Harmonic Analysis:

From Fourier to Haar

Maria Cristina Pereyra

Lesley A. Ward

DEPARTMENT OF MATHEMATICS AND STATISTICS, MSCO03 2150,
1 UNIVERSITY OF NEW MEXICO, ALBUQUERQUE, NM 87131-0001,
USA

E-mail address: crisp@math.unm.edu

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF
SOUTH AUSTRALIA, MAWSON LAKES SA 5095, AUSTRALIA

E-mail address: Lesley.Ward@unisa.edu.au



2000 Mathematics Subject Classification. Primary 42-XX






Chapter 6

A whirlwind tour of
discrete Fourier and
Haar analysis

In this chapter we capitalize on the knowledge acquired while study-
ing Fourier series to develop the simpler Fourier theory in a finite-
dimensional setting.

In this context, the discrete trigonometric basis for CV is a certain
set of N orthonormal vectors, which necessarily form an orthonormal
basis. The discrete Fourier transform is the linear transformation
that, for each vector v in C”, gives us the coefficients of v in the
trigonometric basis. Many of the features of the Fourier series the-
ory are still present, but without the nuisances and challenges of be-
ing in an infinite-dimensional setting (L?(T)), where one has to deal
with integration and infinite sums. The tools required in the finite-
dimensional setting are the tools of linear algebra.

For practical purposes, this finite theory is what is needed. Com-
puters deal with finite vectors. The Discrete Fourier Transform (DFT)
of a given vector v in C¥ is calculated by applying a certain invertible
N x N matrix to v, and the Discrete Inverse Fourier Transform by ap-
plying the inverse matrix to the transformed vector. Surprisingly, one
can perform each of these matrix multiplications in order N logy N
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138 6. Tour of discrete Fourier and Haar analysis

operations, as opposed to the expected N? operations, by using the
celebrated Fast Fourier Transform (FFT) algorithm; see Section 6.5.
This gain in the number of operations is of invaluable importance for
numerical applications, especially when dealing with large problems.

In this chapter we introduce another orthonormal basis, the dis-
crete Haar basis for C™, in preparation for later chapters where the
Haar bases for L?(R) and for L?([0, 1]) appear. We highlight the simi-
larities of the discrete trigonometric basis and the discrete Haar basis,
and their differences. There is also a Fast Haar Transform (FHT), of
order N operations, described in Section 6.8. The Fast Haar Trans-
form is a precursor of the Fast Wavelet Transform (FWT), studied
in more depth in later chapters.

6.1. Fourier series: a summary

We begin by summarizing the ingredients of the theory of Fourier
series, as we have developed it in Chapters 1-5.

(a) To each integrable function f : T — C we associate a sequence
{f (n)}nez of complex numbers. These numbers are known as the
Fourier coefficients of f.

(b) The Fourier coefficients are given by the formula

F(n): x f(0)e=™m? qp, for n € Z.

:27r

—T

(c) The building blocks of the Fourier series are the trigonometric
functions e, : T — C given by

en(f) = e, where n € Z and 6 € T.

They are called trigonometric rather than exponential to emphasize
the connection with cosines and sines given by Euler’s formula e’ =

cosnb + isinnf.

Thus the n'* Fourier coefficient of f can be written in terms of
the usual complex L? inner product as

Fo =g [ 10e@do = (f.ca)
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(d) The Fourier series associated to f is the doubly infinite series
formed by summing the products of the n*® Fourier coefficients f (n)
with the n'? trigonometric function e™:

o0
F0)~ > fn)em’.
n=—oo
We use ~ rather than = in this formula in order to emphasize that
for a given point 4, the Fourier series may not sum to the value f(9),
and indeed may not converge at all.

(e) The set {e™?},,cz of trigonometric functions forms an orthonor-
mal basis for the vector space L?(T) of square-integrable functions
on T. Here orthonormal means with respect to the L?(T) inner prod-
uct. In particular this means that f equals its Fourier series in L?(T),
or equivalently that the partial Fourier sums Sy f converge in L?(T)

to f:

1/2

Jim 7= Flzacn = Jim | | 0= 3 e an) -~

Also, the energy of an L?(T) function is preserved by the discrete
Fourier transform, in the sense that Parseval’s Identity holds:

oo

22y = > [F ()%

n=—oo

Furthermore, the partial Fourier sum Sy f is the orthogonal projec-
tion onto the closed subspace Py (T) of trigonometric polynomials of
degree less than or equal to N. In particular it is the best approxi-
mation in L?(T) to f by a polynomial in Py (T).

In the Fourier series setting we have just described, the signal is
a function, whose domain is the continuously varying quantity 6 € T.
By contrast, in the discrete setting of finite Fourier analysis, the signal
is a vector in CV, which can be thought of as a function whose domain
is the numbers n in the discrete set {0,1,..., N — 1}.

Physically, the quantities # € T and n € {0,1,...,N — 1} often
represent times, or spatial locations.



140 6. Tour of discrete Fourier and Haar analysis

In the Fourier series setting, the Fourier transform produces the
doubly-infinite sequence of Fourier coefficients. In the discrete setting,
the discrete Fourier transform produces another vector in C.

Looking ahead, in Chapters 7 and 8 we will develop the theory
of the continuous or Fourier transform setting, where the signal is a
function whose domain is the continuously varying quantity z € R,
and the Fourier transform produces another function on R.

6.2. The discrete Fourier basis

We present the analogues in the discrete setting of the five ingre-
dients of Fourier analysis listed above. Fix a positive integer N,
and let w := e>™/N. Recall that Z/(NZ) := {0,1,...,N — 1}.
As usual, the superscript ¢ indicates the transpose, so for example

v =[20,...,2n_1]" is a column vector.
(a)To each vector v = [z0,...,2y_1]" € CN we associate a second
vector U = lag,...,an—_1]' € CN. The vector ¥ is known as the

discrete Fourier transform of v.

