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Multipliers

Tf(x) = k ∗ f(x) or T̂ f(ξ) = m(ξ)f̂(ξ)

T : L2 → L2 ⇐⇒ m ∈ L∞

Hörmander-Mihlin’s condition:

|∂αm(ξ)| ≤ Cα|ξ|−|α| ⇒


T : Lp → Lp, 1 < p <∞
T : L1 → L1,∞

T : L∞ → BMO

|∂αm(ξ)| ≤ Cα|ξ|−|α| ⇒ |∂αk(x)| ≤ Cα|x|−(n+|α|)

Classical Calderón-Zygmund singular integrals:

|∂αk(x)| ≤ Cα|x|−(n+|α|), |α| ≤ 1

plus some cancellation, e.g.∣∣∣∣∣
∫
r<|x|<R

k(x)dx

∣∣∣∣∣ ≤ C
(essentially T (1) = 0), also give all the Lp results.



(Linear) T(1) – Theorem

David-Journé (1984)

T : S → S ′, 〈T (f), g〉 = 〈K, f ⊗ g〉

|∂αK(x, y)| ≤ C|x− y|−(n+|α|), |α| ≤ 1

Then,

T : L2 → L2 ⇐⇒

 T ∈WBP

T (1), T ∗(1) ∈ BMO

T has the WBP if

|〈T (ϕy,R), ψz,R〉| . Rn,

for all smooth bumps ϕ and ψ supported on the
unit ball and such that ‖∂αϕ‖L∞, ‖∂αψ‖L∞ ≤ 1,
for all |α| ≤ N (N sufficiently large).

Here ϕy,R(x) = ϕ(R−1(x− y)); same with ψ.

The WBP is a translation and dilation invariance
condition (even though T is not translation or dila-
tion invariant).



T (1) and T ∗(1) are a priori defined as distribu-
tions (modulo constants):

For ϕ with mean zero,

〈T (1), ϕ〉 = lim
j→∞

〈T (Φj), ϕ〉,

where Φj → 1 are smooth cutoff functions.

Similarly with T ∗(1).

T (1), T ∗(1) ∈ BMO are cancellation conditions.

In fact, a first step in the proof of the T(1)-Theorem
is to reduce things to the case

T (1) = T ∗(1) = 0

Essentially,∫
K(x, y) dy = 0

∫
K(x, y) dx = 0

The proof of the theorem uses Cotlar’s lemma



Equivalent formulations:

T : L2 → L2

⇐⇒ T : Lp → Lp, 1 < p <∞
(classical)

⇐⇒ sup
ξ

(‖T (eix·ξ)‖BMO+‖T ∗(eix·ξ)‖BMO)≤C

(David-Journé, 1984)

⇐⇒ ‖T (ϕz,R)‖L2 + ‖T ∗(ϕz,R)‖L2 ≤ CRn/2

(Stein, 1993)

⇐⇒ ‖Tε(χB)‖L2 + ‖T ∗ε (χB)‖L2 ≤ C|B|1/2

(Nazarov-Treil-Volberg, 1998) (Tε are the usual
truncated integrals)

⇐⇒ |〈K,ϕz,R⊗f〉|+|〈K, f⊗ϕz,R〉| ≤ CRn/2‖f‖L2

for all f with suppf ⊂ B(z,R)

(folklore?, BDNTTV)



Coifman-Meyer’s bilinear operators

We saw in the first lecture operators (of order zero)

T (f, g)(x) =
∫
m(ξ, η)f̂(ξ)ĝ(η)eix(ξ+η) dξdη

|∂αm(ξ, η)| ≤ Cα(|ξ|+ |η|)−|α|

Then, formally,

T (f, g)(x) =
∫
K(x− y, x− z)f(y)g(z) dydz

where K is a Calderón-Zygmund kernel in R2n

|∂αK(y, z)| ≤ Cα(|y|+ |z|)−(2n+|α|)

We have

‖T (f, g)‖Lr ≤ C‖f‖Lp‖g‖Lq

for 1/p + 1/q = 1/r, 1 < p.q < ∞ and 1/2 <

r <∞ (as well as a appropriate end-point results)

(Coifman-Meyer, Kenig-Stein, Grafakos-T. )



Example

The Riesz transforms in R2 can be seen as bilinear
operators on R× R, e.g.

