
MATH 565: Introdu
tion to Harmoni
 Analysis - Spring 2008Homework # 11. Let (X; �) be a measure spa
e. Let fTtgt>0 be a family of linear operators from Lp(X; �) intoM(X; �), 1 � p. Assume the maximal operator asso
iated to the family, T �f(x) := supt>0 jTtf(x)j,is of weak-type (p; q), 1 � q � 1. Show that the the setB = ff 2 Lp(X; �) : limt!0 Ttf(x) exists a.e.gis 
losed.2. Let f 2 Lp(X; �) and de�ne its distribution fun
tion df : [0;1)! [0;1),df(�) := �fx 2 X : jf(x)j > �g:Show that kfkpLp(X;�) = p Z 10 �p�1df(�) d�:3. Given f 2 Lp(X; �), and 1 � p0 < p < p1 de�nef0(x) := ( f(x) if jf(x)j > �0 otherwise ; f1(x) := f(x)� f0(x):Show that f0 2 Lp0(X; �) and f1 2 Lp1(X; �).4. Let 1 � p0 < p < p1 < 1, A0; A1 > 0. Verify that if you 
hoose C > 0 su
h that (2A0C)p0 =(2A1C)p1 then the quantityp1=pC "(2A0C)p0p� p0 + (2A1C)p1p1 � p #1=p = 2 " pp� p0 + pp1 � p#1=pA1��0 A�1:This 
al
ulation gives the 
onstant we 
laimed in Mar
inkiewi
z Interpolation Theorem.Consider the left-hand-side as a fun
tion of C > 0. Can you �nd its global minimum? Does it
oin
ide with the previous 
hoi
e?

Due on Thursday February 28, 2008.


