A BASIS MAKES AN ISOMORPHISM

Here are some critical facts rather buried in the book.

e An isomorphism is a linear transformation 7' : V. — W for which T'(v) = w has a
unique solution in v for any given w.

e Given an isomorphism 7" : V' — W, every linear algebra question in V' can be
translated into a question in W by applying 7" to all the vectors in the question.

e A basis B for VV determines an isomorphism

S:V —-R"

by “taking coordinates”
S(v) = [v]s.
If you can find “easy” coordinates based on an “easy” basis V, you should consider trans-
lating every question in V' into a question in R" by taking coordinates.
Next, an example of what I mean by the second point. You might just ignore the proof.
The overall idea is that an isormorhism 7" : V' — W means that W is “just like” V' in the
context of any question involving addition and scalar multiplication.

Lemma 1. Suppose there is an isomorhism T : V' — W. The vector vy is in the span of vq, Vs, Vs
if and only if wy is in the span of w1, wo, Ws where w; = T'(v;).

Proof. 1f
Vo =TV] + 8vy +1vs
then
wo = T(vy)

= T(rvi+ svy + tvs)

= rT(vy)+sT(v)+tT(v3)

= Wi, Wy, Ws.
If

Wo =TWj + sWa + {w;3
then

T(vo) = wo

and

T(rwy + swy +tws) = 7T(vy) + sT(v) +tT(v3)
= Trwi+ swo + twg
= wp.
The equation 7'(x) = w has only one solution so

Vo = TWi + SW9 + tWws.
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More “translation” lemmas.

Lemma 2. Suppose there is an isomorhism T : V' — W. The vectors vi, Vs, ..., v, form a basis
for Vifand only if T'(vy), T (v2), ..., T(v,) form a basis for W.

Suppose there is an isomorhism T' : V' — W. For vectors vi,Vva,..., v, in'V,

dim(span(vy, va, ..., v,)) = dim(span(T(vy),T(va), ..., T(vn))).

1. USING AN EASY BASIS

Example 1. What is the dimension of the span of

100 100 111 111 12 3 02 3
o20f,loto0o]|,loo00f,l0o11]|,]045]|,l015]|?
001 00 1 000 00 1 00 6 00 0

Ouch. The standard casting out will take forever. Here’s a better way.
An easy ordered basis for the vector space of upper-triangular 3-by-3 matrices is

100 010 001 000 000 000
B:looo|,looo0f|,l000]|,l010|,]001]|,]000
000 000 000 000 000 001

Let’s use coordinates with respect to 3. Since

o O =
o NN O
_ o O

will have coordinate vector

and so forth, we need only settle the translated question: what is the dimension of the
span of

_ o= OO
OOt WO

[Nl
= =
S Ok W N =
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So let
1 1 1 1 1 07
001122
001133
A= 210141
0001355
L1 1 016 0.
According to Matlab, the row reduced form of A is
1 0 0 0 0 07
01 00O0O
001000
000100
000010
L0 0 000 1]
So we have six pivots, and the answer is 6.
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