
NOTES ON UNBOUNDED OPERATORS

MATH 581, SPRING 2017

Throughout, X will denote a Banach, possibly a Hilbert space. Some of this ma-
terial draws from Chapter 1 of the book Spectral Theory and Differential Operators
by E. Brian Davies.

1. Introduction and examples

Definition 1.1. A linear operator on X is a linear mapping A : D(A) → X

defined on some subspace D(A) ⊂ X. A is densely defined if D(A) is a dense
subspace of X. An operator A is said to be closed if the graph of A

Γ(A) = {(x,Ax) : x ∈ D(A)} ⊂ X× X,

is a closed subspace of X×X. An operator A is said to be closable if Γ(A) defines
the graph of a linear operator, that is,

Γ(A) = {(x, Āx) : x ∈ D(Ā)}

for some linear operator Ā which extends A. We call Ā the closure of A.

It is not hard to check that the graph Γ(A) and its closure are indeed always

subspaces of X×X. Thus closable means that Γ(A) is a subspace of X×X such that

whenever (x, yi) ∈ Γ(A) for i = 1, 2 then y1 = y2 as this is the minimal requirement

for Γ(A) to define the graph of a function. But from here it can be seen that since

Γ(A) is a subspace, it is the graph of a linear map (Exercise: verify this).
A few remarks are in order:

(1) One can clearly extend the definitions above to define linear operators be-
tween two Banach spaces X and Y (or normed vector spaces).

(2) Up until now, when discussing linear operators we have always assumed
D(A) = X. Allowing D(A) to possibly be a proper subspace allows us to
consider a larger family of operators of interest, primarily those which are
unbounded. Perhaps surprisingly, it is very difficult to define an unbounded
linear operator on a Banach space with D(A) = X without using the axiom
of choice. Hence nearly all examples of unbounded operators are defined
on a proper subspace of X.

(3) The utility of the “closed operator” definition comes into play when R(A) =
X and N(A) = {0}, that is, A is a bijection from D(A) to X. In this case,

Γ(A−1) = {(y,A−1y) : y ∈ X} = {(Ax, x) : x ∈ D(A)},

so that Γ(A−1) is the image of Γ(A) under the permutation (x, y) 7→ (y, x).
Thus if Γ(A) is closed, so is Γ(A−1) and hence A−1 is bounded. In other
words, the inverse of any closed linear operator, when it exists, is bounded.

Proposition 1.2. Suppose A is a linear operator on X. A is closable if and only
if whenever (0, y) ∈ Γ(A), then y = 0.
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Proof sketch. By definition, the operator A is closable if and only if Γ(A) is the

graph of a linear operator. This means that if (x, yi) ∈ Γ(A), i = 1, 2, then y1 = y2
as this must occur for Ā to be well defined. Setting y = y1 − y2, we can take the
difference (x, y1) − (x, y2) = (0, y) to see that this is equivalent to the statement

that (0, y) ∈ Γ(A) implies y = 0. �

Example 1.3. In Assignment 4, Exercise #3 you considered the subspace of `1

D(A) =

x ∈ `1 :

∞∑
j=1

j |x(j)| <∞


and then considered the operator A : D(A)→ `1 defined by (Ax)(j) = j x(j) (though
this was called T there). You showed that A was closed and densely defined in `1.

Exercise 1.4. Generalize this example, considering `p for any 1 ≤ p < ∞ and
taking any sequence {α(j)}∞j=1 and defining

D(A) =

x ∈ `p :

∞∑
j=1

|α(j)x(j)|p <∞

 , (Ax)(j) := α(j)x(j).

Show that A is always closed and densely defined. Moreover, show that D(A) = `p

and A is bounded if and only if {α(j)}∞j=1 is a bounded sequence. Which of these
statements are valid when p =∞?

Example 1.5. Consider `p but with 1 < p <∞. Fix a nonzero vector y0 ∈ `p. Let
D(A) = `1 ∩ `p and define1

Ax =

 ∞∑
j=1

x(j)

 y0 x ∈ D(A).

It is not hard to verify that A is a linear operator. However, it is not closable. To
see this, define xn ∈ `1 ∩ `p by

xn(j) =

{
1
n , 1 ≤ j ≤ n,
0, j > n.

Then
∑∞
j=1 xn(j) = 1 so that Axn = y0, but

‖xn‖`p =

 n∑
j=1

1

np

1/p

=
( n
np

)1/p
= n

1
p−1 → 0 as n→∞.

Hence limn→∞(xn, Axn) = (0, y0) ∈ Γ(A) but y0 6= 0.

1We never proved it, but it is a fact that `q ⊂ `p when 1 ≤ q ≤ p and moreover ‖x‖`p ≤ ‖x‖`q .
Hence `1 ∩ `p = `1.
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1.1. Differential operators. The examples above are reasonably simple examples
of unbounded operators. However, several of the unbounded operators of interest
are differential operators. The theory here intersects that of so-called “Sobolev
spaces”, and important area of mathematics, but perhaps outside the scope of this
course. We focus on examples of function spaces defined on a compact nondegen-
erate subinterval [a, b] ⊂ R for simplicity.

