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Mathematics is a science, like physics or astronomy; it constitutes a body of established facts, achieved by a reliable method, verified by practice, and agreed on by a consensus of qualified experts.  But its subject matter is not visible or ponderable, not empirical; its subject matter is ideas, concepts, which exist only in the shared consciousness of human beings.  Thus it is both a science and a “humanity.”  It is about mental objects with reproducible properties. 


For example, “the triangle” in Euclidean geometry, or the counting numbers 1, 2, 3, 4, in arithmetic, are concepts which we can communicate, and which, as we can verify, keep their properties as they are communicated. These concepts are reproducible, they possess a certain rigidity, a reliability and consistency, and so they permit conclusive, irresistible reasoning—which is what we call “proof.” 

 “Proof,” not in the formal or formalized sense, but in the sense in which mathematicians mean proof—conclusive demonstrations that compel agreement by all who understand the concepts involved.  Abstract  concepts  subject to such conclusive reasoning or proof are called mathematical concepts.


Mathematics is the subject where answers can definitely be marked right or wrong, either in the classroom or at the research level.   Mathematics is the subject where statements are capable in principle of being proved or disproved, and where proof or disproof bring unanimous agreement by all qualified experts—all who understand the concepts and methods involved..  


Reasoning about mental objects (concepts, ideas) that compels assent (on the part of everyone who understands the concepts involved) is what we call “mathematical”.   This is what is meant by “mathematical certainty”.  It does not imply infallibility! 

History shows that the concepts about which we reason with such conviction have sometimes surprised us on closer acquaintance, and forced us to re-examine and improve our reasoning. 

Ah, but on the library shelves, in the math section, all those formulas and proofs, isn’t that math?  No, as long as it just sits on the shelf, it’s just ink on paper.  It becomes mathematics—it comes alive—when somebody starts to read it.  And of course, it was alive when it was being thought and written by some mathematician.


The old standard dictionary definition of mathematics was something like, “the study of the properties of numbers and geometrical figures.”  This was good enough up to some time in the 19th century.  But today mathematics includes abstract algebra, logic, and probability, none of which is part of traditional arithmetic or geometry.


What distinguishes mathematics from other sciences, whether physical, biological, or socio-cultural?  The other sciences study some concrete objects, which are visible, ponderable or detectable by physical apparatus.  The things mathematics studies are neither visible nor ponderable nor detectable by physical apparatus.  


On the other hand, what distinguishes mathematics from philosophy, literary criticism, legal theory or economic theory, where shared concepts are the subject of study?  In those fields, we find argument and reasoning about abstract entities, but usually it can not be conclusive.  Usually it leaves room for continuing unresolved dispute and disagreement.  If, in some field of abstract thought, such as linguistics for example, concepts do arise which lend themselves to conclusive and decisive reasoning, that field is then characterized as “mathematical”, and we have “mathematical linguistics.”


Certainly mathematics itself isn’t the only place where conclusive reasoning occurs! Rigorous reasoning can occur anywhere--in law, in textual analysis of literature, and in ordinary daily life apart from academics.   Historians can use unimpeachable reasoning to establish a sequence of events, or to refute anachronistic claims.  But although historical dates are subject to rigorous reasoning, they are not mathematical objects, because they are tied to specific places and persons.  Information about them comes, ultimately, from someone’s visual or auditory perceptions.



Mathematical conclusions are decisive.  Just as physical or chemical knowledge can be independently verified by any competent experimenter, an algebraic or geometric proof can be checked and recognized as a proof by any competent algebraist or geometer.  There has been one famous disagreement about valid mathematical proofs, Luitjens Brouwer and Errett Bishop rejected  “proof by contradiction.”  That disagreement resulted in the development of a variant, “intuitionistic” or “constructivist” mathematics.  Intuitionistic or constructivist mathematics makes a stricter demand on what is a “rigorous proof.”  Knowing how to recognize and accept a “rigorous proof” is the condition for membership in the community of mathematicians, whether the usual “classical” or the minority “constructivist” version.


