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Multipliers

Tf(z) = k= f(z) or TF(&) =m(€)f(E)

T 1?2 - L2 «—— meL®

Hormander-Mihlin’s condition:

0°m(&)] < Cale] "l = 4

y

T:IP - LP, 1<p< oo
T:LY — b
T :L* — BMO

\

10%m ()| < Cal€|™1Y = |0%Kk(z)| < Culz|~ (W FleD

Classical Calderon-Zygmun

d singular integrals:

0% ()| < Cala|~FleD o) <1

plus some cancellation, e.g.

k(x)dx
/r<|x|<R (@)

<C

(essentially T'(1) = 0), also give all the LP results.



(Linear) T(1) — Theorem

David-dourné (1984)
T:5—8, (T(f),9) = (K,[®g)
09K (z,9)| < Clz —y|~ (" FleD | o] <1
Then,

T ¢ WBP

T 12 5 [2 —
T(1),7*(1) € BMO

T has the W BP if

|<T(§0y,R)7 wz,R>| S R",

for all smooth bumps  and v supported on the
unit ball and such that ||0%p|| 1o, ||0%Y]|| [~ < 1,
for all |a] < N (N sufficiently large).

Here ¢, r(z) = o(R™1(z — y)); same with .
The W BP is a translation and dilation invariance

condition (even though T’ is not translation or dila-
tion invariant).



T(1) and T*(1) are a priori defined as distribu-
tions (modulo constants):

For ¢ with mean zero,

(T'(1),¥) (T(P;), ),

= |im
j—00

where ®,; — 1 are smooth cutoff functions.

Similarly with T*(1).

T(1),T7*(1) € BMO are cancellation conditions.

In fact, a first step in the proof of the T(1)-Theorem
is to reduce things to the case

T(1)=T*(1) =0
Essentially,

/K(:I:,y)dyzO /K(m,y)d:c=0

The proof of the theorem uses Cotlar's lemma



Equivalent formulations:
T:L2— L2

< T:ILP - IP 1<p<x
(classical)

= (T ()l aroHIT* (¢ Ol paro) <C

(David-Journé, 1984)

= |T(psr)llz2 + I T*(p2R)| 2 < CR™?
(Stein, 1993)

= |TexB)llg2 + 172 (x|l 2 < C|BIY/?
(Nazarov-Treil-Volberg, 1998) (T¢ are the usual
truncated integrals)

= (K, 0. rONIFHK, f@¢. r)| < CR™?| f|| 2
for all f with suppf C B(z, R)
(folklore?, BDNTTV)



Coifman-Meyer’s bilinear operators

We saw in the first lecture operators (of order zero)

T(f,9)(2) = [ m(&m)F©gm)e™ ¢ dean

8%m(€,m)| < Ca(€] + n) 1
Then, formally,
T(f,9)(@) = [ K(z—y,2 — 2)f (1)g(2) dydz
where K is a Calderédn-Zygmund kernel in R2"

0K (y, 2)| < Cally| + |z|)~(2ntleD)

We have

1T )l < ClifllzellgllLa

forl/p4+1/g=1/r,1 < pg < ococand 1/2 <
r < oo (as well as a appropriate end-point results)

(Coifman-Meyer, Kenig-Stein, Grafakos-T. )



The Riesz transforms in R2 can be seen as bilinear
operators on R x R, e.g.

Ri(f.9)(@) = pv. | | e o @) dudz

Ry : LP(R) x LI(R) — L"(R)
forl/p4+1/qg=1/r <2

The next step is to consider kernels of the form
K(z,y,2)

and operators formally given by

T(f,9)@) = [, K(,y,2)f(y)g(=) dydz



T(1) Theorem for bilinear Calderon-Zygmund Operators
T:8SxS8S— 8

(T'(f1,f2), f3) = (K, f1® f2® f3)

0°K (yo,y1,v2)| £ O lyj—ue)?" T, ol <1

Christ-dourné (1987):

(K, f1® f2® f3)| S M fjlloo LfEll2 11f2]]2

iff K satisfies a multilinear W BP and the three
distributions 7°(1,1), 7*1(1,1), T*2(1,1) are in
BMO.