Example 1.6. The easiest example is to take X = C([a, b]). Consider the simple

differential operator (Ax)(t) = dx(t)
dt for t ∈ [a, b]. The natural choice for D(A)

is simply the C1 functions on [a, b]. In this case, checking that A is closed is the
same as checking that whenever ‖xn − x‖C([a,b]) → 0 and ‖dxn

dt − y‖C([a,b]) → 0,

then x ∈ C1([a, b]) and dx
dt = y. But you did this work in Assignment 1, Exercise

#5 when you proved that C1([a, b]) was complete! It is not hard to see that A is
unbounded in this case: simply take trigonometric functions xn(t) = sin(αnt) for
some choice of αn →∞ so that ‖xn‖C([a,b]) = 1 but ‖Axn‖C([a,b]) →∞.

For applications in differential equations, one is often in defining differential
operators on Lp spaces with 1 ≤ p < ∞ (or even p = ∞). For one, various
inequalities and conservation laws that arise in the analysis of differential equations
typically involve integrals of functions instead of the supremum of them. Moreover,
C([a, b]) lacks an inner product structure, and our richest spectral theory for these
operators is for Hilbert spaces. In this class, we have defined Lp([a, b]) as the
completion of C([a, b]) with respect to the norm

‖x‖Lp([a,b]) :=

(∫ b

a

|x(t)|p dt

) 1
p

.

In other words, functions in Lp([a, b]) are those which are the limits of continuous
functions with respect to this norm. For those who have had measure theory,
Lp([a, b]) can be equivalently defined as the space of Lebesgue measurable functions
on [a, b] such that the integral on the right here is finite (treating two functions as
the same if they only differ on a set of measure zero).

Definition 1.7. A function y(t) is said to be the weak derivative of a function
x(t) if given any ψ ∈ C1([a, b]) such that ψ(t) vanishes in a neighborhood of the
endpoints a, b of the interval (i.e. there exists ε > 0 such that ψ(t) = 0 for t /∈
[a+ ε, b− ε]), we have

(1.1)

∫ b

a

x(t)
dψ(t)

dt
dt = −

∫ b

a

y(t)ψ(t)dt.

Note that integration by parts shows that whenever x ∈ C1([a, b]), (1.1) is sat-
isfied with y(t) = x′(t). This is in some sense the rationale for the definition. It
is a fact that whenever the weak derivative exists, then it is unique up to a set of
measure zero, in other words if y1, y2 are two weak derivatives of x, then the set
{t ∈ [a, b] : y1(t) 6= y2(t)} is of measure zero. Since we are concerned with Lp spaces
in this discussion, which treats two functions which differ only on a set of measure
zero as equal, we consider the weak derivative to be essentially unique.

Another way to describe the ψ under consideration here is to define the support
of a function as supp(ψ) = {t : ψ(t) 6= 0}, then set

C1
c (a, b) := {ψ ∈ C1(a, b) : supp(ψ) ⊂ (a, b)}.
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This is the same a considering the C1 functions on (a, b) with compact support, in
that supp(ψ) is compact. The class of functions in Definition 1.7 are ψ ∈ C1

c (a, b).
Indeed, since supp(ψ) is disjoint from the closed set (a, b)C , then such ψ must
vanish in a neighborhood of the endpoints. One can define Ckc (a, b) and C∞c (a, b)
similarly, simply replacing C1(a, b) by Ck(a, b) in the above definition.

Exercise 1.8. Let [a, b] = [−b, b] for any b > 0. Show that a weak derivative of
x(t) = |t| is given by any function y such that y(t) = t/|t| for t 6= 0.

Definition 1.7 gives us a prospective definition of D(A) for A = d
dt as

(1.2) {x ∈ Lp([a, b]) : x has a weak derivative y and y ∈ Lp([a, b])} .

Alternatively, one can appeal to the theory of “absolutely continuous” functions to
make sense of the domain of A.

Definition 1.9. A function x : [a, b]→ C is said to be absolutely continuous if
for every ε > 0, there exists δ > 0 such that

n∑
i=1

|x(t′i)− x(ti)| < ε

whenever (t1, t
′
1), . . . , (tn, t

′
n) ⊂ [a, b] is a collection of disjoint intervals such that∑n

i=1(t′i − ti) < δ.

Theorem 1.10. Suppose x is absolutely continuous on [a, b]. Then x′(t) exists in
the classical sense for almost every t ∈ [a, b] (that is, all t outside a measure zero
set) and x′(t) defines an integrable function such that with y(t) = x′(t),

(1.3) x(t) = x(a) +

∫ t

a

y(s)ds, t ∈ [a, b].

Conversely, if (1.3) is satisfied for some y integrable on [a, b], then x is absolutely
continuous.

The theorem thus gives us a “fundamental theorem of calculus for Lebesgue
integrals”. See Stein and Shakarchi, Real Analysis, Theorem 3.11 for a proof. We
can therefore also define D(A) as

(1.4)

{
x ∈ Lp([a, b]) : x is absolutely continuous and

dx

dt
∈ Lp([a, b])

}
.

We have the following characterization of the domain of A = d
dt , whose proof is

beyond the scope of this course.

Theorem 1.11. Suppose 1 < p <∞. The two function spaces (1.2) and (1.4) are
identical and define dense subspaces of Lp([a, b]). Moreover, taking this subspace
to be D(A), the linear operator Ax = dx

dt can be defined equivalently as either the
weak derivative of x or the classical derivative defined up to a set of measure zero.
Moreover, A is closed.

