
Math 510, Fall 2017
Assignment 3, due Wednesday, September 13

Hand in Parts I and II of this assignment separately:

Part I:

1. Let A1, A2, A3, . . . be subsets of a metric space (X, d).

(a) If Bn = ∪ni=1Ai, prove that ∪ni=1Ai = Bn for any n ∈ N.

(b) If B = ∪∞i=1Ai, prove that ∪∞i=1Ai ⊂ B.

(c) Given an example of sequence of sets for which the containment in
part (b) is proper.

Hint: you can make quick work of the first two parts here by using the
result from class that if F is closed and F ⊃ E, then F ⊃ E.

2. Let (X, d) be a metric space. Recall that a set E ⊂ X is said to be dense
if E = E ∪ E′ = X. Prove that a set E is dense if and only if G ∩ E 6= ∅
for every open set G ⊂ X.

3. Let X be a set such that d1, d2 are two metrics on X. A priori, nothing
says that the collections of open sets with respect to these two metrics
will be the same (e.g. consider Rn with the usual metric and the discrete
metric introduced below).

However, d1, d2 are said to be equivalent if there are C1, C2 > 0 such that

C1d1(p, q) ≤ d2(p, q) ≤ C2d1(p, q) for any p, q ∈ X.

Suppose that d1, d2 are equivalent metrics on a set X. Prove that a set
E is open with respect to d1 if and only if it is open with respect to d2.
Hence the two metrics generate the same open sets.

Part II:

1. Let (X, d) be a metric space. Let E◦ denote the set of all interior points
of a set E ⊂ X. We say that E◦ is the interior of E. Since any interior
point of a set is necessarily in the set, we always have E◦ ⊂ E.

(a) Prove that E◦ is always open.

(b) Prove that E is open if and only if E = E◦.

(c) Prove that if G ⊂ E and G is open, then G ⊂ E◦.

(d) Prove that the complement of E◦ is the closure of the complement

of E. In other words, show that (E◦)C = EC .

(e) Do E and E always have the same interiors?

(f) Do E and E◦ always have the same closures?



2. Let (X, d) be a metric space.

(a) Prove that for any p ∈ X, the set {q ∈ X : d(p, q) ≤ r} is closed.
Conclude that closure of Nr(p) satisfies

Nr(p) ⊂ {q ∈ X : d(p, q) ≤ r}.

(b) Let X be any nonempty set. On your own, verify that the function
d : X ×X → [0,∞) defined by

d(p, q) =

{
1, if p 6= q,

0, if p = q,

is a metric on X (we call this the discrete metric on X). Prove that
any subset of X is both open and closed with respect to the discrete
metric.

(c) Show that in general, the containment in (a) may be proper by finding
an example of a metric space for which the two sets are not always
equal. Hint: consider the metric space in (b) where X is any set with
at least two distinct elements.

(d) Prove that however, if X = Rn and d is the usual metric, then

Nr(p) = {q ∈ X : d(p, q) ≤ r}.

Reading: continue through Ch. 2 of Rudin

On your own:

1. Let (X, d) be a metric space. Some other textbooks define the closure and
interior of a set E as

E = ∩{F ⊂ X : F is closed and E ⊂ F}
E◦ = ∪{G ⊂ X : G is open and G ⊂ E}.

Prove that these definitions are equivalent to the ones from the text, class,
and homework.

2. Let (X, d) be a metric space and suppose Y ⊂ X.

(a) Prove that E ⊂ Y is closed as a set in the metric space (Y, d) (that
is, E is relatively closed) if and only if E = Y ∩F for some set F ⊂ X
which is closed with respect to the metric on X.

(b) Suppose Y is open in X. Prove that a set E ⊂ Y is open relative to
Y if and only if E is open in X.

3. A metric space is called separable if it contains a countable dense subset.
Show that Rn is separable.
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