R1(f, g)(x) = p.v.
∫
R2

x− y
|(x− y, x− z)|3

f(y)g(z) dydz

R1 : Lp(R)× Lq(R)→ Lr(R)

for 1/p+ 1/q = 1/r < 2

The next step is to consider kernels of the form

K(x, y, z)

and operators formally given by

T (f, g)(x) =
∫
R2n

K(x, y, z)f(y)g(z) dydz



T(1) Theorem for bilinear Calderón-Zygmund Operators

T : S × S → S ′

〈T (f1, f2), f3〉 = 〈K, f1 ⊗ f2 ⊗ f3〉

|∂αK(y0, y1, y2)| . (
∑
|yj−yk|)2n+|α|, |α| ≤ 1

Christ-Journé (1987):

|〈K, f1 ⊗ f2 ⊗ f3〉| . ‖fj‖∞ ‖fk‖2 ‖fl‖2
iff K satisfies a multilinear WBP and the three
distributions T (1,1), T ∗1(1,1), T ∗2(1,1) are in
BMO.

Grafakos-T. (2002):
T : L4 × L4 → L2

⇐⇒ T : Lp × Lq → Lr, 1/r = 1/p+ 1/q < 2

⇐⇒ supξ1,ξ2
(‖T ∗j(eix·ξ1, eix·ξ2)‖BMO ≤ C

(T ∗0 = T , T ∗1, T ∗2 are the transposes of T )



Example

Tσ(f, g)(x) =
∫
σ(x, ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη.

with σ in BS0
1,0 (the Coifman-Meyer class)

|∂αx∂
β
ξ ∂

γ
ησ(x, ξ, η)| ≤ Cαβγ(1+|ξ|+|η|)−(|β|+|γ|)

If σ ∈ BS0
1,0 then Tσ has a Calderón-Zygmund kernel

|∂αxK(x, y1, y2)| ≤ Cα(|x−y1|+|x−y2|)−(2n+|α|),

T (eiξ·, eiη·)(x) = σ(x, ξ, η)eix·(ξ+η)

which is in L∞ (uniformly in all ξ, η).

The same applies to the transposes of T . This fol-
lows from a symbolic calculus for the transposes.

By the bilinear T(1)-Theorem

Tσ : Lp × Lq → Lr

1/r = 1/p+ 1/q, r > 1/2

Coiman and Meyer proved this for r > 1 using
Littlewood-Paley theory.



More general bilinear pseudodifferential operators

Tσ(f, g)(x) =
∫
σ(x, ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη

For 0 ≤ δ ≤ ρ ≤ 1, we say that σ ∈ BSmρ,δ if

|∂αx∂
β
ξ ∂

γ
ησ(x, ξ, η)| ≤

Cαβγ(1 + |ξ|+ |η|)m+δ|α|−ρ(|β|+|γ|)

These are the bilinear analog of the Hörmander
classes in the linear case; σ ∈ Smρ,δ if

|∂αx∂
β
ξ σ(x, ξ)| ≤ Cαβ(1 + |ξ|)m+δ|α|−ρ|β|

Most of the Lp results in these talks have the prop-
erty that are symmetric with respect to transposi-
tion. This plays an important role in the proofs too.



Symbolic calculus for the transposes

If σ(x, ξ, η) = σ(ξ, η) then the transposes of Tσ
are very easy to compute

T ∗1σ = Tσ∗1 and T ∗2σ = Tσ∗2

σ∗1(ξ, η) = σ(−ξ−η, η) and σ∗2(ξ, η) = σ(ξ,−ξ−η)

For x-dependent symbols the situation is more com-
plicated but the following calculus holds.

For example if σ ∈ BS0
1,0, then σ∗1 and σ∗2 are in

BS0
1,0 and

σ∗1(x, ξ, η) =
∑
α

iα

α!
∂αx∂

α
ξ σ(x,−ξ − η, η)

in the sense that for every N > 0,

σ∗1(x, ξ, η)−
∑
|α|<N

iα

α!
∂αx∂

α
ξ σ(x,−ξ−η, η) ∈ BS−N1,0

and similarly with σ∗2.

(Benyi-T. 2003)



The class BS0
1,1 is the largest class that produces

operators with bilinear Calderón-Zygmund kernels.
But this class does not produce in general bounded
operators on Lp spaces because it is not closed by
transposition.

NeverthelessBS0
1,1 is bounded on Sobolev spaces

of positive smoothness.