The common function space (1.2), (1.4) is typically called the Lp-Sobolev space
of order 1 on [a, b], often denoted W 1,p(a, b).
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1.1.1. Domains formed by taking closures. One final approach to finding a suitable
domain for A = d

dt on Lp([a, b]) is to consider a subspace of C1([a, b]) and show
that the resulting operator is closable. One case of interest is to begin with

D(A) = {x ∈ C1([a, b]) : x(a) = x(b) = 0},
that is, the subspace of C1 functions which vanish at the endpoints. To see that
A is closable, suppose that (0, y) ∈ Γ(A), so there exists a sequence of functions
xn ∈ D(A) such that

lim
n→∞

‖xn‖Lp([a,b]) = 0, lim
n→∞

∥∥∥∥dxndt − y
∥∥∥∥
Lp([a,b])

= 0.

We now recall Hölder’s inequality, which states that for two functions w(s), z(s),
then for 1 < p, q <∞ satisfying 1

p + 1
q = 1, we have∣∣∣∣∣

∫ b

a

w(s)z(s)ds

∣∣∣∣∣ ≤
∫ b

a

|w(s)z(s)| ds ≤

(∫ b

a

|w(s)|pds

) 1
p
(∫ b

a

|z(s)|qds

) 1
q

.

In particular, if we take z(s) ≡ 1, then we obtain∣∣∣∣∣
∫ b

a

w(s)ds

∣∣∣∣∣ ≤
∫ b

a

|w(s)| ds ≤ (b− a)1−
1
p

(∫ b

a

|w(s)|pds

) 1
p

.

We now define x(t) :=
∫ t
a
y(s)ds and observe that

|xn(t)− x(t)| =
∣∣∣∣∫ t

a

dxn
ds

(s)− y(s)ds

∣∣∣∣ ≤ (t− a)1−
1
p

(∫ t

a

∣∣∣∣dxnds (s)− y(s)

∣∣∣∣p ds)
1
p

≤ (b− a)1−
1
p

∥∥∥∥dxnds − y
∥∥∥∥
Lp([a,b])

.

This shows that as n→∞,

sup
a≤t≤b

|xn(t)− x(t)| ≤ (b− a)1−
1
p

∥∥∥∥dxnds − y
∥∥∥∥
Lp([a,b])

→ 0

hence ‖xn − x‖Lp([a,b]) → 0 as n→∞ since(∫ b

a

|xn(t)− x(t)|pdt

) 1
p

≤ (b− a)
1
p sup
a≤t≤b

|xn(t)− x(t)| → 0.

But the limit of any sequence in Lp is unique and hence we must have x = 0 in

Lp([a, b]). But this means that
∫ t
0
y(s)ds = 0 for any t ∈ [a, b] and hence in fact∫ t2

t1
y(s)ds = 0 for any t1, t2 ∈ [a, b]. This allows us to deduce that y(t) = 0 on

[a, b] (at least up to a set of measure zero). Hence (0, y) ∈ Γ(A) implies that y = 0,
showing A is closed.

The domain of the closure of A in this case is often denoted as W 1,p
0 ([a, b]), the

0 subscript denoting the “vanishing” of these functions at the endpoints. Indeed,
there are meaningful restriction maps Ra(x) := x(a), Rb(x) := x(b) initially defined
for C1([a, b]) functions which extend to W 1,p([a, b]) functions. It can be seen that

membership in W 1,p
0 ([a, b]) is equivalent to Ra(x) = 0, Rb(x) = 0.

For problems involving higher derivatives and for problems in higher dimensional
space, the weak derivative approach is easier to generalize and hence more common.
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In particular, on an interval [a, b] ⊂ R, one can define the k-th weak derivative of a
function x as an integrable function y satisfying∫ b

a

x(t)
dkψ(t)

dtk
dt = (−1)k

∫ b

a

y(t)ψ(t)dt

for all ψ ∈ Ck([a, b]) vanishing in a neighborhood of the endpoints as in Definition
1.7. One can then define D(Ak) as the set of all function whose weak derivatives of

order up to k exist and are functions in Lp([a, b]), and then take Akx = dkx
dt as this

weak k-th derivative. Similarly, one can make sense of weak partial derivatives on
an open domain in Rn.

1.2. Adjoints.

Definition 1.12. Given a densely defined linear operator A on X, we say a linear
functional f ∈ X′ is in D(A′) if there exists g ∈ X′ such that f(Ax) = g(x) for
every x ∈ D(A) and define the adjoint of A for f ∈ D(A′) by A′f = g. Note that
if g1, g2 ∈ X′ each satisfy gi(x) = f(Ax), i = 1, 2 for every x ∈ D(A) then since
D(A) is dense the two functional coincide on a dense set, so by continuity we must
have g1 = g2 in X′. It is then verified that D(A′) is a subspace of X′ and that A′

defines a linear operator on X′.

Note that if one has an inequality of the form |f(Ax)| ≤ C‖x‖ for some uniform
C and all x ∈ D(A), then the mapping x 7→ f(Ax) extends to a bounded linear
functional by the Hahn-Banach theorem, which must be unique since D(A) is dense.

Example 1.13. Return to the situation of Example 1.4 with 1 < p <∞, but now
express the dependence on the order of the `p space under consideration, so that
D(Ap) denotes the domain of Ap as a linear operator on `p given by pointwise
multiplication by the {α(j)}∞j=1 sequence. Suppose q is the Hölder conjugate of
p, satisfying q = p

p−1 . We know that any linear functionals f, g ∈ (`p)′ can be

identified with sequences y, z ∈ `q satisfying for every x ∈ X,

f(x) =

∞∑
j=1

x(j)y(j), and g(x) =

∞∑
j=1

x(j)z(j).