(b) The entries of the discrete Fourier transform are given by the
formula

N-1
1
an, =0(n) = Wi Z Zpw R, forn€{0,1,...,N —1}.
k=0

(c) The building blocks of the discrete Fourier transform are the N
discrete trigonometric functions e, : Z/(NZ) — C given by

1
en(k) == ﬁw’m, ke{0,1,...,N -1},

for n € {0,1,...,N —1}. Thus the n*® Fourier coefficient of v can be
written in terms of the CV inner product as

N—-1
an =0 (n) =Y _ zpen(k) =: (v, en).
k=0
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(d) The original vector v can be exactly determined from its discrete
Fourier transform. The k' entry of v is given by
N-1
v(k) =z = Z v (n)e, (k).
n=0

Hence
N-1
v= Z (v, en)en.
n=0

(e) The set {eg,...,en—1} forms an orthonormal basis for the vector
space CV. Here orthonormal means with respect to the standard
inner product or dot product in CV. Hence the Pythagorean theorem

holds:
N-1

2 2 SN2
||’U||1e2(Z/(NZ)) = [lvllgn = Z v (n)]".
n=0
In this sense the energy of a vector v in C™ is the same as the energy of
its discrete Fourier transform v. Here we have referred to the Hilbert
space CV with the standard inner product as the space (*(Z/(NZ)),
to emphasize the similarities with the Hilbert space L?(T).

Note that as the dimension changes so do the number w, and
the vectors e,. We should label them with the dimension N, for
example w = wy = 2 /N N (k) = ﬁw}{,’“. However we will omit
the dependence on N and simply write w, e,, and expect the reader

to be aware of the underlying dimension.
We give two examples showing the Fourier orthonormal bases

obtained for C° and C® using the scheme described above.

Example 6.1. (Fourier Orthonormal Basis for C°) Let N = 5, so
that

w:€2ﬂ—i/5
Let
1 1 1 1 1
1 w w? w3 wt
for= (1|, fi=|w?|, for= |, fa=|w]|, fi:=]|u*
1 w3 w wt w?
1 wt w3 w? w



142 6. Tour of discrete Fourier and Haar analysis

Notice the interesting arrangement of the powers of w in each vec-
tor fj.

The vectors fo, f1, f2, f3, fa are pairwise orthogonal. Divid-
ing by the length /5 of each f;, we obtain an orthonormal basis
for €3, namely ¢, = (1/VB)fo, e1 = (1/VB)f1, e2 = (1/V5)fo,
es = (1/V5) fs, ea = (1/V5) fa. O

Example 6.2. (Fourier Orthonormal Basis for C8) Let N = 8, so

that L
— 278 _ gmifa _ (1+1)

w -
V2

We have pairwise orthogonal vectors fy, fi, ..., fr given by, respec-

tively,

(17 (1] (1] (17 (17 (17 (1] (1]
1 w w? w3 wt wd wb W’
1 w? wt w6 1 w? wt wb
1 w3 wb w wt w’ w? wd
1]’ W’ 1]’ ot 11’ wtl’ 1]’ wt
1 wb w? w? wt w w8 w3
1 w8 wt w? 1 w8 w* w?
| 1] _w7_ _wG_ _w5_ _w4_ _w3_ _wz_ | w |

Notice the patterns that arise because N is not prime.

Dividing by the length v/8 of each f;, we obtain an orthonor-
mal basis for C%, namely e = (1/V8)fo, e1 = (1/V8)f1, ..., e7 =
(1/VB)f7. O

Exercise 6.3. Verify that the set {eg,e1,...,eny_1} is an orthonor-
mal set in CV. O

We make four remarks. First, the discrete setting has a certain
symmetry in that both the original signal and the transformed signal
are of the same form: vectors in CV. In the Fourier series setting,
the original signal is a square-integrable function f : T — C, while
the transformed signal is a doubly infinite sequence {a,} € I*(Z). In
Chapters 7 and 8 we will develop the Fourier theory in yet another
setting, that of the Fourier transform. There the original signal and
the transformed signal can again be of the same form. For instance,
they can both be functions in the Schwartz class S(R), or they can
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both be functions in L?(R). We will also discuss generalizations of
the Fourier transform to much larger classes of input signals, such as
functions in LP(R), and, more generally, tempered distributions.

Second, our signal vectors v = [2g,...,2zy_1]" € CV in the dis-
crete setting can be thought of as functions v : Z/(NZ) — C, in the
sense that for each number n € Z/(NZ) := {0,1,...,N — 1}, the
function v picks out a complex number v(n) = z,. So

v = [v(0),v(1),...,0(N —1)]".

This formulation of the input signal is closer to the way we presented
the Fourier series setting. With this notation the discrete Fourier
transform reads

- | N .
(6.1) o(m) = 7 ngo v(n)e .

Third, in the discrete setting there are no difficulties with con-
vergence of series, since all the sums are finite. Thus the subtleties
discussed in Chapters 3, 4 and 5 are absent from the setting of the
finite Fourier transform.

Fourth, in the discrete setting the identity known as Parseval’s
Identity or Plancherel’s Formula holds:

N-1 N-1
Y )P =Y ).
n=0 n=0

This identity is exactly the Pythagorean Theorem for vectors with
N entries. Rewritten in a form closer to the way we saw it in the
Fourier series setting, Parseval’s Identity reads

||U||é2(Z/Nz) = ||5H42(Z/NZ)~

Here the norm, known as the £?-norm, is the Euclidean norm induced
by the complex inner product. Explicitly, it is given by the square
root of the sum of the squares of the absolute values of the entries of
the vector v, and thus by the square root of the inner product of v
with its complex conjugate.

Exercise 6.4. Prove Parseval’s Identity in the discrete setting. ¢



144 6. Tour of discrete Fourier and Haar analysis

As in the Fourier series setting, Parseval’s Identity says that the
energy of the transformed signal is the same as that of the original
signal. In the Fourier series setting, the energy means the L?-norm of
a function or the ¢2-norm of a doubly infinite series. In the discrete
setting, the energy means the £2-norm of a vector. Parseval’s Identity
also holds in the Fourier transform setting. For example when the
original and transformed signals, f and ]?, are both functions in L?(R),
the energy is represented by the L2-norm, and

I fllz2w) = ||f||L2(R)~

Aside 6.5. Some authors work with the orthogonal basis { fo, ..., fn—1}
of CV defined by
fl = \/N €l,

instead of the orthonormal basis {e;}. Then a factor of 1/N appears
in the definition of the coefficients and also in Parseval’s Formula (but
not in the reconstruction formula). To mirror the Fourier series the-
ory, one could work with the vectors {fo, f1,..., fnv—1} and consider
them to be normalized, by defining the following inner product for
vectors v, w € CN:

