
Math 510, Fall 2017
Assignment 6, due Wednesday, October 4

Hand in Parts I and II of this assignment separately:

Part I

1. Suppose {an}∞n=1, {bn}∞n=1, {cn}∞n=1, are sequences in R, and that

an → L1, cn → L2.

(a) Suppose that there exists M ∈ N such that an ≤ cn for every n ≥ M . Prove that L1 ≤ L2.
Include the cases where L1 = ±∞ in your treatment.

(b) Suppose that the inequality an ≤ cn in (a) is strengthened to an < cn. Is it true that L1 < L2?
Prove this or give a counterexample.

(c) (Squeeze theorem for sequences) Suppose there exists M ∈ N such that an ≤ bn ≤ cn for all
n ≥M . Show that if L1 = L2 ∈ R, then {bn}∞n=1 also converges to this common value.

2. Prove the following parts of the so-called “limit comparison theorem”: Suppose
∑∞

k=1 ak,
∑∞

k=1 bk are
both series with ak ≥ 0, bk > 0 for every k ∈ N and that

lim
k→∞

ak
bk

= L.

(a) Prove that if 0 ≤ L <∞ and
∑∞

k=1 bk converges, then
∑∞

k=1 ak also converges.

(b) Prove that if L =∞ and
∑∞

k=1 bk diverges, then
∑∞

k=1 ak also diverges.

Note: Given the quotient rule for limits, it is not hard to see that if 0 < L < ∞ in (a), then the
converse of that statement is also true. This equivalence is the usual one appearing in calculus texts.

3. Rudin, Chapter 3, #8. Hint: use summation by parts.

Part II

1. Let {xk}∞k=1 be a bounded sequence of real numbers. Let

En := {xk : k ≥ n}.

Note that En is bounded since the original sequence is and that since En+1 ⊂ En, we have that
supEn+1 ≤ supEn. Hence Theorem 3.14 on monotonic, bounded sequences implies that if αn =
supEn, then limn→∞ αn = infn αn exists. Prove that with the limit supremum as defined in the
text/class,

lim sup
k→∞

xk = lim
n→∞

αn. (0.1)



2. If {sn}∞n=1 is a complex sequence, define its arithmetic means σn by

σn =
1

n

n∑
j=1

sj .

Observe that if one sets s0 = 0 and defines ak := sk−sk−1 for k ∈ N, then sn =
∑n

k=1 ak are the partial
sums of the series

∑∞
k=1 ak (conversely, we of course know that one can begin with the terms of series,

and define the sn accordingly). We then say
∑∞

k=1 ak is Cesàro summable to L if limn→∞ σn = L.

(a) Prove the identities

σn =

n∑
k=1

(
1− k − 1

n

)
ak = sn −

1

n

n∑
k=1

(k − 1)ak.

(b) Prove that if limn→∞ sn = L, then limn→∞ σn = L, and hence
∑∞

k=1 ak is Cesàro summable to
L.

(c) Prove that
∑∞

k=1(−1)k is Cesàro summable to −1/2. Conclude that in general, the converse to
2b is false.

(d) Suppose that ak ≥ 0 for every k ∈ N, so that
∑∞

k=1 ak is a real series with nonnegative terms.
Prove that if limn→∞ σn exists, then

∑∞
k=1 ak converges.

Hint: The most efficient proof is to show that contrapositive. Since the series has nonnegative
terms, if

∑∞
k=1 ak diverges, then the {sn}∞n=1 is an increasing sequence diverging to +∞. Argue

that the same conclusion holds for {σn}∞n=1.

On your own (i.e. not collected or graded): Do the following problems from Rudin, Chapter 3: 5, 6, 7, 9,
10. Also solve the following three problems

1. Stirling’s approximation states that

lim
n→∞

n!√
2πn(n

e )n
= 1.

Use this to show that limn→∞(n!)−
1
n = 0. Conclude that the radius of convergence of

∑∞
n=0

zn

n! is
R =∞.

Note: usually one uses the ratio test, rather than the root test, to show that R =∞ for the exponential
series. This is not wrong, but it doesn’t appeal to the definition of radius of convergence. Instead it
argues that R =∞ since the ratio test shows that the series converges for any z ∈ C.

2. Suppose {an}∞n=1 is a sequence in R which is unbounded from above. Prove that there exists a strictly
increasing subsequence {ank

}∞k=1 such that limk→∞ ank
= +∞.

3. Prove that the identity (0.1) in Exercise #1 in part II holds even when {xk}∞k=1 is unbounded. This
of course requires you to consider the cases where lim supk→∞ xk = ±∞ and lim supk→∞ xk ∈ R.

Reading: Finish Chapter 3.
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