So in order for there to exist a linear functional g ∈ (`p)′ such that f(Apx) = g(x)
for every x ∈ D(Ap), we must have

∞∑
j=1

α(j)x(j)y(j) =

∞∑
j=1

x(j)z(j).

Now revisit the sequences ek defined by ek(j) = δjk (Kronecker delta), which are
easily seen to be in D(Ap). Taking x = ek for every k ∈ N, we see that in order for
f ∈ (`p)′ to be in D(A′p), we must have α(k)y(k) = z(k) for each k while z ∈ `q,
showing that D(A′p) can be identified with the set of sequencesy ∈ `q :

∞∑
j=1

|α(j)y(j)|q <∞

 .

In other words, the domain of A′p is identified with D(Aq), and A′p is also identified
with pointwise multiplication by the sequence.
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1.2.1. Hilbert space adjoints. Let X be a Hilbert space. Recall from Assignment
#3, Exercise #2, that if T : X→ X is a bounded linear map and V : X→ X′ is the
isometric conjugate linear bijection furnished by the Riesz representation such that
V y(x) = 〈x, y〉 then the Hilbert space adjoint of T satisfies T ∗ = V −1T ′V , where
T ′ is the adjoint. It is characterized by

〈Tx, y〉 = 〈x, T ∗y〉 for all x, y ∈ X.

Already this instructs us how to define the Hilbert space adjoint of a densely
defined linear operator A as defined in Definition 1.1: we set D(A∗) as the image
of D(A′) under V −1, or equivalently, D(A∗) is the unique subspace of X such that
V (D(A∗)) = D(A′). Hence D(A∗) is the set of all y ∈ X such that

g(x) = (V y)(Ax) = 〈Ax, y〉

extends to a linear functional on D(A). The linear operator A∗ : D(A∗) → X is
then V −1A′V .

Equivalently, A∗ can be defined without reference to X′ by defining D(A∗) as
the set of all y ∈ X such that there exists z ∈ X satisfying

(1.5) 〈Ax, y〉 = 〈x, z〉 for all x ∈ D(A),

then defining A∗y = z, so that A∗ is characterized by

〈Ax, y〉 = 〈x,A∗y〉 for all x ∈ D(A) and y ∈ D(A∗).

Note that since D(A) is dense, if there exists z ∈ X satisfying (1.5), then z is the
unique vector satisfying the identity, for if there exists another vector z̃ satisfying
(1.5), we would have 〈x, z〉 = 〈x, z̃〉 for every x ∈ D(A) so that z−z̃ ∈ D(A)⊥ = {0}.

Exercise 1.14. Verify that the two characterizations of A∗ given here are indeed
equivalent.

Before proceeding, we recall the Hilbert space structure on X × X. Given
(x, y), (x̃, ỹ) ∈ X× X, we take

(1.6) 〈(x, y), (x̃, ỹ)〉 = 〈x, x̃〉+ 〈y, ỹ〉

so that the induced norm on X× X is ‖(x, y)‖ = (‖x‖2 + ‖y‖2)1/2.

Proposition 1.15. Suppose A is closed and densely defined on a Hilbert space X,
then so is A∗.

Proof. Let M = {(Ax,−x) : x ∈ D(A)}, which is seen to define a subspace of X×X.
We claim that

(y, z) ∈ Γ(A∗) = {(w,A∗w) : w ∈ D(A∗)}
if and only if (y, z) ∈M⊥ (using the inner product in (1.6)). Since this is equivalent
to saying Γ(A∗) = M⊥, and the orthogonal complement of any subspace is always
closed (regardless of whether or not the original subspace is), this will show that
Γ(A∗) closed and hence A∗ is closed. To see the claim, note that (y, z) ∈ Γ(A∗) if
and only if 〈Ax, y〉 = 〈x, z〉 for every x ∈ D(A), and this in turn is equivalent to
saying that in the product space X× X

〈(Ax,−x), (y, z)〉 = 0 for every x ∈ D(A),

which is precisely the claim we wanted to establish.
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To see that A∗ is densely defined, suppose that x ∈ X and x ∈ D(A∗)⊥, that is
〈x, y〉 = 0 for every y ∈ D(A∗). Then with respect to the inner product on X× X,
〈(x, 0), (y,A∗y)〉 = 0 for every y ∈ D(A∗), which shows that

(x, 0) ∈ Γ(A∗)⊥ = (M⊥)⊥ = M

(note that this is essentially Lemma 3.5 and 3.6 in Schechter, after making the
identification of X′ with X). Recalling the definition of M, there must exist a
sequence {zn}∞n=1 such that (Azn,−zn) → (x, 0) in X × X, which is equivalent
to saying that (zn, Azn) → (0, x). But since (zn, Azn) is in the closed subspace
Γ(A), we must have (0, x) ∈ Γ(A), and hence x = A(0) = 0. This shows that

D(A∗)⊥ = {0}, and hence D(A∗) = (D(A∗)⊥)⊥ = {0}⊥ = X, which shows that A∗

is indeed densely defined.
�

2. The spectrum of a closed operator

Definition 2.1. Suppose A is a linear operator on X. We say λ ∈ C is in the
resolvent set of A, denoting this as λ ∈ ρ(A), if N(λ− A) = {0}, R(λ− A) = X

and its inverse (λ − A)−1 is a bounded linear transformation defined on all of X,
that is, D((λ−A)−1) = X. The operator (λ−A)−1 defined on ρ(A) is then called
the resolvent of A. The spectrum of A is defined as the complement of ρ(A) in
C and denoted as σ(A).

