g (Inl |n]3 577( "

1 T
- Ox I 759
<0+ [ COAE.um + 1) Gl - (1= T as
0 ’ on Inl - nf?
with ||8§A(x1,~)|\L;<; = Yjaj=2 2_ij 105 ai;(z1,-)|lLe. Since dz1/ds can be uni-
formly bounded from below, Gronwall’s inequality now gives us that

Or I 7n- n> ¢
T A O
‘577( ) Il nl® 6n( )
The rest of arguments in Lemma 6.3 now imply the desired conclusion under this
weaker assumption. ([

+ < O(E)

We are now able to prove Theorem 1.1.

Proof of Theorem 1.1. We now show that the hypotheses of Theorem 2.1 are satis-
fied with ¢ = 0. To do this, we will actually apply the parametrix and the estimates
of this section to the pseudodifferential operator 13’“, the operator defined in Sec-
tion 3 with coeflicients truncated to frequency 25
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Let w(t, z) denote the function produced by Theorem 3.7 as a solution to the
Cauchy problem (3.27) with initial data ¢¥T'xu(-,0,-), O1¥Tku(-,0,-) and driving
force P*(yTu) (recall that t(z1) is the smooth cutoff such that Yz =1
defined in 2.1). By the observations at the beginning of this section concerning
®(D),®(D) and the fact that the Cauchy data determining w all have partial
Fourier transforms in ¢, x’ localized to a sufficiently small cone about the 7-axis, we
can conclude that supp(w) (-, z1,-) C {(7,&’) : 7 > 6|¢’|}. Hence an easy application
of the flux estimates of Section 2.2 shows uniqueness of solutions to the PDE with
the given inital data and hence w = ¥I'yu. Therefore, the dispersive estimates of
this section and the fact that P*(yT'yu) is localized to frequency 2* in ¢, 2" imply
that

||wrku||LfLZ([—1,1]><(—2,2)><R"*1)
S 2% (@M 0Tk 0, )y + 100wk, 0, )1z, + IPF TRy 22, &m)-
The estimate of Theorem 2.1 now follows by observing the following inequality
1P @kl z |, S NP = PYWTkwllng, z2 |, + I1POTeu) s 22
S IVea @)l oz 2, + POk oo

We now conclude this section with an important corollary:

Corollary 4.5. Suppose w € C*®(R"H1) satisfies
P 1
supp(@(-, 21,-) € (&) = 7 = 12} \ B (0) N {(7,€) : gr A < |(m )] < 64A}.

for all z1 € R. Assume also P> is the operator obtained by reqularizing the coef-
ficients of P and truncating them to frequencies less than 2\'~%, for some § > 0.
Then for X\ sufficiently large, there exists Cs independent of X\, w such that

[wllLr L Rx (=2,2) xR -1) < C§)‘S(“w||L;'°1((72,2);Ht17x,) F 101wl g (—2,20522 )

t,a!

TP ey, o2 (-22xmm).

Ty,
with s,p,q as in Theorem 1.1.
Proof. Let {¢i(t) }1ez be a smooth partition of unity on R such that ¢;(t) is sup-

ported in (I — 1,14+ 1) and ¢;(t) = ¢o(t — ). A straightforward argument using
Lemma 2.4 and Minkowski’s inequality shows that

Nl

”wHLfL%(Rx(fQ,Q)xR“*l) 5 (Z ||¢lw||2Lng(Rx(,2,2)XRn_1)) .
l

Let Q(r,¢') be a smooth function on R™ supported in {(,£’) : 7 > 11|¢/|} \ B1(0)
and identically 1 on the set {(,¢’) : 7 > 12|¢/|} \ Bz (0). Also, let 0(r,¢') be a
smooth function supported in {(7,&’) : &= < |(7,£')| < 65} and identically one on

the set {(,&') : & < |(1,€')] < 64}. Now define Qy(7,&) = Q(1,£)I(A " (7,¢")).