If σ ∈ BSm1,1, m ≥ 0, s > 0, then Tσ has a
bounded extension from L

p
m+s × L

q
m+s into Lrs,

‖Tσ(f, g)‖Lrs ≤ C(‖f‖Lpm+s
‖g‖Lq+‖f‖Lp‖g‖Lqm+s

).

1/p+ 1/q = 1/r, 1 < p, q, r <∞

(Bényi-T. 2003; Bényi-Nahmod-T. 2006)



The above results are analogous to the linear ones,
but not everything holds the same in the bilinear
setting.

For example, Calderón-Vaillancourt’s theorem fails.

In the linear case σ ∈ S0
0,0 ⇒ Tσ : L2 → L2, but

σ ∈ BS0
0,0 6⇒ Tσ : L2 × L2 → L1

(or any Lp × Lq → Lr, 1 ≤ p, q, r <∞)

There is a substitute result:

|∂αx∂
β
ξ ∂

γ
ησ(x, ξ, η)| ≤ Cαβγ

sup
x

∫ (∫
|∂γησ(x, ξ, η)|2 dξ

)1/2
dη ≤ Cγ

sup
x

∫ (∫
|∂γξ σ(x, ξ, η)|2 dη

)1/2
dξ ≤ Cγ

⇒ T : L2 × L2 → L1

The proof uses a bilinear version of Cotlar’s lemma
(Bényi-T. 2004)



Let H be a Hilbert space and V a normed space
of functions. If

Tj : V ×H → H, j ∈ Z,

is a sequence of bounded bilinear operators and
{a(j)}j∈Z is a sequence of positive real numbers
such that

||Ti(f, T ∗2j (f̄ , g))||H+||T ∗2i (f̄ , Tj(f, g))||H ≤ a(i−j),

for all f ∈ V, g ∈ H, ||f ||V = ||g||H = 1 and for
all i, j ∈ Z, then

||
m∑
j=n

Tj|| ≤
∞∑

i=−∞

√
a(i), n,m ∈ Z, n ≤ m.

This lemma can be sometimes used to prove esti-
mates of the form

L∞ × L2 → L2

(and then by duality L2 × L2 → L1)



Composition of pseudodifferential operators

Let Jm = (I−∆)m/2, then if σ ∈ BSm1,0, m ≥ 0,
then

Tσ(f, g) = Tσ1(Jmf, g) + Tσ2(f, Jmg).

for some σ1 and σ2 in BS0
1,0 In particular,

Tσ : Lpm × Lqm → Lr

1/p+ 1/q = 1/r, 1 < p, q <∞.

However, if Tσ ∈ OpBS0
1,0 and La ∈ OpSm1,0,

then in general LaTσ /∈ OpBSm1,0

LaTσ has a symbol that satisfies estimates in terms
of |ξ+η|. This provides another motivation to look
at more general classes

|∂αx∂
β
ξ ∂

γ
ησ(x, ξ, η)| ≤

Cαβγ(1 + |η − ξ tan θ|)m+δ|α|−ρ(|β|+|γ|)

for θ ∈ (−π/2, π/2] (with the convention that θ =
π/2 corresponds to estimates in terms of 1 + |ξ|).



In the one-dimensional case

|∂αx∂
β
ξ ∂

γ
ησ(x, ξ, η)| ≤

Cαβγ(1 + dist((ξ, η); Γθ))m+δ|α|−ρ(|β|+|γ|)

where Γθ is the line at angle θ with respect to the
axis η = 0.

Note that θ = −π/4,0, π/2 are the degenerate
directions for the bilinear Hilbert transform.

There exits a calculus for the composition with lin-
ear operators and for the transposes.

In particular:

1) If Tσ ∈ OpBS0
1,0 and La ∈ OpSm1,0, then

LaTσ ∈ OpBSm1,0;−π/4

2) {BS0
1,0; θ}θ is closed under transposition

(Bényi-Nahmod-T. 2006)



The symbols of the transposes can be computed
explicitly and it holds that

σθ ; σθ∗1, σθ∗2

where for θ 6= 0, π/2,−π/4

cot θ + cot θ∗1 = −1

tan θ + tan θ∗2 = −1.