Other, hitherto unthought-of kinds of mathematical behavior will yet arise. A definition of mathematics should accept the yet-to-be-created new mathematical subjects that are sure to arise in coming decades, not to say centuries. How will we identify such hitherto unseen behavior as mathematical?   How has it been decided in the past, that some new branch of study is not just “mathematical” (containing some mathematical features), but really mathematics—requiring to be included within mathematics itself?  
One famous example was probability-- gambling or betting.  Fermat and Pascal demonstrated “rigorous” (irrefutable, compelling) conclusions about some games of chance.  Therefore their work was mathematical, even though it was outside the bounds of mathematics as previously understood.  Subsequent work of Bernoulli, De Moivre, Laplace and Chebychev was mathematics, for the same reason.  Ultimately Kolmogorov axiomatized probability in the context of abstract measure theory. In doing so he was axiomatizing an already existing, ancient branch of mathematics. 

A more recent example is set theory. Infinite sets were not part of mathematics before Georg Cantor explicitly based them on the notion of one-to-one correspondence.  On that basis, he was able to make compelling arguments, and then set theory (with some resistance) became a mathematical subject. 


Since Aristotle, formal logic has helped to clarify mathematical reasoning, and rigorous argument in general.  It draws conclusions on the basis of the logical form of statements—their “syntax.”  But most mathematical argument is based more on the content of mathematical statements than on their logical form.  It is done without referring to the rules of formal logic, even without awareness of them. In the process of actively discovering or creating mathematics, logicians and other mathematicians reason by analogy, by trial and error, or by any other kind of guessing or experimentation that might be helpful.   In fact, formal logic itself is well-established as a part of mathematics!  As such, it is subject to conclusive reasoning that is informal, like any other part of mathematics.  Logicians reason informally in proving theorems about formal logic.  (This remark of Imre Lakatos [Proofs and Refutations, introduction], is now a commonplace). 

George Lakoff and Rafael Nunez, in Where Mathematics Comes From, showed that mathematical proof often can be understood as based on “embodied metaphors.”  That explanation of proof cannot be formalized.   In fact, mathematical proof is too varied to be pinned down in a single precise, universal description



Saunders MacLane, among others, said, “What characterizes mathematics is that it’s precise.”  But what, precisely, should be meant here, by “precise”?  Not numerical precision.  A huge part of modern mathematics, including MacLane’s contribution, is geometrical or syntactical, not numerical.  Should “precise” mean formally explicit, expressed in a formal symbolism?  No.  There are famous examples in mathematics of conclusive visual reasoning, accepted as mathematical proof  prior to any post hoc formalization.  Several famous mathematicians have said “You don’t really understand a mathematical concept until you can explain it to the first person you meet in the street.” 

Probably the correct interpretation of “precise” should be simply, “subject to conclusive, irrefutable reasoning.”   So I am accepting the familiar claim, “Mathematics is characterized above all by precision,” but only after “unpacking” what we should   mean by “precise.” 
What about “applied mathematics”?


Applied mathematics uses whatever arguments and methods it can--analogy, special examples, numerical approximations, physical models--to learn about hurricanes, say, or epidemics.  It is mathematical activity, to the extent that it makes use of mathematical concepts and results, which are, by definition, concepts and results capable of strict mathematical reasoning—rigorous proof.  Mathematical activity or behavior includes: thinking, wondering, dreaming, learning about mathematics; solving math problems, at all levels, from pre-kindergarten up through postdocs and Fields Prize winners; and teaching mathematics, at all levels.   (If it isn’t, then we’d call it bad teaching.)  It includes ordinary commercial calculations too, and routine plugging of numbers into formulas by engineers and technicians. And geometrical reasoning, and probabilistic reasoning, and combinatorial reasoning, and any formal logical reasoning.  

All the way back to the mathematical behavior of the Maya calendar makers, and the ancient Polynesian navigators.
