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A, Appendiz: the basics of mathemaiical lcger

Note that one feature of proof by contradiction is that at some paiz=
1A tke proof you assume a hypothesis (in this case. that z < =/2) q..m..w.ah
ader curns out to be false. Note however that this does not alter s5=
3¢t that the argument remains valid, and that the conclusion mm,q..HW
his i= because the ultimate conclusion does not rely on that hypoihesi,
yeing true (indeed. it relies instead on it being false!). . -

Proof by contradiction is particularly useful for showing “negazive
*m.mmmmmwmm.. that X is false, that @ is not equal to b, that kind of thing.
@t the line between positive and negative statements is sort of blurzw.
[ the statement = > 2 a positive or negative statement? What abowr
|_.m. negasion. that z < 27) So this is not a hard and fast rule. . ]

Logicians often use special symbols to denote logical connectives: fos
ﬁumwm‘m ~Xeimplies Y7 can be written “X = Y, “X is not a._”:w". can
jE wTtien "~ X7, “IX7 or *=X7. “X and Y” can be written “*X A Y
w ~X&Y7, and so forth. But for general-purpose mathematics. mmm.w
ymbols are not often used: English words are often more Smamd_m..mwn
o=zt iake up much more space. Also, using these symbols tends o
Jur the line between expressions and statements; it’s not as easy u.h.,
pdesstand “((z =3)A(y =5)) = (z+y = 8) as “If = 3 ané
)= 5. tken T+y = 8". So in general I would not recommend using thes=
q.B.Uowm {except possibly for = , which is a very intuitive symboi).

p..w The structure of proofs

m.._s._wm:.m 2 statement. one often starts by assuming the hypothesis and
‘briing one’s way toward a conclusion; this is the direct approack to
roving e staiement. Such a proof might look something like the follow-

-
<

Yopasition A.3.1. A implies B.

u‘d&.. Assume A is true. Since A is true, C is true. Since C is true. D

jizze. Since D is true, B is true, as desired. =

An example of such a direct approach is

‘roposition A.3.2. If =, then sin(z/2) + 1 = 2.

) . . P
moj. Let z = 7. Since 2 = m, we have /2 = 7/2. Since z/2 = =

ebavesin(z/2) = 1. Since sin(z/2) = 1, we have sin(z/2) +1 = 2.
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from there toward a conclusion. It is also possible to work backwards
from the conclusion and seeing what it would take to imply it. For

instance, a typical proof of Proposition A.3.1 of this sort might look like
the following:

In the above proof, we started at the hypothesis and moved steadily

Proof. To show B, it would suffice to show D. Since C implies D, we
Just need to show C. But C follows from A. O

As an example of this, we give another proof of Proposition A.3.2:

Proof. To show sin(z/2)+1 = 2, it would suffice to show that sin(z/2) =

L. Since £/2 = n/2 would imply sin(z/2) = 1, we just need to show that
x/2 = m/2. But this follows since z = . O

Logically speaking, the above two proofs of Proposition A.3.2 are
the same, just arranged differently. Note how this proof style is different
from the (incorrect) approach of starting with the conclusion and seeing
what it would imply (as in Proposition A.2.3); instead, we start with
the conclusion and sce what would imply it.

Another example of a proof written in this backwards style is the
following:

Proposition A.3.3. Let 0 < < 1 be a real number. Then the series
ney T ds convergent.

Proof. To show this series is convergent, it suffices by the ratio test to

show that the ratio

q.:.*._AE. + Hv

™™n

n+1
n

=T

converges to something less than 1 as n — oco. Since » is already less
than 1. it will be enough to show that 24l converges to 1. But since

"= 1+ Lt suffices to show that + — 0. But this is clear since

n ~— oo, O

One could also do any combination of moving forwards from the hy-
pothesis and backwards from the conclusion. For instance, the following
would be a valid proof of Proposition A.3.1:

Proof. To show B, it would suffice to show D. So now let us show D.