In the degenerate directions

{0, π/2,−π/4}∗1 = {0,−π/4, π/2}

{0, π/2,−π/4}∗2 = {−π/4, π/2,0}



Modulation invariant operators

We will concentrate now on bilinear operators in
1-dimension. We saw in the first talk the proof of
the boundedness of the bilinear Hilbert transform
(Lacey-Thiele, 1997-1999)

T (f, g)(x) =
∫

sign(ξ−η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη

and of the operators (Gilbert-Nahmod, 2000-2002)

Tm(f, g)(x) =
∫
m(ξ−η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη

|dαm(z)| ≤ Cα|z|−α.

We will look at the Lp-boundedness of variable co-
efficient operators with a modulation invariance

Tσ(f, g)(x) =
∫
σ(x, ξ−η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη

where |∂βx∂αξ,ησ(x, ξ−η)| ≤ Cα(1+|ξ−η|)−|α|.

They satisfy the modulation invariance

〈T (f1, f2), f3〉 = 〈T (eiz·f1, e
iz·f2), e−i2z·f3〉

(other directions can be considered too)



Let’s compute the kernel of these operators.

Assume σ(x, u) is in S0
1,0(R) and consider

T (f1, f2)(x) =
∫
R2
σ(x, ξ−η)f̂1(ξ)f̂2(η)eix(ξ+η)dξdη

Undoing the Fourier transforms,

=
∫
R2
k(x, x− y)δ(z − 2x+ y)f1(y)f2(z) dydz

=
∫
R
k(x, t)f1(x− t)f2(x+ t) dt

(valid at least for functions with disjoint support)

k(x, x− y) = (F−1σ)(x, x− y)

(the inverse Fourier transform is taken in the sec-
ond variable). Such a k is a (linear) Calderón-
Zygmund kernel, but the Schwartz kernel of T is

K(x, y, z) = k(x, x− y)δ(z − 2x+ y)

which is too singular to fall under the scope of the
previous multilinear T(1)-Theorems. Note also that
the BHT is obtained with k(x, t) = 1/t.



From the Hilbert transform to the variable coeff. BHT

(linear) Hilbert Transform

sign(ξ)

(linear) C-Z Sing. Int. / H-M multipliers

|∂αm(ξ)| ≤ Cα|ξ|−α

(linear) Classical PDOs (S0
1,0)

|∂βx∂αξ σ(x,ξ)| ≤ Cαβ(1+|ξ|)−α

Bilinear Hilbert Transform

sign(ξ−η)

Bilinear Singular Multipliers

|∂αm(ξ − η)| ≤ Cα|ξ − η|−α

Bilinear Coifman–Meyer’s PDOs (BS0
1,0)

|∂βx∂αξ,ησ(x, ξ, η)| ≤ Cαβ(1 + |ξ|+|η|)−|α|

Variable Coeff. Bilinear Hilbert Transforms

|∂βx∂αξ,ησ(x, ξ−η)| ≤ Cαβ(1 + |ξ−η|)−|α|



For symmetry purposes, we will look from now on
to the trilinear form

Λ(f1, f2, f3) = 〈T (f1, f2), f3〉

= 〈T ∗1(f2, f3), f1〉 = 〈T ∗2(f1, f3), f2〉

For the rest of this talk we will assume that all
Calderón-Zygmund kernels considered satisfy

|∂αk(x, t)| ≤ C|t|−|α| t 6= 0, |α| ≤ 1

A trilinear form Λ on S(R)×S(R)×S(R), is said
to be associated with a Calderón-Zygmund kernel
k if

Λ(f1, f2, f3) =
∫
R2

3∏
j=1

fj(x+ βjt)k(x, t) dx dt

(1)
for some β = (β1, β2, β3) and all functions f1, f2, f3
in S(R) such that the intersection of their supports
is empty.



We will assume that β1, β2, β3 are different (oth-
erwise Λ reduces to a combination of a pointwise
product and a bilinear form).

We will also assume β to be of unit length and per-
pendicular to α = (1,1,1). Let γ = (γ1, γ2, γ3)
be a unit vector perpendicular to α and β; then
γj 6= 0.

We impose the modulation symmetry along the di-
rection of γ:

Λ(f1, f2, f3) = Λ(Mγ1ξf1,Mγ2ξf2,Mγ3ξf3)

(2)
for all ξ ∈ R, where Mηf(x) = eiηxf(x).

From (1) this trivially holds for functions with dis-
joint support, but we want the modulation symme-
try to hold for all Schwartz functions even when the
representation formula (1) is not valid as an abso-
lutely convergent integral.



