MATH 565: Introduction to Harmonic Analysis - Spring 2008
Homework # 1

1. Let (X, ) be a measure space. Let {T;};~0 be a family of linear operators from LP(X, i) into
M(X, 1), 1 < p. Assume the maximal operator associated to the family, 7% f (x) := sup,. |1;f ()],
is of weak-type (p,q), 1 < ¢ < co. Show that the the set

B={feL’(X,u): %E}%th(x) exists a.e.}

is closed.

2. Let f € LP(X, ;i) and define its distribution function d; : [0, 00) — [0, 00),
4N = € X : |f(z)] > A}

Show that .
1By =2 [ 27y

3. Given f € LP(X, u), and 1 < py < p < p; define

otherwise

ey i= { ST WL o) o= 10 o

Show that fo € LPo(X, p) and f; € LP (X, p).

4. Let 1 < py <p<p < o0, Ay, A; > 0. Verify that if you choose C' > 0 such that (24,C)° =
(2A,C)P* then the quantity

pl/P [(24,C)Po N (QAIC)P1‘|1/IJ , l P P

1/p
+ AL AY.
C P —Do p1r—Dp P —Do pl_p] 0 !

This calculation gives the constant we claimed in Marcinkiewicz Interpolation Theorem.
Consider the left-hand-side as a function of C' > 0. Can you find its global minimum? Does it
coincide with the previous choice?

Due on Thursday February 28, 2008.



