
Math 581, Spring 2017
Assignment 8, due before Friday, May 12 at 10am

1. Generalize the example in Assignment 4, Exercise #3, considering `p for
any 1 ≤ p <∞ and taking any sequence {α(j)}∞j=1 and defining

D(A) =

x ∈ `p :

∞∑
j=1

|α(j)x(j)|p <∞

 , (Ax)(j) := α(j)x(j).

(a) Show that A is always closed and densely defined.

(b) Show that D(A) = `p and A is bounded if and only if {α(j)}∞j=1 is a
bounded sequence.

(c) Which of these statements are valid when p = ∞? Justify your
answer.

2. Let A be a densely defined operator on a Banach space X. Recall that A
is closable if and only if the closure of its graph contains no point of the
form (0, y) with y 6= 0. Let V = {y : (0, y) ∈ Γ(A)}, so that A is closable
if and only if V = {0}.

(a) Show that the adjoint A′ is always a closed operator.

(b) Show that D(A′) ⊂ V◦, and use this to prove that if A′ is densely
defined, then A is closable.

3. Let X = L2([0, 1]). Suppose θ ∈ R and let Aθ be defined on the dense
domain

D(Aθ) = {x ∈ C1([0, 1]) : x(1) = eiθx(0)} with Aθx := i
dx

dt
.

Find all the eigenvalues and eigenvectors of Aθ. Then prove that Aθ is
essentially self-adjoint using the diagonalization theorem in the notes. You
may take for granted that {e2πint}∞n=−∞ forms an orthonormal basis for
L2([0, 1]).

4. Suppose A is a densely defined operator on a Hilbert space X. Recall that
the null space of A is defined as N(A) = {x ∈ D(A) : Ax = 0}.

(a) Show that N(A∗) = R(A)⊥ ∩D(A∗).

(b) If A is also closed, show that N(A) = R(A∗)⊥ ∩D(A).

5. Show that if A is a closed, densely defined operator on a Hilbert space
X, then A∗∗ = A. (Hint: One approach is to consider Γ(A)⊥ and its
relationship to the subspace {(A∗y,−y) : y ∈ D(A∗)}.)
Note: More generally, if one assumes only that A∗ is densely defined, then
A∗∗ is always a closed extension of A. This is of course suggested by 2b,
but you do not need to prove this here.



On your own:

1. Suppose A is closed, densely defined, self-adjoint operator defined on a
Hilbert space X.

(a) Show that if α, β ∈ R, then ‖(α+ iβ−A)x‖2 = ‖(α−A)x‖2 +β2‖x‖2

(b) Show that (A− i)(A+ i)−1 : X→ X is a well-defined unitary trans-
formation (that is, linear, isometric, and surjective).

2. Let APx = d2x
dt2 be defined on the following dense subspace of L2[−1, 1]

D(AP ) = {x(t) ∈ C2[−1, 1] : x(−1) = x(1) and x′(−1) = x′(1)}.

Show that AP is essentially self-adjoint and find σ(AP ).

3. Revisit Example 1.5 in the notes on unbounded operators, giving an ex-
ample of a linear operator A which is not closable. What is A′ in this
case?

4. Suppose M is a subspace of a Hilbert space X and as usual M⊥ is the
subspace {y ∈ X : 〈x, y〉 = 0 ∀x ∈M}. Prove that (M⊥)⊥ = M.
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