Grafakos-T. (2002):

T:L%x L% — L2

< T:IPxLI—->L" 1/r=1/p+1/g<?2
= supg, ¢, (IT* (51, e €2) || grro < C

(T*0 = T, T*1, T*2 are the transposes of T')



To(f,9)@) = [ o(e.&,mF©am)e= E M dgan.

with o in BS? 4 (the Coifman-Meyer class)

028000 (2, &, m)| < Copy (L€ 1]~ (PIH1D

If o € BSY o then T;; has a Calderén-Zygmund kernel

00K (2,91, y2)| < Callz—y1|+|z—yo|)~2ntlal),
T(e", ) (z) = o(x, £,n)e® &+

which is in L°° (uniformly in all &, n).

The same applies to the transposes of 1T'. This fol-
lows from a symbolic calculus for the transposes.

By the bilinear T(1)-Theorem
Ty : LP x L9 — L
1/r=1/p+1/q, r > 1/2

Coiman and Meyer proved this for » > 1 using
Littlewood-Paley theory.



More general bilinear pseudodifferential operators

To(f,9)@) = [ oo, &mF(©a(me= M dgan

ForO<§d < p<1,wesaythato € BSL":‘(S if
090, 0o (w,€,m)| <

Cogy (1 + €] + |n))mToled=pUBIFID

These are the bilinear analog of the Hormander

classes in the linear case:; o € S}'}% if

090, 0 (w,€)| < Cag(1 + [g)mHolel=rlfl

Most of the LP results in these talks have the prop-
erty that are symmetric with respect to transposi-
tion. This plays an important role in the proofs too.



Symbolic calculus for the transposes

If o(x,&,1) = o(&,n) then the transposes of T,
are very easy to compute

Tl =T .1 and T}2 =T, .

o*t(&,n) = o(—€—n,m) and o*%(&,n) = o (&, —E—n)

For x-dependent symbols the situation is more com-
plicated but the following calculus holds.

For example ifo € BS? o, then o*! and o*2 are in
BSY 4 and

“ 1(51375777)2258%(9?0(337—5—77:77)
Y :

in the sense that for every N > 0,

;o _
a*l(aﬁ,f,ﬁ)_ Z a 8%8?0’(33, —5_77777) S BSl,é)V
la|<N

and similarly with o*2.

(Benyi-T. 2003)



The class BS? 1 Is the largest class that produces
operators with pilinear Calderdn-Zygmund kernels.
But this class does not produce in general bounded
operators on LP spaces because it is not closed by
transposition.

Nevertheless BSY ; is bounded on Sobolev spaces
of positive smoothness.

Ifo € BST'y, m > 0, s > O, then T, has a

bounded extension from L}, | x Ll . into L,

ITo (90l < CUIF e | Ngllatliflizellglize -

1/p+1/g=1/r,1<p,q,r <0

(Bényi-T. 2003; Bényi-Nahmod-T. 2006)



The above results are analogous to the linear ones,
but not everything holds the same in the bilinear
setting.

For example, Calderdn-Vaillancourt’s theorem fails.

In the linear case o € S§ ; = T, : L? — L2, but

o€ BSQg# To: L? x L? — L*
(orany LP x L9 — L",1 <p,q,r < 00)

There is a substitute result:
0202000 (2,€,m)| < Capy

Sl&gp/ (/Iagv(x,i,n)IQdé‘)l/Q dn < Cy
sup | (/laga(x,s,n>|2dn)l/2 dé < Cy
=T:L°x L% — L1

The proof uses a bilinear version of Cotlar’s lemma
(Bényi-T. 2004)



Let H be a Hilbert space and V' a normed space
of functions. If

T;,:VxH—H,j€1,

is a sequence of bounded bilinear operators and
{a(4)},cz is a sequence of positive real numbers
such that

T3 T2 (P gD e HIT2 (F T ) | < ali—3),

forall f € V,g € H,||fllv = |lgl|lg = 1 and for
allv, 5 € 7, then

m 00
1> Tl < > ya(@), n,meZ,n<m.
J=n '

1——0C

This lemma can be sometimes used to prove esti-
mates of the form

L x L2 — L2

(and then by duality L2 x L2 — L1)



Composition of pseudodifferential operators

Let J™ = (I — A)™/2,thenif o € BSTy, m > 0,
then

TU(f7 g) — TUl(']mfag> + TUQ(f7 ng)
for some o1 and o5 in BSY 4 In particular,
Ty : IP, x L9 — LT
l/p+1/g=1/r,1<p,q< 0.