Modulation invariant T(1,1)-Theorem

Bényi, Demeter, Nahmod, Thiele, T., Villarroya

Assume Λ is a trilinear form on S(R) × S(R) ×
S(R) associated with a kernel k as in (1) and with
modulation symmetry (2) in the direction of γ. Then,

|Λ(f1, f2, f3)| .
3∏

j=1

‖fj‖pj

for all exponents 2 ≤ p1, p2, p3 ≤ ∞ with

1

p1
+

1

p2
+

1

p3
= 1

if and only if for all intervals I, all L2-normalized
bump functions φI and ψI supported in I, and all
f in S

|Λ(φI , ψI , f)| . |I|−1/2‖f‖2, (3)

|Λ(φI , f, ψI)| . |I|−1/2‖f‖2,

|Λ(f, φI , ψI)| . |I|−1/2‖f‖2.



Moreover, in such a case T satisfies

‖T (f1, f2)‖Lr . ‖f1‖Lp‖f1‖Lq

1/p+ 1/q = 1/r < 3/2

Note that this is the same range as for the BHT.

The restricted boundedness conditions (3) can be
assumed also for all f smooth and supported in,
say, 100I.

Recall that an L2-normalized bump adapted to an
interval I satisfies

|∂αϕ(x)| ≤ C|I|−1/2−α
1 +

∣∣∣∣∣x− c(I)

|I|

∣∣∣∣∣
2
−N/2

for all 0 ≤ α ≤ N .



Example

Consider again the trilinear form

Λ(f1, f2, f3) =
∫
R
T3(f1, f2)(x)f3(x) dx =

∫
R3
σ(x, ξ − η)f̂1(ξ)f̂2(η)f3(x)eix(ξ+η)dξdηdx

with σ in S0
1,0.

Note that this form has modulation symmetry in the
direction γ = (1,1,−2)/

√
6 for all triples f1, f2,

f3, not just the ones with disjoint supports.

Assuming f is supported in CI

|Λ(φI , ψI , f)| . ‖φ̂I‖L1‖ψ̂I‖L1‖f‖L1

. ‖φ̂I‖L1‖ψ̂I‖L1|I|1/2‖f‖L2

. |I|−1/2‖f‖L2.

Here, we have used that φ̂I and ψ̂I areL2-normalized
and adapted to intervals of length |I|−1.



More precisely,

φI(x) = |I|−1/2φ0((x− x0)/|I|)

where φ0 is adapted to and supported in the unit
interval centered at the origin

‖φ̂I‖L1 = |I|−1/2‖φ̂0‖L1 ≤ C|I|−1/2

where C depends only on finitely many derivatives
of φ0. The same estimate applies to ψI .

To obtain the other restricted boundedness condi-
tions, write

Λ(f, φI , ψI) =
∫
R
T ∗1(ψI , φI)(x)f(x) dx,

and using the symbolic calculus

T ∗1(g, h)(x) =
∫
R2
σ1(x, ξ, η)ĝ(ξ)ĥ(η)eix(ξ+η)dξdη

where

|∂µx∂αξ,ησ1(x, ξ, η)| . (1 + |ξ + 2η|)−|α|.

The computations done with T can now be repeated
with T ∗1. Similarly with T ∗2.



Plan of the proof

It is immediate that the boundedness of Λ implies
the conditions (3). Actually, it is enough to have,
say

T, T ∗1, T ∗2 : L4 × L4 → L2

to obtain (3).

First, the conditions (3) are used to show that T (1,1), T ∗1(1,1), T ∗2(1,1) ∈ BMO

|Λ(φ)| . |I|−1/2

where φ(x, y, z) is a smooth bump L2-normalized
and adapted to I × I × I.

The theorem is then reduced to the case T (1,1) = T ∗1(1,1) = T ∗2(1,1) = 0

|Λ(φ)| . |I|−1/2

using some modulation invariant paraproducts.
This last set of conditions is used to discretize the
operator.
Then the fun begins!!!



More about T (1,1) and BMO

〈T (1,1), f〉 = lim
k→∞

〈T (Φk,Φk), f〉 =

lim
k→∞

Λ(Φk ⊗Φk ⊗ f)

exist for f with mean zero. Here Φk(x) = Φ(2−kx)

with Φ a smooth version of the characteristic func-
tion of the interval (−1/2,1/2).

