
Math 565, Fall 2017
Assignment 4, due Wednesday, October 18

Hand in solutions to the following problems:

1. Let u ∈ S ′(Rn) be a tempered distribution. Let eξ(x) denote the function eξ(x) = e−ix·ξ. Ex-
tend the following well known properties of the Fourier transform on Schwartz class functions
to tempered distributions:

τ̂yu = eyû,

êξu = τ−ξû,

[(−ix)αu]∧ = ∂αû,

∂̂αu = (iξ)αû,

ψ̂ ∗ u = ψ̂û, ψ ∈ S.

2. Let f : Rn \ {0} → C be a nonzero continuous function which is homogeneous of degree −n
(i.e. f(rx) = r−nf(x) for r > 0) and has mean zero on the unit sphere

∫
Sn−1 f(ω)dσ(ω) = 0

(where dσ(ω) is the usual surface measure on the sphere). When n = 1, treat this as meaning
f(x) = c

x for some constant c ∈ C (the result of interpreting
∫
S0 f(ω)dσ(ω) = f(1) + f(−1)).

(a) Show that f is not locally integrable near 0, that is, f1B(0,R) /∈ L1(Rn) for any R > 0.

(b) Prove that the “principal value” interpretation of f yields a well-defined tempered dis-
tribution

〈PV (f), φ〉 = lim
ε→0+

∫
|x|≥ε

f(x)φ(x)dx, φ ∈ S(Rn).

In particular, you should show that PV (f) satisfies the characteristic inequality of a
tempered distribution.
Hint: show that for any a > 0, the right hand side is the sum of well defined integrals∫

|x|≤a
f(x)[φ(x)− φ(0)]dx+

∫
|x|>a

f(x)φ(x)dx. (0.1)

3. This problem deals with tempered distributions on R, possibly defined by integration against
a locally integrable function. Let F0 = PV ( 1x), Fε(x) = x

x2+ε2
, G±ε (x) = (x ± iε)−1, and

Sε(x) = e−ε|x|sgn(x). Recall that the signum function on R is simply defined as sgn(x) = x/|x|
for x 6= 0 and sgn(0) = 0.

(a) Show that for every φ ∈ S(R), limε→0〈Fε, φ〉 = 〈F0, φ〉
(b) Show that for every φ ∈ S(R), limε→0〈G±ε , φ〉 = 〈F0, φ〉 ∓ πi〈δ, φ〉
(c) Show that in the sense of distributions, ŝgn = −2iF0. Hint: 〈sgn, φ̂〉 = limε→0〈Sε, φ̂〉.

In the remaining problems, you will reconsider the initial value problems for the wave and Schrödinger
equations on R× Rn, from Exercise #3 from Assignment 3

(∂2t −∆)u(t, x) = 0, (u(0, x), ∂tu(0, x)) = (f(x), g(x)) ∈ S(Rn)× S(Rn), (0.2)

(i∂t + ∆)v(t, x) = 0, v(0, x) = h(x) ∈ S(Rn). (0.3)



4. (a) Use the results of Exercises #3a and #4 in Assignment 3 to show that

v(t, x) =

∫
Rn

Kt(y)h(x+ y) dy =

∫
Rn

Kt(y)h(x− y) dy, Kt(y) := (4πit)−
n
2 e

i
4t
|y|2 .

Conclude that
sup
x∈Rn

|v(t, x)| ≤ (4π|t|)−
n
2 ‖h‖L1(Rn).

Ideally, at this stage, we would the establish an analogous result for u(t, x), computing the
inverse Fourier transforms of cos(t|ξ|) and sin(t|ξ|)|ξ|−1 to characterize solutions to the wave
equation in terms of convolutions, and in fact obtaining expressions identical to the usual for-
mulas obtained by the method of spherical means (see e.g. §2.4 in Evans, Partial Differential
Equations). This turns out to be a difficult exercise, but we can achieve this in the important
special case n = 3, which is the objective of the remainder of this exercise.

Define J : R3 → C by J(ξ) =
∫
S2 e

ix·ξdσ(x) where dσ denotes the usual surface measure

on S2. Hence J(ξ) = d̂σ(ξ), the slowly varying function which gives the Fourier transform of
the distribution, 〈dσ, φ〉 :=

∫
S2 φ(x)dσ(x). Since the surface measure on S2 is invariant under

the orthogonal group, J(ξ) is radial, that is, J(ξ) = j(|ξ|) for some j : [0,∞) → C. It is not
hard to see that ∆J(ξ) = −J(ξ) by differentiating under integral sign. These considerations
hold equally well in any dimension n ≥ 2, replacing R3 by Rn and S2 by Sn−1, but here we
restrict attention to n = 3.

