
Math 581, Spring 2017
Assignment 1, due Wednesday, January 25

1. Suppose X is a normed vector space and let {xn}∞n=1 be a sequence in
X. Since X has an addition operation, convergent series can be defined
in the usual way:

∑∞
n=1 xn converges if the limit of the partial sums

limN→∞
∑N
n=1 xn exists. Prove that X is complete if and only if

∑∞
n=1 xn

converges whenever
∑∞
n=1 ‖xn‖ converges (that is, every absolutely con-

vergent series converges in X).

2. Two norms ‖ · ‖1, ‖ · ‖2 on a vector space X are called equivalent if there
exist positive constants C1 and C2 such that for all x ∈ X,

C1‖x‖2 ≤ ‖x‖1 ≤ C2‖x‖2.

Prove that all norms on a finite dimensional vector space X are equivalent.
(Hint: Pick a basis e1, . . . , en for X and define the norm ‖

∑n
1 ajej‖1 =∑n

1 |aj | . Then show that all norms on X are equivalent to ‖ · ‖1.)

3. If 0 < α ≤ 1, a function f : [a, b] → C is Hölder continuous of order α if
there exists C such that |f(x)−f(y)| ≤ C|x−y|α for any x, y ∈ [a, b]. Let
Cα([a, b]) denote the vector space of such functions. Define

‖f‖Cα := |f(a)|+ sup
x,y∈[a,b],x 6=y

|f(x)− f(y)|
|x− y|α

and show that ‖ · ‖Cα is a norm that makes Cα([a, b]) a Banach space.

Note: Strictly speaking, when α = 1 we should write C0,1([a, b]) to avoid
confusion with the differentiable functions with continuous first derivative,
though you do not need to treat this case separately here. C0,1([a, b])
functions are often called Lipschitz continuous functions.

4. Let C([a, b]) denote the vector space of real valued continuous functions

on the interval [a, b]. It is not hard to check that ‖f‖1 :=
∫ b
a
|f(x)| dx

is a norm on C([a, b]) (do this on your own). Show that C([a, b]) is not
complete with respect to this norm.

5. Recall that a function f : [a, b]→ C is in Ck([a, b]) if all of its derivatives
of order less than or equal to k exist and define continuous functions on
[a, b]. It is not hard to check that Ck([a, b]) is a vector space and that

‖f‖Ck :=

k∑
j=0

∥∥∥f (j)∥∥∥
C0

with ‖g‖C0 := sup
a≤x≤b

|g(x)|

defines a norm on Ck([a, b]) (do this on your own). Show that Ck([a, b])
complete with respect to this norm. You may appeal to results regarding
uniform convergence and differentiation found in standard analysis texts.



Problems to do on your own (i.e. work through them but do not hand them in):

1. If X is a normed vector space, show that the closure of any subspace of X
is a subspace.

2. Let X be an uncountable set and f : X → [0,∞) be any nonnegative
function. One can define the following analog of “series” in this setting as

∑
x∈X

f(x) := sup

{∑
x∈F

f(x) : F ⊂ X,F finite

}

where the supremum is allowed to be an extended real number, i.e. an
answer of +∞ is allowed here if the set on the right is unbounded from
above. Let

A := {x ∈ X : f(x) > 0} .

(a) Prove that if
∑
x∈X f(x) is finite, then the set A is at most countable.

Hint: consider proving the contrapositive here, arguing that if

An = {x ∈ X : f(x) > 1/n} ,

then A = ∪∞n=1An. Then reason that at least one such An must be
uncountable.

(b) Prove that if
∑
x∈X f(x) is finite and A is infinite, then for any

bijection g : N→ A,

∑
x∈X

f(x) =

∞∑
n=1

f(g(n)),

where the right hand side is a series defined in the usual way as a
limit of partial sums.
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