To show T (1,1) ∈ BMO one uses the conditions
(3) to show that T (Φk,Φk) are uniformly inBMO.
This is analogous to the linear T (1) a la Stein.

For all this there are always two typical Calderón-
Zygmund theory estimates. One far away from the
support of a function, where the regularity of the
kernel is used; and another local one, where some
a priori bound is needed.



One trilinear form ; three bilinear forms

By the Schwartz kernel theorem, the trilinear form
Λ can be represented by a tempered distribution in
R3, which we shall also denote by Λ, so that

Λ(φ1, φ2, φ3) = Λ(φ1 ⊗ φ2 ⊗ φ3).

(In this way, Λ(φ) has a meaning for any φ ∈
S(R3) not necessarily a tensor product.)

The kernel representation of Λ continues to hold
when a test function φ has support disjoint from
the span of (1,1,1), namely

Λ(φ) =
∫
φ(xα+ tβ) k(x, t) dxdt

=
∫
φ(x+ β1t, x+ β2t, x+ β3t) k(x, t) dxdt

Using the modulation invariance, one can show
that

Λ(f) = Λ∗(f |γ⊥).

where Λ∗ ∈ S ′(γ⊥).



There are three distinct bilinear forms that we can
consider

Λ1(φ2, φ3) = Λ∗((1⊗ φ2 ⊗ φ3)|γ⊥)

Λ2(φ1, φ3) = Λ∗((φ1 ⊗ 1⊗ φ3)|γ⊥)

Λ3(φ1, φ2) = Λ∗((φ1 ⊗ φ2 ⊗ 1)|γ⊥)

(the functions on the right hand side are in S(γ⊥),
since none of the components of γ is zero).

For φ2, φ3 with disjoint support,

Λ1(φ2, φ3) = Λ∗((1⊗ φ2 ⊗ φ3)|γ⊥) =

∫
φ2(x+ β2t)φ3(x+ β3t)k(x, t) dxdt.

Similarly for Λ2 and Λ3.

The Λj ’s are bilinear Calderón-Zygmund forms!!!!



Moreover, if Λ satisfies the trilinear WBP ,

|Λ(φ)| . |I|−1/2,

where φ(x, y, z) is a smooth bump L2-normalized
and adapted to I × I × I, then the forms Λj, j =
1,2,3, satisfy the bilinear weak boundedness prop-
erty.

Also, the identities

Λ1(1, ·) = Λ(1,1, ·) = Λ2(1, ·),

Λ2(·,1) = Λ(·,1,1) = Λ3(·,1),

Λ3(1, ·) = Λ(1, ·,1) = Λ1(·,1),

hold when the terms are interpreted as tempered
distributions modulo constants.

This will be important when estimating the action
of Λ on bump functions.

(almost orthogonality estimates)



The reduction to T (1,1) = 0

The idea is to construct for

T (1,1) = f, T ∗2(1,1) = g, T ∗1(1,1) = h ∈ BMO,

modulation invariant forms Λf , Λg, Λh, such that

Λf(1,1, .) = f, Λf(1, .,1) = 0, Λf(.,1,1) = 0

Λg(1,1, .) = 0, Λg(1, .,1) = g, Λg(.,1,1) = 0

Λh(1,1, .) = 0, Λh(1, .,1) = 0, Λh(.,1,1) = h

Then, Λ− Λf − Λg − Λh will satisfy

T (1,1) = T ∗2(1,1) = T ∗1(1,1) = 0



With Φ as before (smooth version of χ(−1/2,1/2)),
define

φ̂1 = φ̂2 = Φ

φ̂3 = τ10Φ + τ−10Φ

ψ(x) =∫
φ1(x+(β1−β3)t)φ2(x+(β2−β3)t)φ3(x) dt

(ψ has mean zero)

By Calderón’s reproducing formula,

f = c
∫ +∞

0
f ∗ ψt ∗ ψt

dt

t

i.e.

f = lim
ε→0

c
∫ 1/ε

ε
f ∗ ψt ∗ ψt

dt

t

at least in the distributional sense when tested against
bump functions with mean zero.



Defining

ψk,n(x) := 2−k/2ψ(2−kx− n),

a simple change of coordinates gives

f = lim
κ→+∞

c
∫
|k|≤κ

∫
R

〈
f, ψk,n

〉
ψk,n dk dn (4)

with the equality holding in the sense of distribu-
tions when tested again functions with mean zero.