(b) Prove that ρj′′(ρ) + 2j′(ρ) + ρj(ρ) = 0, and conclude that j(ρ) = 4πρ−1 sin(ρ), using
that the function ρj(ρ) satisfies a familiar second order ODE. Conclude that if Σt is the
compactly supported distribution defined by

〈Σt, φ〉 :=
t

4π

∫
S2
φ(tx)dσ(x), then Σ̂t(ξ) =

sin(t|ξ|)
|ξ|

.

(c) Consider the solution to (0.2) when f = 0, and recall that by Assignment 3,

u(t, x) =
1

(2π)3

∫
eix·ξ

sin(t|ξ|)
|ξ|

ĝ(ξ)dξ =
1

(2π)3

∫
eix·ξΣ̂t(ξ)ĝ(ξ)dξ.

Now justify the identity 〈Σt, τ−xg̃〉 = 〈Σ̂t, (τ−xg̃)∨〉 to conclude that

u(t, x) =
t

4π

∫
S2
g(x+ ty)dσ(y).

(d) Conclude that more generally, if f 6= 0 in (0.2),

u(t, x) =
1

4π
∂t

(
t

∫
S2
f(x− ty)dσ(y)

)
+

t

4π

∫
S2
g(x− ty)dσ(y)

Note: Ideally we would then like to establish an estimate analogous to (4a), but this
turns out to be subtle.

5. In Exercise #3 from Assignment 3, you computed the partial Fourier transforms û(t, ξ),
v̂(t, ξ) in the x variables. In this exercise you will compute the full Fourier transforms of
these functions in the (t, x) variables, but this must be done in the sense of distributions.

2



Indeed, given the results in Exercise 1, if (τ, ξ) ∈ R × Rn denote the Fourier variables, then
we must have (τ2 − |ξ|2)û = 0 and (τ + |ξ|2)v̂ = 0, which means that the distributions û, v̂
are supported on the cone τ2 = |ξ|2 and downwards paraboloid τ = −|ξ|2 respectively (check
both of these identities on your own). Since these are sets of measure zero in Rn+1, û, v̂
cannot be defined by integration against locally integrable functions.

(a) Begin with the Schrödinger solution v. Show that for any φ ∈ S(Rn+1)

〈v̂, φ〉 =

∫ ∞
−∞

∫ ∞
−∞

e−itτ
(∫

Rn

φ(τ − |ξ|2, ξ)ĥ(ξ)dξ

)
dτdt. (0.4)

The parentheses aren’t needed here, but will be used to denote something below. In this
integral, the order of integration in ξ, τ can be exchanged, but the t variable must be
integrated last as the hypotheses of Fubini’s theorem are not satisfied.

(b) The expression in parentheses on the right hand side of (0.4) defines a function of τ
which we denote as Φ(τ). One is then led to complete the computation as

〈v̂, φ〉 =

∫ ∞
−∞

∫ ∞
−∞

e−itτΦ(τ)dτdt =

∫ ∞
−∞

Φ̂(t)dt = 2πΦ(0) = 2π

∫
Rn

φ(−|ξ|2, ξ)ĥ(ξ)dξ.

Justify this computation by showing that Φ, Φ̂ ∈ L1(R). (In fact, Φ ∈ S(R), but showing
that may be more work that needed.)

(c) Suppose n ≥ 2. Argue similarly to show that for any φ ∈ S(Rn+1),

〈û, φ〉 = π
∑
±

∫
Rn

φ(±|ξ|, ξ)f̂(ξ) dξ − πi
∑
±

(±1)

∫
Rn

φ(±|ξ|, ξ)ĝ(ξ)|ξ|−1 dξ.

Note: the same result holds when n = 1, but requires care with the integrals involving ĝ
since |ξ|−1 is not integrable. Hence when n = 1, the integral must be interpreted in the
principal value sense.

On your own:

1. Consider the functions J, j defined prior to Exercise 4b, but in arbitrary dimensions n ≥ 2.

(a) Prove that ρj′′(ρ) + (n− 1)j′(ρ) + ρj(ρ) = 0.

(b) The Bessel equation of order α is defined as ordinary differential equation

ρ2y′′(ρ) + ρy′(ρ) + (ρ2 − α2)y(ρ) = 0.

Show that y(ρ) = ρ
n−2
2 j(ρ) solves the Bessel equation of order α = n−2

2 .

Note: with some more work it can be seen that j(ρ) = (2π)
n
2 ρ

2−n
2 Jn−2

2
(ρ) where Jα denotes

the Bessel function of the first kind, order α.

2. Derive the D’Alembert formula for the wave equation in R× R

u(t, x) =
1

2
(f(x+ t) + f(x− t)) +

1

2

∫ x+t

x−t
g(s)ds, (t, x) ∈ R× R

from the Fourier integral formula for u(t, x) from Exercise #3, Assignment 3.
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