
Math 510, Fall 2017
Assignment 12, due Wednesday, December 6

As usual, hand in Parts I and II separately:

Part I:

1. Rudin, Chapter 7, # 18.
Note: Since the sequence {fn(x)}∞n=1 is not assumed to be continuous,
you cannot assume that {Fn(x)}∞n=1 is differentiable sequence.

2. A real valued function f on [0, 1] is said to be Hölder continuous of order
α if there is a positive constant C such that |f(x)− f(y)| ≤ C|x− y|α for
x, y ∈ [0, 1]. For these functions, define

‖f‖α = max
0≤x≤1

|f(x)|+ sup
0≤x,y≤1, x 6=y

|f(x)− f(y)|
|x− y|α

.

Suppose 0 < α ≤ 1 and {fn}∞n=1 is a sequence of Hölder continuous
functions of order α satisfying ‖fn‖α ≤ 1 for all n. Show that {fn}∞n=1

is an equicontinuous sequence. Conclude that there exists a subsequence
{fnk
}∞k=1 which converges uniformly on [0, 1].

3. Let f : [0, 1] → R be a continuous function. Use the Weierstrass polyno-
mial approximation theorem to show that

lim
n→∞

n

∫ 1

0

xn−1f(x) dx = f(1).

Part II:

1. Rudin, Chapter 7, # 21. In your solution, make sure give proofs that (i)
A is an algebra of functions, (ii) A separates points, (iii) A vanishes at
no point of K, in addition to showing that there are continuous functions
not in the uniform closure of A.

2. Rudin, Chapter 7, # 23.

On your own: Rudin, Chapter 7, exercises 15, 16, 20, 22 and the following
problem:

1. Let R = [a, b]× [c, d] be a rectangle in R2. A function P : R → C is said
to have separated variables if

P (x, y) =

N∑
k=1

ckfk(x)gk(y)

for some scalars ck ∈ C and functions fk, gk continuous on [a, b] and
[c, d] respectively. Prove that if h(x, y) is continuous on R, there exists a
sequence of functions {Pn}∞n=1 with separated variables such that Pn → h
uniformly on R as n→∞.



2. Reconsider Exercise 3 in Part I. Give a proof of the same result without
using the Weierstrass approximation theorem. In fact, you should be able
to find a solution which only assumes that f is Riemann integrable on
[0, 1] and continuous at x = 1.

Reading: Rudin, Chapter 7. Start the section on power series in Chapter 8.

2