If we define φi,k,n by translation and dilation in the
analogous manner,

ψk,n(x) =∫
φ1,k,n(x+(β1−β3)t)φ2,k,n(x+(β2−β3)t)φ3,k,n(x) dt

Set

ck,n := c
〈
f, ψk,n

〉
Then, for each κ ∈ R and each fi ∈ S(R) we
define



Λκ(f1, f2, f3) =
∫
|k|≤κ

∫
R

∫
R

∫
R
ck,n×

×

 3∏
i=1

fi(x+ βit)φi,k,n(x+ βit)

 dx dt dn dk

=
∫
R

∫
R

3∏
i=1

fi(x+ βit)Kκ(x, t)dtdx, (5)

Kκ(x, t) =
∫
|k|≤κ

∫
R
ck,n

3∏
i=1

φi,k,n(x+βit) dn dk.

Discretizing, Kκ can be seen as an average of
sums

K̃κ(x, t) =
∑

2−κ≤|I|≤2κ

I dyadic

cI

3∏
i=1

φi,I(x+ βit),

with φi,I being L2-adapted to I and |cI | . |I|1/2.

K̃κ is a Calderón-Zygmund kernel!



Define now for each fi ∈ S(R)

Λ(f1, f2, f3) = lim
κ→+∞

Λκ(f1, f2, f3).

Λ has the required properties!!!

Since the function

φ1(x)φ2(x+ (β2 − β1)t)φ3(x+ (β3 − β1)t)

has mean zero in t for every fixed x, it is easy
to verify that Λκ(.,1,1) = 0. We conclude that
Λ(.,1,1) = 0. Likewise we see Λ(1, .,1) = 0.

To see that Λ(1,1, .) = f , we replace the integra-
tion variable x by y = x+β3t and integrate in t to
obtain for f3 ∈ S(R) with mean zero

Λκ(1,1, f3) =
∫
R

[∫
|k|≤κ

∫
R
ck,nψk,n(y) dn dk

]
f3(y)dy

The limit on the right hand side is
∫
R f(y)f3(y)dy,

and so we conclude that Λ(1,1, .) = f as tem-
pered distributions modulo constants.



It remains to prove that Λ is bounded. Up to some
universal constant, Λ(f1, f2, f3) coincides with

lim
κ→+∞

∫
|k|≤κ

∫
R2
ck,n2−k×

 3∏
i=1

∫
fi(x)φi,k,n(x)e2πiγi2

−klx dx

 dn dl dk.
Hence Λ is up to a universal constant an average
of forms of the type

∑
k,n,l∈Z

ck,n2−k
3∏
i=1

〈
fi, φi,k,n,l

〉
, (6)

where for some k0, n0, l0 ∈ [0,1]

φi,k,n,l(x) = φi,k+k0,n+n0
(x)e−2πiγi2

−(k+k0)(l+l0)x

The forms (6) are the basic model that we have
to estimate to prove the boundedness of Λ. The
function φi,k,n,l is an L2- normalized bump func-
tion adapted to the interval

[2k+k0(n+ n0)),2k+k0(n+ n0 + 1))



By changing the bump function constants mildly,
we can assume that the function is adapted to the
dyadic interval Ik,n = [2kn,2k(n+ 1)).

The proof of the boundedness of the models is
similar to the one for the models for the BHT

If you followed the first talk closely, you can try to
do it...

:)

Note that now there is a lack of separation in the
tiles used but this can be compensated by the es-
timates we now have for the coefficients ck,n:

Since f is in BMO, the coefficients ck,n satisfy a
Carleson sequence condition∑

Ik,n⊂J
|ck,n|2 ≤ Cf |J |.



OK fine, but why T (1,1) = 0?

The proof of the theorem in the reduced case uses
a phase-space analysis similar to the one used for
the BHT.

In particular we use a Whitney decomposition in
frequency with respect to a bad set given by three
planes through the line< γ >. This decomposition
is done in terms of tubes or rectangular boxes with
square cross sections (not in terms of cubes as in
the case of the BHT).

The conditions

T (1,1) = T ∗1(1,1) = T ∗2(1,1) = 0

are used to control Λ on the frequency side near
the bad set.



Heuristic

Assume k(t) is an x independent Calderón-Zygmund
kernel

Λ(f1, f2, f3) =

p.v
∫
f1(x+β1t)f2(x+β2t)f3(x+β3t)k(t)dx dt.

