Numerical Analysis Exam
January 13, 1994°%

Complete all four problems. Unless otherwise stated, all matrices and vectors are real. Good luck!

1. a. Show that for any nonsingular n x n matrix S, the n x n matrices A and SAS-! have the
same eigenvalues.

b. Show that all eigenvalues of the matrix A with elements,
a;; = 7'2(7' _.7)3 .4) 1’).7 = 1)' - N,
have zero real part.

2. Consider the symmetric matrix, M, partitioned into blocks as follows:

A B
where A and C are square matrices, not necessarily of the same size, and where B is a rectangular

matrix with transpose BT. Show that, if M is positive definite, then the following matrices are
positive definite:

i) A
(ii.) C — BTA'B.
3. Let M be a positive definite symmetric matrix.

a. Show that if Gaussian elimination is applied to M, then only positive pivots are encountered.

b. Use the result above to deduce the existence of the Cholesky factorization, that is a lower
triangular matrix, L, such that M = LLT.

c. Describe an algorithm for computing L which requires about half the work as standard Gaus-
sian elimination. -

4. Consider the matrix H = I — 2uu” where uTu = 1.
a. Prove that H is an orthogonal matrix.
b. Let
! (a +0e1)
U= ——— ,
lla + aeil|

where o = %||a|, eT = (1,0,...,0), and || - || is the 2-norm. Compute Ha.

c. Describe an algorithm which uses matrices of the form H to reduce an n x n matrix A to
upper triangular form.