(6.2) (U, WY por 1= —

We made an analogous convention in L?(T) when we chose to include
the factor 1/(27) in the definition of the inner product. However, in
our formulation of the discrete theory we prefer to use the standard
inner product or dot product on CV, not the normalized one. Reader
beware: it is wise to check which normalization a given author is
using. O
Here are a few exercises dealing with the normalized inner product
in CV.
Exercise 6.6. Show that formula (6.2) defines an inner product
in CV. O

Exercise 6.7. Consider the vectors {fo, f1,..., fv—1}. Show that
they are orthonormal with respect to the normalized inner product
in CV, O
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Exercise 6.8. Define the normalized discrete Fourier coefficients of
v e CN to be
" (n) = (v, fa)nor-

Use the theory of orthonormal bases to justify the reconstruction
formula

N-1
v= Z 07" (n) fr.
=0

n—=
Verify that Parseval’s Identity holds in this setting:

N-1 1 N—-1
D" )P = 18" e zynz = Iollhor = N > o).
n=0 n=0

6.3. A parenthesis on bases and dual bases in CV

Before discussing the discrete Fourier transform in more detail, let us
review some fundamental linear algebra facts about bases.

Definition 6.9. A basis for CV is a set of N vectors {vy,va,...,vn}
such that each vector v € CV can be written as a unique linear
combination of the elements of the basis: there are complex numbers
ai, as, ..., ay such that

(6.3) V= aiv1 + asly + - + anvN.
The complex numbers a1, as, ..., ay are uniquely determined by the
vector v. O

Let B denote the N x N matrix whose j*® column is the vector v;.
We write
| |

B= v, - on|,
| |
where the vertical line segments are a reminder that the v; are vec-
tors, not scalars. With this notation, we have the following matrix
representation of equation (6.3):

v = Ba, where a=[aj,as,...,ay]"

As usual, the superscript ¢ indicates the transpose, so here a is a
column vector.
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Theorem 6.10. The following statements are equivalent.

(1) A set of N wvectors {vi,va,...,vn} is a basis for CN.
(2) The vectors {vi,vs,...,uN} are linearly independent. That is,
if 0 = a1v1 + agua + -+ - + anyvn, thenay = --- =ay = 0.

(3) The N x N matriz B whose columns are the vectors v; is in-
vertible (also called non-singular). Therefore we can find the
coefficients a1, as, ..., ay of a vector v with respect to the vec-
tors {v1,va,...,on} by applying the inverse matriz B~ to v:

a= B .

Exercise 6.11. Prove the equivalences in Theorem 6.10. O

Given N linearly independent vectors {vi,vs,...,vx} in C¥V,
in other words a basis for CV, let B be the invertible matrix with
columns vj;, and denote by w; the complex conjugate of the 5t row
vector of its inverse B~!. Thus

- Wy -
B =
. W —
The horizontal line segments emphasize that the wj are vectors, not
scalars.

With this notation, we see by carrying out the matrix multipli-
cation that

—— wr ——] [o(1) (v, w1)
Bty = =
—— wn ——] ) (v, wn)
where v = [v(1),... ,0(N)].

Exercise 6.12. Verify that the j" entry of the vector B~1v is the
(complex!) inner product between the vector v and the vector w;. ¢

The coefficients of v in the basis {v1,vs...,ux} are exactly the
entries of the vector B~'v. Therefore, not only are they uniquely
determined, but we have an algorithm to find them:

aj = (v, w;),
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where the conjugates of the vectors w; are the rows of B —1. In other
words, there is a set of dual vectors {wy,ws,...,wy} forming a dual
basis to the basis {v1,va,...,vn}, so that to compute the coefficients
of a given vector v in the original basis all we need to do is compute
the inner products of v with the dual vectors.

Exercise 6.13. (Orthonormality, and Uniqueness of the Dual Basis)
Show that every basis {v, vs, ..., vy} and its dual basiss {wy, ..., wy}
satisfy the following orthonormality condition:

(6.4) (v, wj) = O, ;.

Furthermore show that

N N
v = Z(v,wj>vj = Z(v,vj>wj.

j=1 j=1
Given a basis {v1,vs, ..., vnN}, suppose there are vectors {w1, ..., wx}
with the orthonormality property (6.4), show that the matrix whose
rows are the conjugates of the vectors {wy,ws,...,wx} must be the
inverse of the matrix whose columns are the vectors in the basis. That
is, the vectors {wy, wa, ..., wy} are the dual basis for {v1, va,...,vN}.

O

We will encounter dual bases in an infinite-dimensional context
when we discuss biorthogonal wavelets (Chapter 10).

In particular, if the basis {v1,vs,...,vn5} is orthonormal, then
the dual vectors coincide with the original basis vectors. In other
words, an orthonormal basis is its own dual basis. Equivalently, on
the matrix side, if the basis is orthonormal then

B! = Bt.

Definition 6.14. An N x N matrix whose columns are orthonormal
vectors in CV is called a unitary matriz. O

Unitary matrices are always invertible. The inverse of a unitary
matrix U is equal to the conjugate of the transpose of U, that is
U-l=0U"
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Exercise 6.15. Let U be a unitary matrix, show that U is an isom-
etry , that is it preserves the standard inner product in CV and the
(?(Z/NZ)-norms:

i) (Uv,Uw) = (v, w), (i) NUv|ewzz/nz) = UV etizz/nz)-

6.4. The discrete Fourier transform and its
inverse

It is not hard to see that the transformation that maps the vector
v € CV to the vector v € C¥ is linear. We call this transformation the
discrete Fourier transform, or the Fourier transform on l(Z/(NZ)).
The latter notation means that we are viewing CV as an inner-product
vector space whose elements are complex-valued functions defined
on the discrete set Z/(NZ) = {0,1,...,N — 1}, with the standard
Euclidean inner product.

Definition 6.16. The Fourier matriz Fy is the matrix whose columns
are formed by the orthogonal Fourier vectors fy, ..., fn—1. The en-
tries of the Fourier matrix are

Fn(m,n) = 2mmn/N for m, n € {0,1,...,N —1}.

We emphasize that the rows and columns of Fly are labeled from 0
to N — 1, and not from 1 to V. O

The Fourier matrix is symmetric: Ff = Fi.