Since (I — Qx(D))w = 0, we now have that

(4.15)  |lgrwllLrpamx(—2,2)xrn—1) < 1AW Lr Lo ((—1—1,—141]x (—2,2) xRr 1)

+ 1L = @, dJwll Lr e ((—i—1,—141)x (~2,2) xRP-1)
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By applying flux estimates as in the proof of Theorem 1.1 it can be shown that when
A is sufficiently large, Q) ¢;w is indeed represented by the parametrix of Section 3
as a solution to an equation involving P*, yielding the inequality

||ﬁ>\(D)¢lw||LfL§([—l—1,—l+l}><(—2,2)><R”*1)
< CoX* (Idrw(, 0, |, + 1011w (-, 0,2, + 16wl 22 (—2.2yxmn)

+ ||[P)\vQAQSl]w”L;lLfym,((—Q,Z)xR"))~

Consider the sum over [ of the squares of the first line on the right hand side of
the inequality. It is straightforward to see that this sum is dominated by

lwllLes (22512 ) + 1010l Lee (—22p:22 ) + IPwllzy 2, ((~2.2)xRn)-

17Tt

It now suffices to consider the commutator terms. Let Ry = Zz il () A@; so that
Ry is a pseudodifferential operator in ¢,2’ with uniform symbol estimates in S?,o

over §. Since [13)‘, Ry] involves partial derivatives in 27 of order at most 1, we can
easily adapt the proof of Lemma 2.3 to get that

1P Rolw(er, Mgz, < @, ap, + 10wz -
Applying Lemma 2.4 and Minkowski’s inequality now yields
BA O 2 2 2
Z ||[P 7Q)\¢l]w”L;1L? 2 ((—2,2)xR™) S ”wHL?fi((*l%sz) + ||aleLgol((f272);Lf o)
l , , :
By similar considerations

ST =y, NN Tr Lo (111,11 % (~2,2) xRA-1)
!

2 2
S ||w||Lg<;((72,2);Htlym,) + ”alwnLgol((—ZQ);Lfvm/)'

O

5. ESTIMATES VIA SCALING

In this section we show the truncation/rescaling arguments needed to prove
Theorem 1.2. Begin by smoothing the coeflicients of the operator P as constructed
in Section 3. Let {0 }x be a Littlewood Paley decomposition in z as before. Set

e

¢ = 3_% with « as in Theorem 1.2 and recall that o = 3Ta- For each a;; = a;j/a11,

p = p/ai1 define
aj; = Z Bi(D)a; Pt = Z Bi(D)p.

1<k I<ks

Let a denote an arbitrary function of the form a;; —d;; or p—1 and aF its regularized

counterpart szj or p—1. Observe that we can write 5;(D)a = G;(D){(D)~*((D)"a).
Set ¢y = FH{B(£)(€)7"} so that Bi(D)a = ((D)~a) = ¢1. Using integration by

parts we have the following estimates on ¢;

" 02 d1(y)| < Cp, 5,2/ 711 =)
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This yields the following estimates on the G;(D)a
107 (Bu(D)a)(x)| = |({D)"a) * (87 d) (x)|
< Oy 2l 1HI81=R),
/H )1 =y ), ey (L 2993 7120y [[(1 4 2% %) 77|

< Cpn2' PO M(|((D) a) (wn, )|z, ) (1)

Here M (||({D)*a)(w1,-)||rr)(x1) denotes the maximal function associated to the
L™(R) function wy — ||({D)*a)(w1,-)||rr. The last inequality follows by the result
on maximal functions cited in section 3. Let g be the L"(R) function given by

ZM (D) (@j = bi) (wr, )2z, ) (1) + M[(D)™(p = ) (wi, )2z, ) (21)-

Note that thls definition of p is different from the one used in section 3. This now
yields the following inequalities for a in the form above

la(z) — d¥ ()] < D 1Bi(D)a(x)| < Co(ar) D 271+ < ¢ra7heF) (),

1>ks I>ks

07a" (2)| < Y 19 pi(D)a(x)| < Cp2 W1 g(ay) for 5] > 2

I<kg

In addition, the C' norm of dfj, p* is uniformly bounded as a;;, p are Lipschitz
functions.