Note that we consider the domain of λ − A to be identical to that of A. It is
not hard to check that if A is closed then so is λ − A. So for closed operators, as
soon as it is seen that λ − A : D(A) → X is bijective, the inverse is bounded (see
the remarks on p.1). There is a slight disagreement between this definition and the
one given on p. 171 of Schechter, which is resolved by the following theorem.

Theorem 2.2. Suppose A is a closed linear operator on X . Then λ ∈ ρ(A) if
and only if R(λ − A) is dense and there exists a bounded linear transformation
T : X→ X such that T (λ−A) = I on D(A) and (λ−A)T = I on R(λ−A).

Proof. Given our definition of the resolvent set of A, the forward implication is
clear. For the converse, first note that N(λ − A) = {0} as T is a left inverse for
(λ − A): indeed, if x ∈ N(λ − A), then x = T (λ − A)x = T (0) = 0. We next
show R(λ − A) = X which means λ − A is bijection from D(A) = D(λ − A) to X.
Suppose x ∈ X is arbitrary. Since R(λ − A) is dense in X, there exists a sequence
{xn}∞n=1 in R(λ − A) such that limn→∞ xn = x. Moreover, since T is bounded,
limn→∞ Txn = Tx. But this means

(Txn, xn) = (Txn, (λ−A)Txn) ∈ Γ(λ−A),

and since (Tx, x) = limn→∞(Txn, xn), we have (Tx, x) ∈ Γ(λ−A) = Γ(λ − A).
But this implies that Tx ∈ D(A) and (λ−A)Tx = x, which shows that x ∈ R(λ−A)
and hence R(λ − A) = X as claimed. Since T is now shown to be a left and right
inverse for (λ−A), we are done. �

Theorem 2.3. Suppose A is closed. If λ ∈ ρ(A), then

(2.1)
{
ν ∈ C : |λ− ν| < ‖(λ−A)−1‖−1

}
⊂ ρ(A),
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and hence σ(A) ⊂ C is closed. Moreover for λ, ν ∈ ρ(A),

(λ−A)−1(ν −A)−1 = (ν −A)−1(λ−A)−1(2.2)

(λ−A)−1 − (ν −A)−1 = −(λ− ν)(λ−A)−1(ν −A)−1(2.3)

d

dλ
(λ−A)−1 = −(λ−A)−2(2.4)

Proof. Given λ ∈ ρ(A), let B = (λ − A)−1 and for ν in the ball on the left hand
side of (2.1) write λ = ν + µ, so that |ν| < ‖B‖−1 = ‖(λ−A)−1‖−1. Thus

(2.5) C :=

∞∑
n=0

(−µ)nBn+1

is a bounded operator defined on all of X which commutes with B. Observe that

−µBC =

∞∑
n=0

(−µ)n+1Bn+2 =

∞∑
n=1

(−µ)nBn+1 =

∞∑
n=0

(−µ)nBn+1 −B = C −B,

where the second equality is a result of changing the index of summation. Hence

(2.6) C = B − µBC = B(I − µC) and B = C + µCB = C(I + µB).

The first of these two identities show that N(C) ⊂ N(B) and R(C) ⊂ R(B). Indeed,
if x ∈ N(C), then 0 = Cx = Bx − µBCx = Bx, and if Cz ∈ R(C), then Cz =
B(z − µCz) ∈ R(B). In particular, since N(B) = {0}, we have that N(C) = {0}.
The second identity in (2.6) then shows that R(B) ⊂ R(C) by a similar argument,
and we conclude that R(C) = R(B) = D(A). Hence ν = λ + µ ∈ ρ(A) and
C = (ν −A)−1.

The identities (2.2), (2.3), and (2.4), then follow by the same proof as in the case
of bounded A: (2.2) is a consequence of the fact that λ−A and ν−A commute, the
identity (2.3) follows from the same computation in the bounded case, and (2.4)
follows from (2.3) and the fact that the series for C = (ν−A)−1 in (2.5) shows that
limν→λ(ν −A)−1 = B = (λ−A)−1. �

3. Self-Adjoint operators

In this section, we specialize to the case where X is a Hilbert space, so that in
particular we have an inner product on X.

Definition 3.1. Let A be a densely defined linear operator on X. The operator A
is said to be symmetric on X if

〈Ax, y〉 = 〈x,Ay〉 for any x, y ∈ D(A).

Example 3.2. We discuss an example that we be revisited in this section. Consider

L2([0, π]), and consider the linear operator d2

dt2 . We will consider two domains for
this operator

D(AD) := {x(t) ∈ C2([0, π]) : x(0) = x(π) = 0},(3.1)

D(AN ) := {x(t) ∈ C2([0, π]) : x′(0) = x′(π) = 0},(3.2)

We denote AD = d2

dt2 when the domain is D(AD) and AN = d2

dt2 when the domain
is D(AN ) (even though these two functions are determined by the same rule, it is
worthwhile to separate them since their domains are different). In either case, the
linear operator is well defined on each domain and we have as a consequence of
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Green’s identity (which in turn is a straightforward consequence of integration by
parts): ∫ π

0

x′′(t)y(t)− x(t)y′′(t) dt = x′(t)y(t)− y′(t)x(t)
∣∣∣t=π
t=0

.