Example 6.17. (Fourier Matriz for C8) Here is the Fourier ma-
trix Fy in the case when N = 8:

1 1 1 1 1 1 1 1

1 w w? WP Wt Wb Wt W

1 w? wt W 1 w? oWt WS
— 1 WP W ow Wt W W WP
871wt 1wt 1 Wt 1 Wt

1 W w? W oWt w W WP

1 Wb wt w? 1 W oWt WP

1 w7 Wb W oWt W W W

where w = 27/8, O
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The finite Fourier transform is completely determined by the
N x N complex-valued matrix (1/v/N)Fy. Specifically, the discrete
Fourier transform v of a vector v is given by

1 —

The matrix (1/v N)Fy is unitary, because its columns are or-
thonormal vectors. Therefore its inverse is its complex conjugate,

1 o
—Fy =—Fy.
(wv N) VN
Thus the discrete inverse Fourier transform in {2 (Zy/(NZ)) can be
written as

1
6.6 v = —— Fn7.
(6.6) N

In this finite-dimensional context, we are making an orthogonal
change of basis in CV, from the standard basis to the Fourier basis.

Exercise 6.18. Show that
Ty = Ty Py =1
NiNEN =GN N = 1IN,
where Iy denotes the N x N identity matrix. O

Exercise 6.19. Show that (v, W) = (v, w).

Both Fy and Fy are full matrices, in the sense that all their
entries are nonzero. So applying one of them to a vector to com-
pute the discrete Fourier transform, or the discrete inverse Fourier
transform, requires N2 multiplications if the vector has no zero en-
tries. Since additions take up an insignificant amount of computer
time compared with multiplications, the discrete Fourier transform
also has an operation count of the order of N? operations.

However, one can dramatically improve on this operation count
by exploiting the hidden structure of the Fourier matrix, as we now
show.
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6.5. The Fast Fourier Transform (FFT)

A key to the practical success of the discrete Fourier transform (6.5)
is the existence of a fast algorithm to accomplish it. In the 1960s
the American applied mathematician James Cooley (born in 1926)
and the American statistician John Wilder Tukey [1915-2000] redis-
covered a faster algorithm, which the German mathematician Johann
Carl Friedrich Gauss [1777-1855] had found in the early 1800s. This
famous Fast Fourier Transform (FFT) algorithm reduces the number
of multiplications from order N? to order N log, N. This improve-
ment revolutionized digital signal processing (which was of course
completely unforeseen in the time of Gauss). One measure of the
influence of the FFT algorithm is that over the period 1945-1988,
Cooley and Tukey’s paper [CT| was the sixth most-cited paper in
the Science Citation Index in the areas of mathematics, statistics,
and computer science [Hig, p.217].

Mathematically, the Fast Fourier Transform is based on a fac-
torization of the Fourier matrix into a product of sparse matrices,
meaning matrices with many zero entries.

Exercise 6.20. The conjugate Fy of the 4 x 4 Fourier matrix Fy can
be written as the product of three sparse matrices, as follows:

10 1 07t 1 0 07[L 0 O O
— Jo1 0o —=i|ll1t =10 0]]0 0 10
(6.7) Fa=1y 0 21 ollo o1 1llo1 0o
01 0 0 0 1 —1]]lo 0 0 1

Use matrix multiplication to check formula (6.7). Can you spot two
copies of F5 on the right-hand side? O

The process of the Fast Fourier Transform is easiest to explain,
and to implement, when N = 27. (If N is not a power of two, one can
simply add an appropriate number of zeroes to the end of the signal
vector to make N into a power of two, a step known as zero-padding.)
It begins with a factorization that reduces F to two copies of m

This reduction is applied to the smaller and smaller matrices Fy o
for a total of j = log, N steps, until the original matrix is written as
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a product of 2log, N sparse matrices, half of which can be collapsed
into a single permutation matrix.

The total number of multiplications required to apply the Fourier
transform to a vector is reduced from order N2, for the original form of
the matrix Fy, to the much smaller order N log, N, for the factorized
version of Fly.

To understand how this reduction works at the level of individual
entries of the transformed vector, we rearrange formula (6.1) for the
discrete Fourier transform to express v(m) as a linear combination of
two terms A,, and B,,:

1 N-1 N
Bm) = v(n)e rimn
\/N n=0
J1 X

R LR

—mim

= A, +e 2 B,,.

The key is to note that v(m + N/2) can be written as another linear
combination of the same two terms, namely

—2mi(m+N/2)n
N

vim —_ — v\n)e
2 vN

N _ N _

21 —2mi(m+ ) !

v ) —2mimn 2 U(2n+1> —2mimn
= e N2 e N T e
VN D

—mim

= A, —e N2 B,.

By clever ordering of operations we can reuse A,, and B,,, reduc-
ing the total number of operations required. Furthermore, the sums
A, and B, have the same structure as the sum in v(m), so we can
do this process recursively.

In the language of matrices, we have factored the conjugate Four-
ier matrix Fi, for N even, into a product of three N x N matrices:

(6.8) Fy = DYBYSY,

N/2
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Where the matrices on the right of (6.8), have the following block
structure,

DY — |:IN/2 Dy } BN — Fnyo 0N/2:| SN = |:EV€HN/2:| .
Inj2 —Dny2]’ Ony2  Fiyjal’ Odd 2
Here I; denotes the M x M identity matrix, Fj; is the M x M
Fourier matrix, 0p; denotes the M x M zero matrix, Eveny; and
Oddj; are the M x 2M matrices that select in order the even and
odd entries respectively of the vector (v(0),v(1),...,v(2M —1))!, and

D)y is a diagonal M x M matrix to be described more carefully after
the exercise.

Exercise 6.21. Compare equation (6.8) with the factorization of Fy
given in Exercise 6.20. In particular, in equation (6.7) identify the
matrices I, Dy, F5, Eveny, and Odds. O

We now describe the diagonal M x M matrix Dy, for general M.
The diagonal matrix Dy, has diagonal entries e~"™/M for m =0, 1,
.., M — 1. For example, here are Dy and Dy:

[0 0 1 0
Da=1, eﬂﬂ} - [o J ’

[ed 0 0 0 1 0 0 0
—mi/4 1—1
Dy — 0 e ™/ 0‘ 0 _ 0 73 0 0
0 0 e 2mi/4 0 0 0 —i 0
0 0 0 e 3mi/4 0o 0 0o ==

- V2

The appearance in Dy of the fourth root of unity, in D4 of the
eighth root of unity, and so on, illuminates how the Fourier ma-
trix Fiy can contain the N*" root of unity, while Fy /o contains only
the (N/2)'" root and the other matrices in the recursion equation
contain only real numbers.

