
Math 581
Assignment 5, due Wednesday, March 29

1. Let X and Y be Banach spaces and A ∈ B(X,Y). Suppose {xn}∞n=1 ⊂ X

converges weakly to x ∈ X. This means that for every f ∈ X′,

lim
n→∞

x′(xn) = x′(x).

(a) Show that {xn}∞n=1 is bounded, that is, supn ‖xn‖ <∞.

(b) Show that Axn → Ax weakly in Y.

(c) Show that if A is compact, then Axn → Ax in norm, that is,

lim
n→∞

‖Axn −Ax‖ = 0.

2. Let A be the left shift operator on `2 ⊂ C∞, i.e. A(c1, c2, c3, . . . ) =
(c2, c3, c4, . . . ). Show that every λ ∈ C such that |λ| < 1 is an eigenvalue
of A and then compute σ(A).

3. Prove the spectral mapping theorem for polynomials: Suppose X is a
complex Banach space and A ∈ B(X). Then for any polynomial p(t) =
c0 + c1t+ · · ·+ cnt

n, σ(p(A)) = p(σ(A)). In other words, the spectrum of
p(A) is the image of the spectrum of A under p(t).

4. Let X be a complex Hilbert space and suppose {Pn}∞n=1 is a sequence of
orthogonal projections onto finite dimensional subspaces in X such that
R(Pn) ⊥ R(Pm) when n 6= m. Given a bounded sequence {λn}∞n=1 of
nonzero complex numbers, with λn 6= λm when n 6= m, let

Ax =

∞∑
n=1

λnPnx

(a) Prove that A is a well defined bounded linear map and compute A∗.

(b) Prove that A = A∗ if and only if λn ∈ R for every n.

(c) Prove that if limn→∞ λn = 0, then A is compact.

(d) Show that the statement in (c) is always false if one of the R(Pn) is
infinite dimensional.

5. Define k ∈ C([0, 1]× [0, 1]) by

k(s, t) =

{
(1− s)t if 0 ≤ t ≤ s,
(1− t)s if s ≤ t ≤ 1

.

Let K : L2([0, 1]) → L2([0, 1]) be defined by Kx(t) =
∫ 1

0
k(s, t)x(s) ds.

Recall that we define L2([0, 1]) to be the completion of the continuous

functions on [0, 1] with respect to the norm ‖x‖2 =
∫ 1

0
|x(t)|2 dt. It is a

Hilbert space when endowed with the inner product 〈x, y〉 =
∫ 1

0
x(t)y(t) dt.



(a) Show that K is self-adjoint.

(b) Show that K is compact.

(c) Show that if x ∈ C([0, 1]) and Kx = y, then d2y
dt2 = −x and y(0) =

y(1) = 0.

(d) By theorem, L2([0, 1]) admits an orthonormal basis consisting of
eigenvectors of K. It is a fact that these eigenvectors are contin-
uous, provable by methods from measure theory, though you do not
need to show this. Assuming this fact, identify the eigenvalues and
find the corresponding eigenvectors (this should look familiar).

On your own (given previous homeworks, these should be relatively easy):

1. (a) Find an example, on some particular X of your own choosing, of two
bounded operators A,B ∈ B(X) such that AB = I, but BA 6= I.

(b) Now suppose A ∈ B(X) and K ∈ K(X) is compact. Show that
A(I − K) = I if and only if (I − K)A = I, in which case I − A is
compact.

2. Show that if X is infinite dimensional Banach space and K ∈ K(X) is
compact, then 0 ∈ σ(K). (This statement is of course false for finite
dimensional spaces.)
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