However, if T, € OpBSY, and L, € OpSY,,
then in general L T ¢ OpBST

LT has a symbol that satisfies estimates in terms
of |£ 4+ n|. This provides another motivation to look
at more general classes

090, 0o (z, €,m)| <

Copy (1 + |n — € tan g[ymtolal =B+

for 0 € (—= /2,7 /2] (with the convention that § =
/2 corresponds to estimates in terms of 1 4 |£]).



In the one-dimensional case

090,00 (x,€,m)| <

Copy (1 4 dist((€,n); ) tolel=p(Bl+Iv)

where [y is the line at angle 6 with respect to the
axis n = 0.

Note that 6 = —n/4,0,n/2 are the degenerate
directions for the bilinear Hilbert transform.

There exits a calculus for the composition with lin-
ear operators and for the transposes.

In particular:

1) If T, € OpBS?, and L, € OpSYy, then

LTy € ODBS??o;—w/4

2) {BS? (. g6 is closed under transposition

(Bényi-Nahmod-T. 2006)



The symbols of the transposes can be computed
explicitly and it holds that

Tp ~> Ogxl, Ogx2

where for 6 = 0,7 /2, — /4

cotf + coto*l = —1

tand + tan ™2 = —1.

In the degenerate directions

{0,7/2,—m/4}*1 = {0, -7 /4,7/2}

{0,7/2, —77/4}*2 ={—n/4,7/2,0}



Modulation invariant operators

We will concentrate now on bilinear operators in
1-dimension. We saw in the first talk the proof of
the boundedness of the bilinear Hilbert transform
(Lacey-Thiele, 1997-1999)

T(f,9)(@) = [ sian(e=n) F()g(m)e™ EFMdgan
and of the operators (Gilbert-Nahmod, 2000-2002)

Tin(f,9)(2) = [ m(&=n) F(©)g(m)e™ EFMagan

[d%m(z)| < Calz|™".

We will look at the LP-boundedness of variable co-
efficient operators with a modulation invariance

To(f,9)@) = [ oo, e~m)[(©a(me= EHDdgan
where  |9;70¢, 0 (z,€—n)| < Ca(1+[—n]) ol

They satisfy the modulation invariance

(T(f1, f2), f3) = (T(e"* f1,€"* f2),e %% f3)

(other directions can be considered too)



Let’'s compute the kernel of these operators.
Assume o (x,u) is in S$ 5(R) and consider

T(f1, f2)@) = [, o(@,e=n)fi(&) fo(m)e™ T dedn

Undoing the Fourier transforms,

— /R2 k(z,x —y)d(z — 2z + y) f1(y) f2(2) dydz

= /R k(x,t) f1(z — ) fola + t) dt

(valid at least for functions with disjoint support)

k(z,x —y) = (F to)(z,z —y)

(the inverse Fourier transform is taken in the sec-
ond variable). Such a k is a (linear) Calderdn-
Zygmund kernel, but the Schwartz kernel of T" is

K(x,y,z) = k(x,x —y)é(z — 2z + vy)

which is too singular to fall under the scope of the
previous multilinear T(1)-Theorems. Note also that
the BHT is obtained with k(x,t) = 1/t.