The 2M x 2M matrix S?M selects the even-numbered entries
(starting with the zeroth entry) of a given 2M-vector and moves them
to the top half of the vector, preserving their order, and it moves the
odd-numbered entries of the 2M-vector to the bottom half of the
vector, preserving their order. Here is the 8 x 8 matrix S§ acting on
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a generic vector v = [v(0),v(1),...,v(7)] in C5:
1000 0 0 0 0] [0o0] [v0)]
0010000 0| | v(2)
000010 0 0| v(4)

G5, [0 0 0 000 10| [vB3)]_ v
! 01 00 00 0 0 |v4) v(1)
0001000 0| | v(3)
0000010 0| |u6) v(5)
0000000 1 ln] [

Turning to the number of operations required in the Fast Fourier
Transform, we see that the first matrix in the decomposition (6.8) re-
quires only N multiplications. The second matrix ostensibly requires
2(N/2)? = N?/2 multiplications, but it has the conjugate Fourier ma-
trix m in the diagonal, and we can use the recursion equation (6.8)
again to replace each of the two (N/2) x (IN/2) matrix Fyy/, that are
sitting in the diagonal of BY¥ by

Fra = DY S

BN/2 _ Fnyy 0N/4:|
1 - )
On/a Fnya
and we can apply the recursion equation to the (N/4) x (N/4) matrix
Fny4, and keep on reducing in the same way until we cannot subdivide

Notice that

any further, when we reach the 2 x 2 matrix Fj.

Exercise 6.22. What three matrices result from applying the recur-
sion equation (6.8) to F»? O

Exercise 6.23. Verify that for Fy, after two recursive steps the
matrix BY is decomposed as the product of three N x N matrices as
follows:

By = Dy By'Sy,
where the new block matrices are defined as follows:

N Injge Dnya

DN — D1/ _ |Inya —Dnya
N = -

Inyy  Dnyja

Inyy —Dnyy
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Frnyy

Fnya
Frnyy

Fnya

sy = [va .

slN/Q] '

Here, blank spaces represent zero submatrices of appropriate sizes. ¢

Assuming that N = 2K, K > 1, so that we can iterate £—times,
at stage £ of this recurrence we will obtain a decomposition of Fiy as
the product of 2¢ + 1 matrices,

Fy=DYDY ...DYBNSY ...SY sy,
Where the N x N matrices are defined recursively by:

Ny2t!
DY

0—
pN

similarly for Bév and S,fv for which we will place 2¢=! copies of the

£—1 £—1
> or S{V/Z on the diagonal.

matrices B{V/
Exercise 6.24. Write down the decomposition of the conjugate Four-
ier matrix Fy into a product of five matrices, by using equation (6.8)
twice. Check your answer by matrix multiplication. How many mul-
tiplication operations are required to multiply a vector by the ma-
trix Fg? How many are required to multiply a vector by the five
matrices in your factorization? (Count only multiplications by ma-
trix entries that are neither one nor zero. The operations required
to multiply a vector by the Even and Odd matrices are also often
ignored in the operation count, since their effect is simply to change
the order of the entries of the vector.) O

Note that the N/2¢~1 x N/2~! matrix Div/#il is the 2 x 2 block
matrix with N/2¢ x N/2¢ diagonal blocks described earlier. More
precisely,

DN/t |:IN/2@ Dyjoe ]
1 = .
IN/QZ _DN/QZ
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Multiplying by the matrix Div/ 2 requires only N/2~! multiplica-
tions, and thus, for each £ > 1 multiplying by the matrix Dév requires
only N = 2=1N/2¢=1 significant multiplications.

After two iterations, the first two matrices in the decomposition
of F require only N multiplications each. If N = 27, then one can
do this j — 1 = log, N — 1 times, until the block size is 2 x 2. After
j — 1 steps, the matrix Fy will be decomposed into the product of
j — 1 matrices, each requiring only N multiplications, for a total of
N(log, N — 1) multiplications, followed by the product of BjN7 1, and
the j — 1 scrambling or permutation matrices, namely the Odd/Even
matrices. The matrix BJZ\L 1 has 2971 copies of F; on its diagonal, and
requires N multiplications, and so do each of the 7 — 1 permutation
matrices, bringing the total number of multiplications to no more
than 2N log N operations.

6.5.1. Scrambling matrices - A numerical miracle. The j — 1
scrambling matrices, S{¥, for £ = 1,2,...j — 1, when applied in the
right order, become a very simple operation which costs essentially
nothing in terms of operation counts. A miracle is observed when
describing the numbers 0, 1, ..., N — 1 in binary notation: “the
successive application of the Odd/Even matrices will simply put in
place n the m'™ entry, where m is found by reversing the digits in the
binary decomposition of n”. In computer science this step is called
bit reversal, see [Stra, p.192-193].

Let us see the miracle in action when N = 8 = 23. Denote the
successive scrambling matrices by

Even St 0
8 .__ 4 8 1 4
1= omn] - st=[o il
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We start with the numbers 0, 1, ..., 7 in binary notation and
apply the matrix S%, followed by the matrix S5:
[000] [000] [000]
001 010 100
010 100 010
011] s§ |110| s5 [110
100| — [oo1| 001
101 011 101
110 101 011
| 111 [ 111 [ 111

We see that the binary numbers in the right-hand column are
obtained from the binary numbers in the left-hand column by reading
the binary digits in reverse order.

Exercise 6.25. Can you justify the miracle for all N = 277 Try
an argument by induction. Note that in this case the j** miracle
matrix M; is the product of j — 1 scrambling N x N matrices, M; =
Sjj\ilSinz ...SN. The scrambling matrix SY for ¢ < j is a block
diagonal matrix with 2/=! copies of the N/2¢~1 x N/2/~! matrix
S{V/QFI on the diagonal. O

Even without a miracle, the scrambling N x N matrices S}V are
very sparse. Only N entries of SJ¥ are nonzero, and in fact the nonzero
entries are all ones. Applying each of the scrambling matrices requires
only N operations, and applying j—1 such matrices (N = 27) requires
at most N(logy N — 1) operations. This means that the operation
count for the Fourier matrix using this decomposition is no more than
2N (log, N) operations. So even without the miracle, the algorithm
is still of order N log, N.