Let {Ik} be a collection of disjoint maximal subintervals of (—2,2) indexed by
m ranging over positive integers such that U, I = (-2,2), |[Ik] < 27%9 and
S o(@1)dzy < 2759, Let Ky be the cardinality of the set {I}, : [, o(z1)dz1 =
27k} and Ky the cardinality of the set {I¥ :|IF| = 27%7}. By maximality of the
subintervals, K; + K» is at least the cardinality of the collection {IX}. Observe
that

2
2_k0K1 S / Q(.’L‘l) dxl S C 2_kaK2 § 4

-2

and hence there is at most O(2*?) subintervals in the collection. Now let x* (1)
be the characteristic function of the interval I¥ . This yields the following estimate

[supet o)l (@) = s (@)hdes < € [ ¥ ()20 gla)day

(51) S C2(70’7§(1+Oé))k — C27k

as a simple computation shows that o + ¢(1 + @) = 1. An analogous inequality
holds for p. Next observe that for any multi-index 3 such that |5 = 2

6:2) [ X o) sup o2(al (27470) - 6] da

< 027 2koths(1-a) /an(zikal’l)é’@%gxl)dxl <C.

Also, the first order partials of the dilated coefficients are uniformly bounded.
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Let ]Bk(x, D) denote the operator ﬁ(az, D) with rough coefficients p, a;; replaced
k

by smooth coefficients ﬁk,&ij. By (5.2), we can now apply the results of Sec-
tions 3 and 4 to equations involving the operator P*(27%7z. D). Set vi(t,z) =
(YT pu)(27%7 (t, x)) so that oy (7, 21, &) is localized to frequencies ~ 2F(1=9). Since
a > 0, we have that ¢ < 1 — ¢ so Corollary 4.5 now allows us to conclude that

vkl zrLa ®x2ko 1k xr-1) S 2k(1=e)s (HUkHLg? (ke Ik:H] ) + ”aw’f”L;‘; (2keIk;L7 )

’ m?

+ ||Pk(2_k0$7D>Uk”L;1 (2ko Ik L2 ))

mity o

where 2¥7 % denotes the set {27z : x; € I¥} and H' denotes the homogeneous
L? Sobolev space of order 1. We now rescale the estimate to get

(5:3)  Ixm¥Trullprre < 2ks (2k\|1/)rku||L;<iLiw,

+ 009 kull s 12, + Ixm Pe(¥T 0|y 12 ).

tya!

By writing out the expression for P — Pk it is easy to see that the operator
involves differentiation in x1 at most one time. We can thus use (5.1) to obtain the
estimate

[Ixtm (P* = P)(¢T )| 11 2, < CR* YT pull e 2, + 1010 T kul poc 2 )
Tl Tt 1 Tt 1 Tt

This now yields the inequality (5.3) except with Pk replaced by P. Taking the
sum over m in this inequality as it ranges over all subintervals {I¥ } now yields the
following estimate when p < ¢

1
[T kullprra < /(Z/|anwrku|qu> | < <Z ||an¢rku||i§Lg>

(5.4) < C2D (Flhulpz 2, + 10Tkl iz 2, + IPOTew) 1y 22 )

1
P

To obtain a suitable estimate when p > ¢, we first observe that this implies that
n=3 s=0and p= q{—% with ¢ < 8. H'(R3) — L5(R?) by Sobolev embedding
and hence

[T kullpgers < ClTrullpge .-
We can now use analytic interpolation on this estimate and (5.4) with s = 0,
p = q = 8 to get that

YT kullLrre S 2h(st5) (”FkU”Lf"H; + 2k||¢rku||L;c1Lf Wi H81¢FWHL;C1 L2

+ ||P(¢Fku)||LilL?,w/)

Applying Theorem 2.1, Theorem 1.2 is now shown.
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