From the Hilbert transform to the variable coeff. BHT

(linear) Hilbert Transform

sign(¢)
(linear) C-Z Sing. Int. / H-M multipliers
|8am(f)| < Coc|f|_a
(linear) Classical PDOs (S? )

92880 (2,6)| < Chp(141€)) ™
Bilinear Hilbert Transform

sign(§—mn)
Bilinear Singular Multipliers
0%m(§ —n)| < Cal§ —n|™°
Bilinear Coifman-Meyer's PDOs (BS? )

0708 50 (2, €, < Cap(L + [el+Hm) ™1
Variable Coeff. Bilinear Hilbert Transforms

9882, 0 (x,6—n)| < Cyrp(1 + [g—n|)~ 1



For symmetry purposes, we will look from now on
to the trilinear form

N(f1, f2, [3) = (T'(f1, f2), [3)
= (T* (f2, f3), f1) = (T2 (f1, f3), f2)

For the rest of this talk we will assume that all
Calderéon-Zygmund kernels considered satisfy

0% (z, )] < Clt]71M t#0,]al <1

A trilinear form A on S(R) x S(R) x S(R), is said
to be associated with a Calderon-Zygmund kernel
k if

3

A1 faif3) = [, T1 (e + Bit)k(e,t) dwat
j=1

(1)

forsome 8 = (51, B>, 83) and all functions f1, f>, f3
in S(R) such that the intersection of their supports

IS empty.



We will assume that 51, 8>, B3 are different (oth-
erwise A reduces to a combination of a pointwise
product and a bilinear form).

We will also assume 3 to be of unit length and per-
pendicularto o = (1,1,1). Let v = (41,72, 73)
be a unit vector perpendicular to a and (3; then

v; 7 O.

We impose the modulation symmetry along the di-
rection of ~:

N(f1, f2, f3) = N(My e f1, Moy,e fo, Moy f3)
(2)
for all ¢ € R, where M, f(z) = e"1* f(z).

From (1) this trivially holds for functions with dis-
joint support, but we want the modulation symme-
try to hold for all Schwartz functions even when the
representation formula (1) is not valid as an abso-
lutely convergent integral.



Modulation invariant T(1,1)-Theorem
Bényi, Demeter, Nahmod, Thiele, T., Villarroya

Assume N is a trilinear form on S(R) x S(R) x
S(R) associated with a kernel k as in (1) and with
modulation symmetry (2)) in the direction of v. Then,

3
|/\(f17f27f3)| 5 H ||f]||pj

=1
for all exponents 2 < p1,po,p3 < oo with
1 1 1
—+ -4+ —=1
pP1 P2 P3

if and only if for all intervals I, all L?-normalized
bump functions ¢ and vy supported in I, and all
finS

—1/2 f

A
~

/\(lealbbf) 25 (3)
/\(qbfa f7 ?p[)

NCf, o1,%1)

~1/2) ¢

A
~

~1/2) ¢

A\
~



Moreover, in such a case T' satisfies

|TCf1, 2l S fillpellf1ll e
1/p+1/g=1/r <3/2
Note that this is the same range as for the BHT.

The restricted boundedness conditions (3) can be
assumed also for all f smooth and supported in,
say, 100/.

Recall that an L2-normalized bump adapted to an
interval I satisfies
2) —N/2

x — c([])
1]

8%p(x)| < C|I|7Y/2e (1 +

forall0 < a < N.



Consider again the trilinear form

A(f1s for f3) = /RTs(fl,fz)(w)fs(w) dz =

[ o6 = MO Pt f3(@)e =D dgdnda

with o in SY 5.

Note that this form has modulation symmetry in the
direction v = (1,1, —2)/+/6 for all triples f1, fo,
f3, not just the ones with disjoint supports.

Assuming f is supported in C'1
NP o1 O S ool palldrlall £l
<Nzl pallidrll ol I 2] £l 12

<1721l 2.

Here, we have used that ¢; and +; are L2-normalized
and adapted to intervals of length ||~ 1.



More precisely,

d1(x) = |11~ 2¢0((z — z0)/|1])

where ¢g Is adapted to and supported in the unit
interval centered at the origin

n —1/2n2 —1/2
bzl 1 = 11172 doll ;1 < ClII™Y

where C depends only on finitely many derivatives
of ¢g. The same estimate applies to ;.