6.5.2. Fast convolution. Given two vectors v, w € CV, define their
discrete circular convolution by

N-1
vxw(n) = \/% Zv(k)w(n—k% n=20,1,...,N -1
k=0

Ifn < k then —N < n—k < 0. In that case, define w(n—k) := w(N —
(n — k)), or, equivalently, think of w as being extended periodically
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over Z so that w(n) = w(N +n) for all n € Z. In matrix notation,
the linear transformation T, that maps the vector v into the vector
v * w is given by the circulant matriz

w(0) w(N—-1) w(N-2) ... w(l)
w(1) w(0) w(N—-1) ... w(2)
w(2) w(l) w(0) .o w(3)
w(N.— 1) w(N.—2) w(N.—3) w(O)

(The term circulant indicates that down each diagonal, the entries are
constant.) A priori, multiplying a vector by this full matrix requires
N? operations.

Exercise 6.26. (Fast Convolution of Vectors) (a) Show that

(b) Describe a fast algorithm to compute the convolution of two
vectors in order NN logy N operations. %

Convolution with a fixed vector w is a linear transformation given
by a circulant matrix, as described in Exercise 6.26. These are also the
only translation-invariant or shift-invariant linear transformations,
meaning that if we first shift a vector and then convolve, the output
is the same as first convolving and then shifting. More precisely,
denote by Sj the linear transformation that shifts a vector v € CV
by k units, that is Syv(n) := v(n—k). Here we are viewing the vector
as extended periodically so that v(n — k) is defined for all integers.
Then SkTw = TwSk.

Exercise 6.27. Show that if T,,v := v x w then ST, = T,Sk.
Conversely, show that if a linear transformation 7T is shift invariant,
meaning that ST = T'Sj, for all k € Z, then there is a vector w € CN
such that Tv = v x w. O

The book by Frazier [Fra] takes a linear algebra approach and
discusses these ideas and much more in the first three chapters, be-
fore moving on to infinite-dimensional space. Chapter 1 is a thorough
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review of linear algebra with emphasis on changes of basis and trans-
lation invariant linear transformations. Chapter 2 discusses discrete
Fourier theory. Chapter 3 discusses discrete wavelet theory.

Strang and Nguyen’s book [SN] also has a linear algebra perspec-
tive.

6.6. The discrete Haar basis

In this section we discuss the discrete Haar basis. Unlike the discrete
Fourier basis, the Haar basis is localized, a concept that we now
describe.

By localized we mean, in a not very precise way, that the vector is
zero except for a few entries. All entries of the discrete trigonometric
vectors are nonzero, and in fact each entry has the same absolute
value 1/+/N. Thus the discrete trigonometric vectors are certainly
not localized. In particular, since the Fourier coefficients of a vector v
are given by the inner product v against a trigonometric vector e;,
all entries of v are involved in the computation.

An example of a basis which is as localized as possible is the
standard basis in CV. The standard basis vectors have all but one
entry equal to zero; the nonzero entry is 1. Denote by s; the vector
in the standard basis whose j*® entry is 1, for j =0,1,..., N — 1,

so=[1,0,...,0]", 81 =[0,1,0,...,0],...,sn_1 = [0,...,0,1]".

The standard basis changes with the dimension, we should tag
the vectors s; = sév , but as with the Fourier basis, we will omit the
reference to the underlying dimension and hope the reader does not
get confused.

Exercise 6.28. Show that the discrete Fourier transform in CV of
the Fourier basis vector e; is given by the standard basis vector e;,
that is €; = s;, for 0 < j < N — 1. Start with the case N = 4. O

Although the Fourier basis is not localized at all, its Fourier trans-
form is as localized as possible. We say the Fourier basis is localized
in frequency, but not in space or time.
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Exercise 6.29. Verify that the discrete Fourier transform of the stan-
dard basis vector s; is the complex conjugate of the Fourier basis
vector e;, that is §; = €;. O

Although the standard basis is as localized as possible, its Fourier
transform is not localized at all. We say the standard basis is localized
in space or time but not in frequency.

Exercise 6.30. Let {vg,v1,...,vn_1} be an orthonormal basis for CV.
Show that the discrete Fourier transforms {op, 01, . ..,0n_1} form an
orthonormal basis for CV. (Exercise 6.19 may be helpful.) O

These examples are incarnations of a general principle, the Un-
certainty Principle, that we discuss in more depth in subsequent chap-
ters. The Uncertainty Principle says that it is impossible for a vector
to be simultaneously localized in space and frequency.

The discrete Haar basis is an intermediate basis between the dis-
crete Fourier basis and the standard basis, in terms of its space and
frequency localization.

We begin with the example of the discrete Haar basis for C?,
where N = 23 = 8.

Exercise 6.31. Define the vectors hy, forn =0, 1, ..., 7 by
ho = [1,1,1,1,1,1,1 1t
hy = [-1,— -1,1,1,1,1)%,
ha -1, — 1,1,10000]
hs := [0,0,0 -1,1,1]Y,
hy = [- 1,1,000000]2
hs [0,0,—1,1,0,0,0,0],
he [0000 1100]2
h: := [0,0,0,0,0,0,—1,1].
Show that the vectors {ho, hi,..., h7} are orthogonal vectors in C8.

Show that the (normalized) vectors

ho h3
6.9 ho = hy = , hao=—F%, hz3=—F,
(6.9) 0 1 2= =

siF
[e'9) =

o
\/g:
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By — ]374 he — E he — ﬁi - @
4 — \/§7 5 — \/57 6 — \/57 7T \/57
are orthonormal. They form the discrete Haar basis for C8. O

Exercise 6.32. Compute the discrete Fourier transform ﬁn of each
of the vectors in the Haar basis for C8, displayed in (6.9). Either
analytically or using MATLAB, sketch the graphs of each h,, and ﬁn
Notice that the more localized h,, is, the less localized ﬁn is. O

When N = 27, j € N, the N Haar vectors are defined according
to the analogous pattern. The first non-normalized vector ho is a
string of ones; the second vector hq has the first half of its entries
equal to —1, and the second half equal to 1; the third vector hs has
the first quarter of its entries equal to —1, the second quarter 1, and
the rest of the entries zero; and so on. The last non-normalized vector
fLN,l starts with N — 2 zeros, and its last two entries are —1 and 1.
Again we are abusing notation by not labeling the Haar vectors with
the underlying dimension N, as we should.