For any choice of x, y ∈ D(AD) or x, y ∈ D(AN ), the right hand side vanishes here
due to the boundary conditions imposed. Thus AD and AN are both symmetric:

〈ADx, y〉 = 〈x,ADy〉 and 〈ANx, y〉 = 〈x,ANy〉.

Proposition 3.3. Every densely defined symmetric operator A is closable and its
closure is also symmetric.

Proof. To see that A is closable, we appeal to Proposition 1.2, showing that if
(0, y) ∈ Γ(A), then y = 0. To this end, let {xn}∞n=1 be a sequence in D(A) such
that xn → 0 and Axn → y. By continuity of the inner product, we have for any
z ∈ D(A), 〈y, z〉 = 0 since

〈y, z〉 = lim
n→∞

〈Axn, z〉 = lim
n→∞

〈xn, Az〉 = 〈0, Az〉 = 0.

But since D(A) is dense in X, we may take a sequence of vectors {zn}∞n=1 in D(A)
such that zn → y and hence 0 = limn→∞〈y, zn〉 = 〈y, y〉 showing that y = 0.

We have now shown A is closable, and as usual we denote its closure as Ā. Recall
this extends A to a domain D(Ā) satisfying Γ(Ā) = {(x, Āx) : x ∈ D(Ā)} = Γ(A).
The closure is seen to be symmetric by taking limits. Take sequences {xn}∞n=1,
{zn}∞n=1 in D(A) such that (xn, Axn)→ (x, Āx) and (zn, Azn)→ (z, Āz) in X×X,
leading to

〈Āx, z〉 = lim
n→∞

〈Axn, zn〉 = lim
n→∞

〈xn, Azn〉 = 〈x, Āz〉.

�

Definition 3.4. Let A be a densely defined linear operator on X. We say A is self-
adjoint if it is symmetric, closed, and D(A) = D(A∗). We say A is essentially
self-adjoint if it is symmetric and its closure Ā is self-adjoint.

Theorem 3.5. Let A by a symmetric, densely defined linear operator on X and
suppose that there exists an countable orthonormal basis {un}∞n=1 such that for
each n ∈ N, un ∈ D(A), and there exists λn such that Aun = λnun. Then A is

essentially self-adjoint and σ(A) = S where S := {λn : n ∈ N}.

Proof. Note that since A is symmetric, then λn ∈ R for each N. Indeed,

λn = 〈Aun, un〉 = 〈un, Aun〉 = λ̄n.

If x =
∑∞
n=1〈x, un〉un ∈ D(A), then

〈Ax, un〉 = 〈x,Aun〉 = λ̄n〈x, un〉 = λn〈x, un〉,
and hence Ax =

∑∞
n=1〈Ax, un〉un =

∑∞
n=1 λn〈x, un〉un. This shows

(3.3)

∞∑
n=1

(1 + λ2n)|〈x, un〉|2 =

∞∑
n=1

(
|〈x, un〉|2 + |〈Ax, un〉|2

)
= ‖x‖2 + ‖Ax‖2 <∞.

We now define an operator Ã by taking

(3.4) D(Ã) =

{
x ∈ X :

∞∑
n=1

(1 + λ2n)|〈x, un〉|2 <∞

}
, Ãx :=

∞∑
n=1

λn〈x, un〉un.
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Note that by (3.3), D(A) ⊂ D(Ã) and by the preceding observations Ax = Ãx
when x ∈ D(A).

Since S ⊂ R, we have that C\S 6= ∅. Thus there exists µ /∈ S. Since S is a closed
set there exists ε > 0 so that Bε(µ)∩S = ∅. In particular, this implies |µ−λn| ≥ ε
for every n ∈ N. Observe that by (3.4), (µ − Ã)x =

∑∞
n=1(µ − λn)〈x, un〉un. For

z ∈ X, it is not hard to see that Tz :=
∑∞
n=1(µ−λn)−1〈z, un〉un defines a bounded

linear map defined on all of X with norm bounded above by ε−1. It is verified that
it furnishes a left and right inverse for (µ− Ã) : D(Ã) → X as soon as it is shown

that R(T ) ⊂ D(Ã). To see this, note that

1 + λ2n
(µ− λn)2

=
λ−2n + 1

(µλ−1n − 1)2
≤ max(4(µ−2 + 1), (1 + 4µ2)ε−2).

Indeed, if λn ≥ 2µ, then the second expression for the ratio shows that it is bounded
by the first expression inside the maximum. Otherwise if λn ≤ 2µ, the the first
expression for the ratio and the bound |µ− λn| ≥ ε shows the ratio is bounded by
the second expression in the maximum. The comparison test for series now shows

∞∑
n=1

1 + λ2n
(µ− λn)2

|〈z, un〉|2 <∞.

Since T = (µ − Ã)−1 is bounded and defined on all of X, its graph is closed.

Therefore, Γ(µ − Ã) is also closed since it is the image of Γ((µ − Ã)−1) under
the permutation (x, y) 7→ (y, x) (cf. the remark following Definition 1.1). Thus

if (xn, Ãxn) ∈ Γ(Ã) and (xn, Ãxn) → (x, y) in X × X, then (xn, (µ − Ã)xn) →
(x, µx− y). But Γ(µ− Ã) is closed, so x ∈ Γ(µ− Ã) and (µ− Ã)x = µx− y which

implies that Ãx = y. This shows that Γ(Ã) is closed.