To obtain the other restricted boundedness condi-
tions, write

(S or D) = [ T 60 (@) f(2) da,

and using the symbolic calculus

Mg, h) (@) = [, o1(e, & mF©h(me™ETMagdn

where

0K0g o1 (x,&,m)| S (14 |€ +2n))~ 1.

The computations done with 7" can now be repeated
with 71, Similarly with 7*2.



Plan of the proof

It is immediate that the boundedness of A implies
the conditions (3). Actually, it is enough to have,
say

T, T, T2 L4 x L% — L°?
to obtain (3).

First, the conditions (3) are used to show that

T(1,1),7*1(1,1),7*%(1,1) € BMO
NP S 1171/2

where ¢(z, y, z) is a smooth bump L2-normalized
and adaptedto I x I x I.

The theorem is then reduced to the case

T(1,1) =7*1(1,1) =7*%(1,1) =0
IAN(@)| < 1712

using some modulation invariant paraproducits.

This last set of conditions is used to discretize the

operator.
Then the fun begins!!!



More about 7'(1,1) and BMO

(I'(1,1), f) = (T (P, Pp), f) =

lim
k— 00
k— o0

exist for f with mean zero. Here ®1.(z) = ®(27%z)
with ® a smooth version of the characteristic func-
tion of the interval (—1/2,1/2).

Toshow T'(1,1) € BMO one uses the conditions
to show that T'(®,., ®.) are uniformly in BMO.
This is analogous to the linear T'(1) a la Stein.

For all this there are always two typical Calderon-
Zygmund theory estimates. One far away from the
support of a function, where the regularity of the
kernel is used; and another local one, where some
a priori bound is needed.



One trilinear form ~- three bilinear forms

By the Schwartz kernel theorem, the trilinear form
A can be represented by a tempered distribution in
R3, which we shall also denote by A, so that

N(b1, 92, 93) = NP1 @ P2 ® ¢3).

(In this way, A(¢) has a meaning for any ¢ €
S(R3) not necessarily a tensor product.)

The kernel representation of A continues to hold
when a test function ¢ has support disjoint from
the span of (1,1, 1), namely

A@) = [ d(za +t8) k(w,t) dudt
= [ 6@z + Brt,z+ Bot, x + B3t) k(a, 1) dadt

Using the modulation invariance, one can show
that

/\(f) — /\*(f|fyL)'
where Ay € S'(71).



There are three distinct bilinear forms that we can
consider

N1(¢2,¢3) = A((1 @ ¢2 @ ¢3)],1)
N2(¢1,¢3) = N((01 @ 1 ® ¢3)],1)

N3(91,¢2) = N((@1 @ p2 ® 1)],1)

(the functions on the right hand side are in S(~41),
since none of the components of ~ is zero).

For ¢5, ¢3 with disjoint support,

A1(¢2,¢3) = A((1 @ p2 @ ¢3)],1) =

[ 62z + B2t é3(w + Bst)k(z, 1) dadt.

Similarly for A, and As.

The A;’s are bilinear Calderon-Zygmund forms!!!!



Moreover, if A satisfies the trilinear W BP,
A(p)| S 11712,

where ¢(z,y, z) is a smooth bump L2-normalized
and adapted to I x I x I, then the forms A;, j =
1, 2, 3, satisfy the bilinear weak boundedness prop-
erty.

Also, the identities

/\1(17 ) — /\(17 17 ) — /\2(17 ')7
/\2('7 1) — /\(7 1, 1) — /\3('7 1)7

/\3(17 ) — /\(17 " 1) — /\1('7 1)7

hold when the terms are interpreted as tempered
distributions modulo constants.

This will be important when estimating the action
of A on bump functions.