Exercise 6.33. Write down the discrete Haar basis for CN = C?’
for some j > 4. O

Notice that half of the vectors are very localized, having all en-
tries zero except for two consecutive nonzero entries. These are the
27=1 vectors {iLQj—l, iLQj_l_H, ce ;ng_l}. The 2772 vectors {iLQj—2,
i~12j72+1, ceey iLQj—l,l} have all entries zero except for four consecu-
tive nonzero entries. The 277% vectors {hgs—x, Aoj—k 41, -, Roj—rs1_1}
have all entries zero except for 2% consecutive nonzero entries. The
vectors {hg, hs} have half of the entries zero. Finally kg and hy have
all entries nonzero. Furthermore the nonzero entries for i~11 consist of
a string of consecutive —1s followed by the same number of 1s, and
for hg is just a string of 1s..

We now give a precise definition of the N*" Haar basis. We repeat,
we should really label each of the N vectors with an N to indicate
the dimension of CY. However, to make the notation less cluttered,
we will not bother to do so.
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Given N = 279 and n with 1 < n < N, there is a unique k € Z
with 0 < k < j such that

2k <n< 2’““7 moreover n = 2F +m, 0<m< 2k,
For n > 1, define the orthogonal vectors h,,, in terms of the unique
numbers k and m, 0 < k < j, 0 < m < 2F, determined by n:
—1 if mN27F <1< (m+ 3)N27F;
hp(l) = 1 if (m+4+4)N27F <l < (m+1)N27F;
0 otherwise.

We define ﬁo(l) =1forall0<I< N —1.

Exercise 6.34. Verify that when N = 8 the formula above for h,, (1)
gives the same vectors as in Example 6.31. O

Notice that h,(I) is nonzero if and only if m2/=% < I < (m +
1)29=k. In fact those 2/=% = N/2* entries are +1. The Haar vectors

are defined by
9k/2 _

m—
VN

Exercise 6.35. Show that the vectors {h, }) ;' are orthonormal. ¢

b,

Notice that except for hg, all the other vectors are rescaled con-
tractions of h; and translates of those. See Exercise 6.36.

The parameters k, m, uniquely determined by n so that n =
2% 4+ m, are scaling and translation parameters respectively. The
scaling parameter k, 0 < k < j, tells us that we will decompose
the set {0,1,2,...,29 — 1} into 2* disjoint subsets of 27=% = N2=F
consecutive numbers. The translation parameter m, 0 < m < 2¥, in-
dicates which subinterval of length N27* we are considering, namely
the interval [mN27F (m + 1)N27F).

It would make sense to index the n'* Haar vector with the pair
(k,m), and we will do so when we study the Haar basis, and some
wavelet bases on L?(R). These are orthonormal bases, {{x m }k.mez,
indexed by two integer parameters (k,m). The Haar and wavelet
bases have the unusual feature that they are found by dilating and
translating one function v, known as the wavelet. More precisely,

Yiom () 1= 2k/21/)(2kx —m).
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The functions 1y, retain the shape of the wavelet . If ¢ is con-
centrated around zero on the interval [—1, 1], then the function )y m,
is now localized around the point m2~%, and concentrated on the
interval [(m — 1)27% (m + 1)27%] of length 2 x 27%. As k — oo
the resolution increases (that is, the localization improves), while as
k — —oo the localization gets worse.

Exercise 6.36. Show that if N = 2/, n = 2k 4+ m, for 0 < k < j,
0 < m < 2%, and we write hy m = hy,, then

hk,m(l) = 2k/2h070(2kl — mN)

Here it is understood that hg o(z) = h1(z) = 0 whenever z # 0,1,... N—
1. We are padding zeros to the right and left of hg o, not extending
it periodically. O

6.7. The Discrete Haar Transform

The discrete Haar transform is the linear transformation that ap-
plied to a vector v € CV, N = 2/, gives the coefficients of v in the
orthonormal Haar basis. The inverse discrete Haar transform is the
linear transformation that reconstructs the vector v from its Haar
coefficients {c, }N=}'. Notice that

v=coho+c1hi+ - +cen_1hn_1.
In matrix notation the inverse discrete Haar transform is given by
v=Hyc, where c=lco,c1,...,en-1]",

and the Haar matriz Hy is the N x N matrix whose j** column is
the Haar vector h;_;. That is,

| |
Hy=|hy ... hy-i

The Haar matrix Hy is a unitary matrix (it has orthonormal columns),
hence its inverse is its conjugate transpose. The Haar matrix Hy is
also a real matrix (the entries are the real numbers 0, 42(F=7)/2),
hence Hy' = HY. We can recover the coefficients ¢ € CV of the
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vector v € CV by applying the transpose of Hy to the vector v.
Therefore the discrete Haar transform is given by
c=Hywv.

Notice that either from the above matrix formula or from the fact that
the Haar basis is an orthonormal basis, the j** coefficient is calculated
by taking the inner product of v with the j** Haar vector:

Cj=<’l),hj>.

Example 6.37. Here is the matrix H:
r. 1 1 1 1 1 1 17
S A S G A
VB VB VB VB VB VB VB VB
% =L 2 = 0 0 0 0
viovi Vi vE 1
R e v A S
NS O1 (1) 0 0 0 O
0 0 % 5 01 (1) 0 ©
0 0 0 0 ZH &5 E)l (1)
|00 0 0 0 0 ZH ]

O

The Haar matrix H{ is sparse; it has many zero entries. Counting
the nonzero entries, we note that the first and second rows are both
full. The third and fourth rows are half-full, so they make one full row
together. The fifth, sixth, seventh and eighth rows together make one
full row of nonzero entries. Adding, we get 2+ 1+ 1 =4 full rows in
HY where n = 8 = 23. In H!; we get the equivalent of four full rows
from the first 8 rows as in HE and the 9th to 16th would make up
one more. i.e. 24+ 1+ 1+1 =75 full rows in Hiz where N = 16 = 2%.
The general formula is if N = 27 we get j + 1 full columns, each of
length N. So the total number of nonzero entries is N(j + 1) where
j = logy N. Hence, multiplying a vector of length N by Hy takes
N(1 + logy, N) multiplications. This implies that the Discrete Haar
Transform can be performed in order N log, N operations.

Here is an argument for seeking localized basis vectors: The brute
force operation count for the Haar basis is of the same order as the
FFT, because of the sparseness of the Haar matriz. Can this count
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be improved by using some smart algorithm as we did for the discrete
Fourier transform? Yes, the operation count can be brought down
to order N operations. We call such an algorithm the Fast Haar
Transform, and it is the first example of the Fast Wavelet Transform.