One reduces the boundedness of |Λ(f1, f2, f3)|
to that of model operators∑

p∈P
ap |Ip|−1/2|〈f1, φp1〉〈f2, φp2〉〈f3, φp3〉|,

where P is the collection of all multi-tiles in phase
space p = p1 × p2 × p3, pi = Ipi × ωpi with
|Ip| := |Ip1| = |Ip2| = |Ip3| and ωpi pairwise
disjoint for each fixed p. The φpi are wave pack-
ets L2- adapted to the time-frequency tile pi and
{ap} ∈ `∞(P).

P is a one parameter family of multi-tiles: each ωpi
determines uniquely the other two ωpj .



In the case k depends on both x and t we proceed
differently. We can write

Λ(f1, f2, f3) = 〈k(x, t)|f1 ⊗ f2 ⊗ f3(xα+ tβ)〉

Applying the Fourier inversion formula to each fj

Λ(f1, f2, f3) = 〈k̂(−α·ξ,−β ·ξ)|f̂1⊗f̂2⊗f̂3(ξ)〉.
(7)

Suppose that

|∂αk(x, t)| . |t|−(1+|α|),

for all |α| ≥ 0. These conditions essentially imply

|∂mv k̂(u, v)| . |v|−m, (8)

for v 6= 0 and m ≥ 1. The estimates say that the
derivatives ∂mv k̂ are only singular for v = 0.

So we may expect trouble when

−β · ξ = 0

That is on on the frequency side we expect the
form Λ to blow up on β⊥



The representation (7) is not unique; it depends on
β. We can write

Λ(f1, f2, f3) = 〈K3(x, t)|f1⊗f2⊗f3(xα+tβ3)〉

= 〈T (f1, f2)|f3〉

Λ(f1, f2, f3) = 〈K1(x, t)|f1⊗f2⊗f3(xα+tβ1)〉

= 〈T ∗1(f2, f3)|f1〉

Λ(f1, f2, f3) = 〈K2(x, t)|f1⊗f2⊗f3(xα+tβ2)〉

= 〈T ∗2(f1, f3)|f2〉

where the vectors βj are still perpendicular to γ
and satisfy that the component βjj = 0 (each Kj
is related to k by a change of variable).

We obtain then three frequency representations

Λ(f1, f2, f3) = 〈K̂j(−α·ξ,−βj·ξ)|f̂1⊗f̂2⊗f̂3(ξ)〉.
(9)



In each of them, away from a plane through γ de-
fined by

Pj := (βj)⊥ = span(ej, γ),

the form Λ is given by a symbol whose derivatives
blow up according to (8) when ξ approaches Pj.

We use a Whitney decomposition that simultane-
ously resolves all of the three singular sets Pj in-
dependently of the representation we are using.



The bad set

(Pictures courtesy of E. Gavosto)



The conditions

T (1,1) = T ∗1(1,1) = T ∗2(1,1) = 0 (10)

are needed to control the behavior on the bad set

S :=
3⋃
i=1

Pj

and eliminate the potential singularities of Λ̂ on it.

At least formally, the conditions (10) translate into

〈K̂j(−ξj,0)|f̂j(ξj)〉 = 0,

and hence K̂j(u,0) = 0, so Λ̂ vanishes in some
sense on S.

In the case of the BHT (7) takes the simpler form

Λ(f1, f2, f3) = 〈δ(α·ξ)K̂(−β·ξ)|f̂1⊗f̂2⊗f̂3(ξ)〉,

which vanishes if f̂1 ⊗ f̂2 ⊗ f̂3 is supported away
from α⊥ (which also contains 〈γ〉).



In the x-independent case, Λ̂ is supported on α⊥

and is possibly singular only on the line 〈γ〉. A one-
parameter family of boxes, i.e. cubes, is then used
for the BHT.

In the x-dependent case, however, a two-parameter
family of boxes in R3 is used to decompose the
complement of the bad set S.

We then estimate Λ(f1, f2, f3) by

∑
ω∈Ω

∑
I1,I2,I3

|Λ(φI1,ω1
, φI2,ω2

, φI3,ω3
)|

3∏
i=1

|〈fi, φIi,ωi〉|

where we need to obtain good (almost orthogonal)
estimates on the coeff.

|Λ(φI1,ω1
, φI2,ω2

, φI3,ω3
)|

etc...



(Do not miss the next talk...:)

Thanks for your attention!


