CHANGE OF BASIS EXAMPLE

1. A SMALL EXAMPLE

In this section we will deal with the vector space

{15 7]

In other words, V' is the vector space of all upper-triangular two-by-two matrices.
Here is (without proof) an ordered basis B = { By, By, Bo} of V' :

a, 3 and 0 are real} .

(1 1] 0 2 00
Bi=lo 1] B2=]o 2] B =0 3}
Here is another basis, C = {C4,Cy, C3} of V' :
(1 1] 1 1] 1 0
Cl—_o 1] 02__0 0" Cl__o 0}'

Let’s find A, the transition matrix from B coordinates to C coordinates.
We need to solve three equations, since V' is three-dimensional. They all of are the form

rnew; + snews + tnews = old,.

Task 1: Find the one solution to
lo1) Lo o]+l o
Task 2: Find the one solution to
T'(1) }‘+5'1 L] 0]_[0 2]
Task 3: Find the one solution to
11 11 10 00

7’_0 1_—|—s

So here’s the work:
Doing Task 1: From

L] [ fro
"lo1]7%|o0 o 0 0

we get
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and so
r+s+t 7"—|—5} { }
t

+ s + =
+ s =

= %=

0 =

We can solve this in our heads (the last equation is not helpful):

r=1,s=0,t=0.

O ===

These numbers form the * column of A :

Doing Task 2: From

11 11 10 0 2
T{o 1}*5{0 o]”{o o]_[o 2]
we get
ror s s t 0 0 2
{0 J*[o 0}*[0 o]_[o 2]
and so
r+s+t r+s | |0 2
0 T 10 2
r + s + t =0
r + s 2
r = 2
Let’s use the array stuff to solve:
1110 (1 0 0 2
1 10 2 — 1 1 0 2
1 00 2 _1110
[1 0 0 2
SN 010 O
| 00 1 =2
SO
r = 2,
0
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These numbers tell us the 24 column of A :

1 2 7
A=10 0 7
0 -2 7

Doing Task 3: From

11 11 10
T{o 1}*5{0 o}”{o 0

PRI 8H

[7’+s+t r+s

we get

and so

~ -
—
| I |

r + s + = 0
r + s = 0
r = 3
Let’s do this in our heads:
r = 3,
s = =3
t = 0
These numbers tell us the 34 column of A :
1 2 3
A=10 0 -3
0 -2 0

Done!
Clearly this had a lot of repetitive stuff, and there are much shorter was to do this.

2. A BIGGER EXAMPLE

In this section we will deal with the vector space

¢ )
x
T
; the z; are real
z?, Ty = T
4
V= o Tg — T2
$5 Ty — X3
0 Ty = T4
Ty
| T8
\ V

In other words, V is the vector space of all vectors in 8-space whose last four elements equal
the first four.
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Here is (without proof) an ordered basis B = {by, by, ba, b3} of V' :
S

S S
-1 0
1 -1
b= | 7 [ ote=] ) | b=
-1 0
1 —1
| —1 ] U
Here is another basis, C = {¢1, ¢a, ¢3,¢4} of V'
-1 -0
0 0
0 1
CcT = 0 Cy = 0 C3 —
1] 0|
0 0
0 1
| 0 | 0 i

Cqy =

— = = R = = =

1

—_ = e = e e e

Let’s find A, the transition matrix from B coordinates to C coordinates.
We need to solve four equations of are the form

rinew; + rohewsy + r3news + rynew, = old,.

Equation(s) 1:

[ 17 [0
0 0
0 1
T (1) + 79 8
0 0
0 1
| 0 | 0
SO
1
)

In our heads, we solve:

+ T3

OO OO =

rs

++ 4

A1
To =
ry = 0

7’4:—1

+ Ty

T4
T4
T4
Ty

U G T T VTG G O S
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So far, we have figured out:

A=
Equation(s) 2:
e 0
0 0
0 1
0 0
1 1 + T2 0
0 0
0 1
L 0 L 0]
SO
B
T2
In our heads, we solve:
So far, we have figured out:
A=
Equation(s) 3:
™ + 79

SO OO O
SO R OO O~ OO

NN

+ T3

COHR R OO R K

_|_
3 =
w W

G G IR P, |

r =

To =

rs =

T4

NN

+7’3

OO = OO = =

++ 4

~N N N D

+ Ty

T4
T4
T4

~N N )

+7’4

U G T G VT G ST O

UG T T W U VRO T G (T




CHANGE OF BASIS EXAMPLE

SO
1 + r3 + gy = 0
T3 + rqy = 1
D) + rg = 0
rqy = -1
In our heads, we solve:
™D = -1
To =
rs = 2
Ty = —1
So far, we have figured out:
2 1 -1 7
2 -1 1 7
A= o o 2 7
-1 0 -1 7
Equation(s) 4:
[ 17 [0 T [ 17 M 17 i
0 0 1 1
0 1 0 1
0 0 0 1
T 1 + 1o 0 +7’3 1 + 7y 1 =
0 0 1 1
0 1 0 1
| 0 ] | 0 | 0 ] L1 L
SO
T + T3 + ry = 1
T3 + Ty = 1
T2 + Ty = 1
Ty = 1
In our heads, we solve:
1 0
o = 0
rs = 0
ry = 1

The answer is that the transition matrix is

O N
|
—_
—_
— o oo

— = = e e e e
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