We now show that Γ(Ā) = Γ(A) = Γ(Ã). Indeed, we have shown there is

a closed operator Ã which extends A and hence since Γ(Ã) is a closed subpace

containing Γ(A), we have Γ(A) ⊂ Γ(Ã). However, we still need to see the opposite

containment. To that end, suppose x ∈ D(Ã) and write x =
∑∞
n=1〈x, un〉un in

terms of the orthonormal basis. The series converges in norm, in other words, if
xm :=

∑m
n=1〈x, un〉un then xm → x. But the un are in D(A), which is a subspace

so xm ∈ D(A) for every m, (xm, Axm) ∈ Γ(A) and since D(A) ⊂ D(Ã),

lim
m→∞

Axm = lim
m→∞

Ãxm = lim
m→∞

m∑
n=1

λn〈x, un〉un = Ãx.

Since Γ(Ã) is closed, (xm, Axm)→ (x, Ãx) in X×X, implying that (x, Ãx) ∈ Γ(A)

proving the claim that Γ(Ã) ⊂ Γ(A).

We can now conclude that Ã = Ā is self adjoint. The containment D(Ã) ⊂
D(Ã∗) follows since the closure of any symmetric operator is symmetric. To see

the opposite containment, suppose y ∈ D(Ã∗), that is, there exists z ∈ X such that

〈Ãx, y〉 = 〈x, z〉 for any x ∈ D(Ã). Taking x = un in this identity, we see that

λn〈un, y〉 = 〈un, z〉 which allows us to conclude y ∈ D(Ã) since

∞∑
n=1

(1 + λ2n)|〈y, un〉|2 =

∞∑
n=1

|〈y, un〉|2 +

∞∑
n=1

|〈z, un〉|2 <∞

�



12 NOTES ON UNBOUNDED OPERATORS

Example 3.6. We now return to the setting of Example 3.2, recalling the two

domains for d2

dt2 given there. Consider the following sequences of functions{(
2

π

) 1
2

sin(nt)

}∞
n=1

and

{(
2

π

) 1
2

cos(nt)

}∞
n=1

,

which we denote as {un,D(t)}∞n=1 and {un,N (t)}∞n=1. In the latter case only, we
include a “0-th” term in the sequence given by the constant function u0,N (t) ≡ 1√

π
.

It is easy to check that

d2

dt2
un,D(t) = −n2, d2

dt2
un,N (t) = −n2,

and in the latter case, the identity holds even for n = 0. It is a standard result
from the theory of Fourier series that {un,D(t)}∞n=1, {un,N (t)}∞n=0 are orthonormal
with respect to the inner product in L2([0, π]). Moreover, they actually form an
orthonormal basis for L2([0, π]). To see this, recall that the union of the functions
un,D, un,N form a basis for L2([−π, π]) (see e.g. Chapter 8 of Rudin’s Principles
of Mathematical Analysis). One can then take odd (or even) extensions of any
function in L2([0, π]) and the coefficients in the basis with respect to un,N (resp.
un,D) will vanish, leaving a convergent sum in terms of the un,D (resp. un,N ).

Hence Theorem 3.5 implies that AD, AN extend to closed self-adjoint operators
ĀD, ĀN on L2([0, π]). However, the extensions are indeed different! For one, the
theorem implies σ(ĀD) = {−n2 : n ∈ N} while σ(ĀN ) = {−n2 : n ∈ N} ∪ {0} and
the inclusion of 0 in the latter set can make a substantive difference in the analysis
of these extensions. For example, ĀD is invertible, while ĀN is not. Moreover,
u0,N ∈ D(ĀN ), while u0,N /∈ D(ĀD). Indeed,∫ π

0

un,D(t)u0,N (t)dt =

√
2

π

∫ π

0

sin(nt)dt =

{
2
√
2

πn n odd,

0 n even,

but since
∑
n=2k+1

8(1+n4)
πn2 = ∞, u0,N /∈ D(ĀD) (cf. (3.4)). This is perhaps not

so surprising since the inital domain D(AD) consists of functions which vanish at
the endpoints and based on our experience in §1.1.1, we expect that functions in the
domain of the closure D(ĀD) should in some sense vanish at the endpoints as well.

Theorem 3.7. Suppose A is a densely defined, self-adjoint, closed operator on X.
Then σ(A) ⊂ R and σ(A) 6= ∅. Moreover, ((z̄ −A)−1)∗ = (z −A)−1 for z /∈ R and

‖(z −A)−1‖ ≤ |Im z|−1, z /∈ R.

Proof. We first dispose of the identity ((z̄ − A)−1)∗ = (z − A)−1 assuming that
z ∈ ρ(A) for z /∈ R. To this end, suppose x1, x2 ∈ D(A) and y1 = (z − A)x1,
y2 = (z̄ −A)x2. The crucial observation now is that

〈(z −A)x1, x2〉 = 〈x1, (z̄ −A)x2〉 =⇒ 〈y1, (z̄ −A)−1y2〉 = 〈(z −A)−1y1, y2〉,

and the claim now follows since x1, x2 ∈ D(A) are arbitrary and we are assuming
(z −A)−1, (z̄ −A)−1 are bijections.
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We begin by claiming that A+ i : D(A)→ X is invertible. First observe