Since we have A by hypothesis. we have C. Since C implies D, we thus
have D as desired. O
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Again, from a logical point of view this is exactly the same proof
as before. Thus there are many ways to write the same proof dowu;
how you do so is up to you, but certain ways of writing proofs are more

readable and natural than others, and different arrangements tend to
emphasize different parts of the argument. (Of course, when you are
Jjust starting out doing mathematical proofs, you'rc generally happy to
get some proof of a result, and don’t care so much about getting the
“best” arrangement of that proof; but the point here is that a proof can
take many different forms.)

The above proofs were pretty simple because there was just one
hypothesis and one conclusion. When there are multiple hypotheses
and conclusions, and the proof splits into cases, then proofs can get
more complicated. For instance a proof might look as tortuous as this:

Proposition A.3.4. Suppose that A and B are true. Then C and D
are true.

Proof. Since A is true, E is true. From E and B we know that F is
true. Also, in light of A, to show D it suffices to show G. There are now
two cases: H and I. If H is true, then from F and H we obtain C, and
from A and H we obtain G. If instead I is true, then from I we have
G, and from I and G we obtain C. Thus in both cases we obtain both
C and G, and hence C and D. O

Incidentally, the above proof could be rearranged into a much tidier
manner, but you at least get the idea of how complicated a proof could
become. To show an implication there are several ways to proceed: you
can work forward from the hypothesis; you can work backward from the
conclusion; or you can divide into cases in the hope to split the problem
into several easier sub-problems. Another is to argue by contradiction,
for instance you can have an argument of the form

m:.ovo&n.mos A.3.5. Suppose that A is true. Then B is false.

Proof. Suppose for sake of contradiction that B is true. This would
imply that C is true. But since A is true, this implies that D is true;
which contradicts C. Thus B must be false. O

As you can see, there are several things to try when attempting a
proof. With experience, it will become clearer which approaches are
likely to work easily, which ones will probably work but require much
effort, and which ones are probably going to fail. In many cases there is

R D]
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really only one obvious way to proceed. Of course, there may definitelv
be multiple ways to approach a problem, so if you see more than one wayv
to begin a problem, you can just try whichever one looks the easiest. but
be prepared to switch to another approach if it begins to look hopeless.

Also, it helps when doing a proof to keep track of which statements
are known (either as hypotheses, or deduced from the hypotheses, or
coming from other theorems and results), and which statements are
desired (either the conclusion, or something which would imply the con-
clusion, or some intermediate claim or lemma which will be useful in
cventually obtaining the conclusion). Mixing the two up is almost al-
ways a bad idea, and can lead to one getting hopelessly lost in a proof.

A.4 Variables and quantifiers

One can get quite far in logic just by starting with primitive statements
(such as “24+2 = 4” or “John has black hair”), then forming compound
statements using logical connectives, and then using various laws of logic
to pass from one's hypotheses to one's conclusions; this is known as
propositional logic or Boolean logic. (It is possible to list a dozen or so
such laws of propositional logic, which are sufficient to do everything one
wants to do, but I have deliberately chosen not to do so here, because
you might then be tempted to memorize that list, and that is not how
one should learn how to do logic, unless one happens to be a computer
or some other non-thinking device. However, if you really are curious
as to what the formal laws of logic are, look up “laws of propositional
logic” or something similar in the library or on the internet.)

However, to do mathematics, this level of logic is insufficient, because
it does not incorporate the fundamental concept of wariables - those
familiar symbols such as z or n which denote various quantities which
are unknown, or set to some value, or assumed to obey some property.
Indeed we have already sneaked in some of these variables in order to
illustrate some of the concepts in propositional logic (mainly because it
gets boring after a while to talk endlessly about variable-free statements
such as 2 4+ 2 = 4 or “Jane has black hair”). Mathematical logic is thus
the same as propositional logic but with the additional ingredient of
variables added.

