
Math 510, Fall 2017
Assignment 5, due Wednesday, September 27

Hand in Parts I and II of this assignment separately:

Part I

1. (a) Suppose that {an}∞n=1 is a sequence of nonnegative real numbers and
that limn→∞ an = a with respect to the usual metric. Appeal to the
definition of limit to prove that

lim
n→∞

√
an =

√
a.

Hint: treat the cases a = 0 and a 6= 0 separately.

(b) Prove that limn→∞
√
n2 + n− n exists and calculate the limit.

2. Rudin, Chapter 3, #3. Be rigorous here, your proof should use an induc-
tive argument to show that the sequence is bounded and monotonic.

3. Rudin, Chapter 3, #21.

Part II

1. Let (X, d) be a metric space. Suppose E ⊂ X is connected and that
E ⊂ F ⊂ E. Prove that F is connected.

Hint: Suppose F = A∪B where A,B are separated. Since E = (A∩E)∪
(B ∩ E) we may assume w.l.o.g. A ∩ E = ∅ (explain this). Then deduce
that A ∩ F = ∅ and A = ∅.

2. Let (X, d) be a metric space. Recall that our text defines two sets A,B ⊂
X to be separated if A∩B = ∅ and A∩B = ∅, then defines a subset E ⊂ X
to be connected if E is not the union of two nonempty separated sets. E
is of course disconnected if it isn’t connected. Prove that this definition is
equivalent to the following two characterizations of connected sets.

(a) (Intrinsic characterization of connectedness) Prove that E is con-
nected if and only if the only 2 subsets of E which are both relatively
open and relatively closed are the empty set and the set E itself.

(b) (Extrinsic characterization of connectedness) Prove that E is discon-
nected if and only if there exists two open, nonempty disjoint sets
G1, G2 such that E ⊂ G1 ∪G2 such that E ∩Gi 6= ∅ for i = 1, 2.

Hint: For the implication, suppose E = A ∪ B is a separation of E.
For each p ∈ A, there exists rp > 0 such that Nrp(p) ⊂ (B)C (yes,
we do mean the closure here (!), so how can you arrange this?), then
let G1 = ∪p∈ANrp(p). Then show if p ∈ B, then p ∈ (G1)C .

On your own, contemplate why it is appropriate to use the words “intrin-
sic” and “extrinsic” here.



On your own (i.e. not collected or graded):

1. Rudin, Chapter 3, #1.

2. (a) Prove the following slight variation on Theorem 3.2a in Rudin: {pn}∞n=1

converges to p if and only if every open set G containing p contains
all but finitely many pn (i.e. {n ∈ N : pn /∈ G} is finite).

(b) Combine this with exercise HW 3, Part I, #3 to conclude that if two
metrics d1, d2 are equivalent, then pn → p with respect to d1 if and
only if pn → p with respect to d2.

3. Suppose {pn}∞n=1 is a Cauchy sequence in a metric space (X, d) and that
there exists a convergent subsequence {pnk

}∞k=1 with limk→∞ pnk
= p.

Show that the full sequence converges to p, limn→∞ pn = p.

4. Recall that a set E in a metric space (X, d) is said to be bounded if there
exists p ∈ X and R > 0 such that E ⊂ NR(p). Prove that if E is bounded
and that p,R are as in the definition of bounded, then for any other point
q ∈ X, there exists S > 0 such that E ⊂ NS(q), and in fact, you can take
S = R + d(p, q).

5. Go through the exercise suggested in class on September 18: Given the
definition of a convergent sequence from the text, show that you can make
one or more of the following alterations of the definition to obtain an
equivalent definition of convergence:

• Replace < ε by ≤ ε.

• Replace N ∈ Z by N ∈ N or N ∈ (0,∞).

• Replace ≥ N by > N .

Then go through the same process with the definition of Cauchy sequence.

Reading: Start Chapter 3, at least through limit supremum and limit infimum.
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