‖(A± i)x‖2 = ‖Ax± ix‖2

= ‖Ax‖2 + ‖ix‖2 ± 2Re 〈Ax, ix〉
= ‖Ax‖2 + ‖x‖2 ± 2Im 〈Ax, x〉
= ‖Ax‖2 + ‖x‖2

where we have used the identity Re (−iz) = Im z in the second to last equality and
that 〈Ax, x〉 ∈ R, by self adjointness in the last equality. Already this shows that
N(A± i) = {0}, for if x ∈ N(A± i), we have

0 = ‖(A± i)x‖2 = ‖Ax‖2 + ‖x‖2 ≥ ‖x‖2 ≥ 0,

and hence x = 0. The fact that N(A− i) = {0} will be used momentarily.
We now claim that R(A + i) is closed and that R(A + i)⊥ = {0} which will

imply that R(A + i) = {0}⊥ = X and hence the operator is invertible. Suppose

y ∈ R(A+ i), so that there exists a sequence xn ∈ D(A) such that (A+ i)xn → y.
In particular, {(A+ i)xn}∞n=1 is a Cauchy sequence and since

‖(A+ i)(xn − xm)‖2 = ‖Axn −Axm‖2 + ‖xn − xm‖2

we see that {xn}∞n=1, {Axn}∞n=1 are both Cauchy sequences as well. Denote their
limits as x, z respectively so that (xn, Axn) → (x, z) in X × X. But since Γ(A)
is closed, we must have x ∈ D(A) and z = Ax and this in turn implies that
y = limn→∞(A + i)xn = (A + i)x ∈ R(A + i), showing that R(A + i) is indeed
closed. Now suppose z ∈ R(A+ i)⊥, so that for every x ∈ D(A), 〈(A+ i)x, z〉 = 0
which means 〈Ax, z〉 − 〈x, iz〉 = 0, that is,

〈Ax, z〉 = 〈x, iz〉 for every x ∈ D(A).

But this is means that z ∈ D(A∗) = D(A) and Az = A∗z = iz, that is (A− i)z = 0.
Since N(A− i) = {0}, we have z = 0 which shows R(A+ i)⊥ is indeed trivial.

We have shown that −i ∈ ρ(A) and if x = (A+ i)−1y, then

‖y‖2 = ‖(A+ i)x‖2 = ‖Ax‖2 + ‖x‖2 ≥ ‖x‖2 = ‖(A+ i)−1y‖2,

which implies ‖(A+ i)−1‖ ≤ 1, showing the conclusion of the theorem in the special
case z = −i. For other z = α+ βi with β 6= 0 and α, β ∈ R, we note

z −A = (α+ βi−A) = β

((
−A+ α

β

)
+ i

)
.

Since A is self-adjoint, so is 1
β (−A + α), so the arguments above show that the

operator in parentheses on the right is invertible and

(z −A)−1 =
1

β

((
−A+ α

β

)
+ i

)−1
,

‖(z −A)−1‖ =
1

|β|

∥∥∥∥∥
((
−A+ α

β

)
+ i

)−1∥∥∥∥∥ ≤ 1

|β|
= |Im z|−1.

�

We conclude this section with a somewhat curious example, which shows that if
A is not symmetric but not self-adjoint, then A∗ is not necessarily symmetric.
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Example 3.8. Let X be the complex vector space X = L2([0,∞)), let

D(A) = C1
c (0,∞) = {x ∈ C1(0,∞) : supp(x) is a compact subset of (0,∞)},

which is known to be dense in X. Note that A is symmetric: for x, y ∈ D(A),

〈Ax, y〉 =

∫ ∞
0

ix′(t)y(t)dt = −
∫ ∞
0

ix(t)y′(t)dt =

∫ ∞
0

x(t)iy′(t)dt = 〈x,Ay〉,

where we have used that the compact support in (0,∞) means that the boundary
terms in the integration by parts in the second equality vanish. By Proposition 3.3,
A is closable and as usual, Ā denotes its symmetric closure. Thus if x ∈ D(Ā),
there exists a sequence {xn}∞n=1 in D(A) such that xn → x and Axn → Āx.

Fix z(t) = e−t and since
∫∞
0
e−2tdt = 1

2 < ∞, z ∈ L2([0,∞)). We claim that

z ∈ D(Ā∗) and Ā∗z = −iz. If this is true, then Ā∗ is not symmetric, even though
Ā is! Indeed, it means that

〈Ā∗z, z〉 = −i‖z‖2 6= i‖z‖2 = 〈z, Ā∗z〉.
To see that indeed z ∈ D(Ā∗) and Ā∗z = −iz, first suppose x ∈ D(A). We have

〈Ax, z〉 =

∫ ∞
0

ix′(t)z(t)dt =

∫ ∞
0

x(t)iz′(t)dt = 〈x,−iz〉

where the second identity follows from nearly the same integration by parts as above,
using that x ∈ C1

c (0,∞) implies that x(0)z(0) = 0 and limt→∞ x(t)z(t) = 0. The

third identity is a calculus computation iz′(t) = −ie−t = −iz(t). This isn’t quite
enough to show that z ∈ D(Ā∗) and A∗z = −iz, since we have assumed x ∈ D(A),
but we can take limits of elements in D(A). To this end, given x ∈ D(Ā) take an
approximating sequence (xn, Axn)→ (x, Āx) with xn ∈ D(A) given above. Hence

〈Āx, z〉 = lim
n→∞

〈Axn, z〉 = lim
n→∞

〈xn,−iz〉 = 〈x,−iz〉,

showing that 〈Āx, z〉 = 〈x,−iz〉 for all x ∈ D(Ā) which shows the claim.