A variable is a symbol, such as n or z, which denotes a certain type
of mathematical object - an integer, a vector, a matrix, that kind of
thing. In almost all circumstances, the type of object that the variable
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represents should be declared, otherwise it will be difficult to make well-
formed statements using it. (There are very few true statements that
one can make about variables without knowing the type of variables
involved. For instance, given a variable z of any type whatsoever, it is
true that z = z, and if we also know that x = y, then we can conclude
that y = z. But one cannot say, for instance, that z + y = y + z, until
we know what type of objects z and y are and whether they support the
operation of addition; for instance, the above statement is ill-formed if
z is a matrix and y is a vector. Thus if one actually wants to do some
useful mathematics, then every variable should have an explicit type.)

One can form expressions and statements involving variables, for
instance, if z is a real variable (i.e., a variable which is a real number),
£ + 3 is an expression, and z + 3 = 5 is a statement. But now the truth
of a statement may depend on the value of the variables involved; for
instance the statement z + 3 = 5 is true if z is equal to 2, but is false if
£ is not equal to 2. Thus the truth of a statement involving a variable
may depend on the context of the statement - in this case, it depends
on what z is supposed to be. (This is a modification of the rule for
propositional logic, in which all statements have a definite truth value.)

Sometimes we do not set a variable to be anything (other than spec-
ifying its type). Thus, we could consider the statement x + 3 =5 where
z is an unspecified real number. In such a case we call this variable
a free variable; thus we are considering z +3 = 5 with = a free vari-
able. Statements with free variables might not have a definite truth
value, as they depend on an unspecified variable. For instance, we have
already remarked that z + 3 = 5 does not have a definite truth value
if z is a free real variable, though of course for each given value of z
the statement is either true or false. On the other hand, the statement
(z +1)? = z? + 2z + 1 is true for every real number z. and so we can
regard this as a true statement even when z is a free variable.

At other times, we set a variable to equal a fixed value, by using
a statement such as “Let £ = 2” or “Set z equal to 2”. In this case,
the variable is known as a bound variable, and statements involving only
bound variables and no free variables do have a definite truth value.
For instance, if we set x = 342, then the statement “z + 135 = 477"
now has a definite truth value, whereas if z is a free real variable then
“r + 135 = 477" could be either true or false, depending on what z
is. Thus, as we have said before, the truth of a statement such as
“z 4135 = 477" depends on the context - whether z is free or bound,
and if it is bound, what it is bound to.
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One can also turn a free variable into a bound variable by using the
quantifiers “for all” or “for some”. For instance, the statement

(x+1)P2=z*+2z+1

is a statement with one free variable x, and need not have a definite
truth value, but the statement

(z+1)? = 2% + 2z + 1 for all real numbers

is a statement with one bound variable x, and now has a definite truth
value (in this case. the statement is true). Similarly, the statement

z+3=5

has one free variable, and does not have a definite truth value, but the
statement v,
z+3 =25 for mmmu.m real number x

is true, since it is true for © = 2. @: the other hand, the statement
x4+ 3 =5 for all real numbers r

is false., because there are some (indeed. there are many) real numbers
z for which = + 3 is not equal to 5.

Universal quantifiers. Let P(z) be some statement depending on a
free variable z. The statement “P(z) is true for all = of type T” means
that given any = of type T, the statement P(z) is true regardless of
what the exact value of z is. In other words, the statement is the same
as saying “if @ is of type T, then P(z) is true”. Thus the usual way to
prove such a statement is to let z be a free variable of type T (by saying
something like “Let = be any object of type T”), and then proving P(z)
for that object. The statement becomes false if one can produce even a
single counterexample, i.c., an element = which lies in T but for which
P(z) is false. For instance, the statement “z? is greater than z for all
positive =7 can be shown to be false by producing a single example, such
as z =1 or z = 1/2, where 22 is not greater than z.

On the other hand, producing a single example where P(z) is true
will not show that P(x) is true for all z. For instance, just because
the equation z 4+ 3 = 5 has a solution when = = 2 does not imply that
z + 3 = 5 for all real numbers z; it only shows that z + 3 = 5 is true
for some real number z. (This is the source of the often-quoted. though
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