6.8. The Fast Haar Transform

We illustrate with some examples how one can apply the discrete
Haar transform more efficiently. We choose here to argue, as we did
for the FFT, in terms of matrix decomposition. We will revisit this
algorithm when we discuss the multiresolution analysis for wavelets.

First consider N = 2. Let us explicitly compute the action of the
matrix HE on a vector v = [v(0),v(1)]* € C2.

v(1)+v(0)
o= 5[4 ][] o)
V2
Notice that the output consists of scaled averages and differences
of v(0) and v(1). In terms of multiplications, we only need two mul-
tiplications, namely %U(O) and %v(l), then we add these two num-

bers and subtract them. For operation counts, what is costly is the
multiplications. Applying HS requires only 2 multiplications.

Now consider the case N = 4. Let us explicitly compute the
action of the matrix H on a vector v = [v(0),v(1),v(2),v(3)]t € C*:

1 1 1 1 v(3)+v(2)+v(1)+v(0)
vi vi va va| [v(0) Vi
S i T RS, (v(3)+0(2)) = (v(1)+2(0))
Hiy=|vV4 V& V4 V4 - Vi
4 L L 0 0] |v® v(1)=v(0)
V2 vao T 5 7
0 0 S LB v<s>J§v<2>

Denote the scaled averages of pairs of consecutive entries by al
and their differences by d!,. In our case j = 2.

oo 0 () —o(0)
o & N
1B+ o vB) —v(@)

a) = ——F——-, dj:=

V2 V2
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Notice that they are the outputs of the 2 x 2 matrix H} applied
to the vectors [v(0),v(1)], [v(2),v(3)] € C2. With this notation, the
output of the matrix Hiv is the vector

; 11 11 t

Hjv = “1\/;0 al\/go d§ di| .
The first two entries are the output of the matrix HY applied to the
average vector a' = [a},al]. The last two entries are the output of
the 2 x 2 identity matrix applied to the difference vector d' = [d{, d}].

Aside 6.38. The superscript 1 is at this stage unnecessary. However
we are computing averages and differences of the averages. We can

1,1 11 . . .
introduce a® = af := alj;“, d° = dj = #1252, With this notation

we have
Hiv = [ao d° dl}t.
Notice that the vectors d° and a® have dimension 1 = 29, and d!

has dimension 2 = 2!, so the output has dimension 4 = 22. See the
paragraph after Exercise 6.40. O

In the same way, we can decompose H! as the product of two
4 x 4 matrices:

H} 0
t 2 2
(610) H4 = |: ) H5:| .

Notice that the first matrix can be decomposed as the product of
a block diagonal matrix (with H and the 2 x 2 identity matrix I3 in
the diagonal) with a permutation matrix. In other words,

o sk
O = O O
o o5k
= o O O

0 0

_ [H3 09
- 0y Ip

o osak
= oghsk
= o O

o O O =
o = O O
o O = O
= o O O

0
1
0

The second matrix in (6.10) requires 2 x 2 multiplications, since it
involves applying H twice. The first matrix requires only 2 multipli-
cations, since it involves applying H} once and then the 2 x 2 identity



166 6. Tour of discrete Fourier and Haar analysis

matrix which involves no multiplications. The total multiplication
count for H} is thus 2 x 2+2 =6 =2(4 — 1).

Exercise 6.39. Show that Hf can be decomposed as the product of
three 8 x 8 matrices as follows:

10000000
00001000
01000000

Hé{Hg 02]00000100[1{5 04}

0, Ig/[0 0100 00 0|0, H
00010000
0000O0O0T10
00000001

Notice that the last matrix on the right hand side requires 2 x 6 = 12
multiplications, since it involves applying H} twice. The first matrix
on the right hand side requires only 2 multiplications, since it involves
applying HS once and then the 6 x 6 identity matrix I which involves
no multiplications. The middle matrix is a permutation matrix, de-
noted by Ps. It involves no multiplications. The total multiplication
count for Hf is thus 2 x 6 +2 =14 =2(8 — 1). O

We can see a pattern emerging. The matrix HY for N = 27 can
be decomposed as the product of three N x N matrices. The first
and the last are block diagonal matrices while the middle matrix is a
permutation matrix:

Ht

N/2 .
Hy )

t
(6.11) HY = {HQ Py

I N—J
Here In_5 is the (N — 2) x (N — 2) identity, blank spaces denote
zero matrices of hte appropriate dimensions (in this case 2 x (N —2),
(N—-2)x2and N/2x N/2), and Py is an N x N permutation matrix
given by a permutation of the columns of Iy.

Denote by ky the number of products required to compute mul-
tiplication by the matrix H%. The last matrix in the decomposi-
tion (6.11) requires 2 x ky/o multiplications, since it involves apply-
ing H]tv /2 twice, and ky/o is the number of multiplications required

to compute multiplication by H%, /20 The first matrix requires only
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2 multiplications, since it involves applying H once and then the
(N —2) x (N —2) identity matrix which involves no multiplications.
The permutation matrix costs nothing in terms of multiplications.
The total multiplication count for HY obeys the following recursive
equation

kN=2XkN/2+2,

with initial value for hte recurrence given by ko = 2.

Exercise 6.40. Show by induction that if the above decomposition
holds for each N = 27, then the number of multiplications required
to apply HY is 2(N —1). That is, ky = 2(N — 1). O

We return to the averages and differences, but now in dimension
N = 2J. Starting with the vector v € CV, we create two vectors a’ !
and d’~!, each of dimension N/2 = 27~! by taking averages and
differences of pairs of consecutive entries. We now take the vector
a’~! € CN/? and create two vectors of dimension N/4 = 2/=2 by
the same procedure. We repeat the process until we reach dimension
1 = 29, The process can be repeated j times, and can be represented
by the following tree or pyramid scheme:

vi=adl — o' - 7?2 - . = ab =
N N N N N\
di—1 di—2 d! d°
With this notation it can be seen that
ot
Hyv = [ao d dt ... dj_l} .
Notice that the vectors a/~* and d’~* have dimension 29~% = N27%,
so the vector [a® d° d' ... d’7'] has the correct dimension

14+14+2+422 4. +271 =2/ = N,

We will encounter averages and differences again when discussing
wavelets in later chapters.

Exercise 6.41. Give a precise description of the permutation matrix
Py in the decomposition of HY . O