(almost orthogonality estimates)



The reductionto 7'(1,1) =0

The idea is to construct for
T(1,1) = f, T*°(1,1) =g, T*'(1,1) = h € BMO,

modulation invariant forms A ¢, Ag, Ay, such that

Ap(1,1,) = f, Ap(1,,1) =0, Ap(,1,1) =0
/\g(la 17 ) — Oa /\9(17 *) 1) — 9, /\g('a 17 1) =0

/\h(17 17 ) — 07 /\h(17 ) 1) — 07 /\h(7 17 1) =h

Then, A — Ay — Ng — Ay, will satisty

T(1,1) =T*2(1,1) =T*(1,1) =0



With @© as before (smooth version of X(_1/2,1/2))=
define

p1 ==
$3 = T10P + T_10P
Y(zr) =

[ #1+(81-B3)0) 62 (a+ (82— B2)) g3 (w) dt

(v has mean zero)

By Calderdn’s reproducing formula,

+00 d
f=cf f*%*wﬁf

|.e.
1l/€
f=limc /fwm*wﬁ?

e—0 €

at least in the distributional sense when tested against
bump functions with mean zero.



Defining

bpn(a) = 27F2p(27Fz — n),

a simple change of coordinates gives

f= lim ¢ /“M | (F ) Ypp dldn (4)

Kk——+00
with the equality holding in the sense of distribu-
tions when tested again functions with mean zero.

If we define ¢, ;. ,, by translation and dilation in the
analogous manner,

77bk:,n(x) —

/¢1,k,n(fb’+(51—53)t)¢2,k,n(fﬂ+(52—ﬁ3)t)¢3,k,n(l’) dt
Set
Ckn -— C <f7 wk,n>

Then, for each x € R and each f; € S(R) we
define



Ne(f1, f2, f3) = /\k|§ﬁ:/R/R/]Rck’n X

3
x { [T file + Bit)di . (w + mt)] da dt dn dk

=1

3
e L1

Ki(z,t) = /|

k|<k

3
[ et T1 @ien(e+0it) dnd.
1=1

Discretizing, K, can be seen as an average of
sums

3
K~/€(w7t> — Z Cr H QSZ"](ZU + 6Zt)7

2—r<L|II<2k =1
I dyadic

with ¢; ; being L2-adapted to I and |¢;| < |1|1/2.

K is a Calderon-Zygmund kernel!



Define now for each f; € S(R)

N(f1, fo, f3) = Iim Ax(f1, fo, f3).

k——+00

A has the required properties!!!

Since the function

¢1(x)po(x + (B2 — B1)t)P3(z + (B3 — B1)t)

has mean zero in t for every fixed =z, it is easy
to verify that Ax(.,1,1) = 0. We conclude that
A(.,1,1) = 0. Likewise we see A(1,.,1) = 0.

To seethat A(1,1,.) = f, we replace the integra-
tion variable z by y = = + 3t and integrate in ¢ to
obtain for f3 € S(R) with mean zero

ML g = [ [ [ erntbin() dndk | F3(y)dy

The limit on the right hand side is [ f(v) f3(y)dy,
and so we conclude that A(1,1,.) = f as tem-
pered distributions modulo constants.




It remains to prove that A is bounded. Up to some
universal constant, A(f1, fo, f3) coincides with

lim / /can_kx
k——+oo J|k|<k JRZ

3 o
{H / Fi(2) i o () €221 dw] dn dl dk.
1=1

Hence A is up to a universal constant an average
of forms of the type

3
Z Ck,nz_k H <f’L7 ¢i,k,n,l> ) (6)

kn,leZ 1=1
where for some kg, ng, g € [0, 1]

. o—(k+k
Gi ki (T) = ¢i,k+ko7n+no(x)e_2m%2 (k+k0) (1+10)

The forms (6) are the basic model that we have
to estimate to prove the boundedness of A. The
function @; . ,,; is an L?- normalized bump func-
tion adapted to the interval

[28TR0(n 4+ ng)), 28 TR0 (n + ng + 1))



By changing the bump function constants mildly,
we can assume that the function is adapted to the
dyadic interval I, , = [2Fn, 2¥(n 4 1)).

The proof of the boundedness of the models is
similar to the one for the models for the BHT

If you followed the first talk closely, you can try to
do it...

Note that now there is a lack of separation in the
tiles used but this can be compensated by the es-
timates we now have for the coefficients ¢y,

Since f is in BMOQ, the coefficients ¢y, ,, satisfy a
Carleson sequence condition

2
Z |Ck,n| Scf|‘]|'
Ik,nCJ



OK fine, but why 7'(1,1) = 0?

The proof of the theorem in the reduced case uses
a phase-space analysis similar to the one used for
the BHT.

In particular we use a Whitney decomposition in
frequency with respect to a bad set given by three
planes through the line < ~ >. This decomposition
is done in terms of tubes or rectangular boxes with
square cross sections (not in terms of cubes as in
the case of the BHT).

The conditions
T(1,1) =T*1(1,1) =T*%(1,1) =0

are used to control A on the frequency side near
the bad set.



Heuristic

Assume k(t) is an x independent Calderdén-Zygmund
kernel

N(f1, f2, f3) =

p.v [ f1(o+810) fo(a+Bob) f3(a+ G5t k() da dt.

One reduces the boundedness of |A(f1, f2, f3)|
to that of model operators

S ap Il T2 f1, bpy) (F2, Dpo) (35 ps) ],

peP
where P is the collection of all multi-tiles in phase
space p = p1 X pp X p3, p; = Ip X wp, With
Ip| = |Ipy| = |Ipy] = |Ips| @and wyp, pairwise
disjoint for each fixed p. The ¢, are wave pack-
ets L2- adapted to the time-frequency tile p; and
{ap} € £°°(P).

P is a one parameter family of multi-tiles: each wy,
determines uniquely the other two wyp,.



In the case k depends on both x and ¢ we proceed
differently. We can write

A(f1, f2, f3) = (k(z,1)|f1 ® f2 ® fa(za +1B))

Applying the Fourier inversion formula to each f;

N(f1, f2. f3) = (k(—a-&, —B-6)|f1® f2®@ f3(€)).
(7)
Suppose that

0%k (x, )| S [¢ 7D,
for all || > 0. These conditions essentially imply
8y R (u, 0)| S o T, (8)
for v = 0 and m > 1. The estimates say that the
derivatives 0!*k are only singular for v = 0.

So we may expect trouble when

—B-£=0

That is on on the frequency side we expect the
form A to blow up on g+



The representation (/7)) is not unique; it depends on
5. We can write

A(f1, f2, f3) = (K3(z,t)| f1® fo® f3(zat+t3>))
= (T(f1, f2)|£3)
A(f1, f2, f3) = (K1(z, )| f1® 2@ f3(za+t8))
= (T*(fa, f3)| 1)
A(f1, f2, f3) = (Ko(z, )| f1® 2@ f3(za+187))
= (T*2(f1, f3)|f2)

where the vectors 37 are still perpendicular to ~
and satisfy that the component ﬁg = 0 (each K
IS related to k£ by a change of variable).

We obtain then three frequency representations

N(f1, 2, f3) = (K;(—a-&, —37-6)| f1@ f22 f3(€)).
(9)



In each of them, away from a plane through ~ de-
fined by

P; 1= (B7)" = span(e;,),

the form A is given by a symbol whose derivatives
blow up according to (8) when & approaches P;.

We use a Whitney decomposition that simultane-
ously resolves all of the three singular sets P; in-
dependently of the representation we are using.




The bad set

=
I L Y T Y Y A ™

|1 L T T I |

(Pictures courtesy of E. Gavosto)




The conditions
T(1,1) =T7*(1,1) = T7*%(1,1) =0 (10)

are needed to control the behavior on the bad set
3
i=1
and eliminate the potential singularities of A on it.

At least formally, the conditions (10) translate into

and hence K;(u,0) = 0, so A vanishes in some
sense on S.

In the case of the BHT (7)) takes the simpler form
A(f1 f2, £3) = (6 () K(—B-9)|[10F20f3()),

which vanishes if f; ® f> ® fs is supported away
from o (which also contains (v)).



In the z-independent case, A is supported on at

and is possibly singular only on the line (). A one-
parameter family of boxes, i.e. cubes, is then used
for the BHT.

In the x-dependent case, however, a two-parameter
family of boxes in R3 is used to decompose the
complement of the bad set S.

We then estimate A(f1, fo, f3) by
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where we need to obtain good (almost orthogonal)
estimates on the coeff.
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etfc...



(Do not miss the next talk...:)

Thanks for your attention!



